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Direct Stiffness Method (DSM)

* Importance: DSM is used for all major commercial

FEM codes
A democratic method works the same no matter what

the element:
(a) (b)

FIGURE 2.1. From the simplest through progressively more complex structural finite elements:
(a) two-node bar element for trusses. (b) six-node triangle for thin plates. (b) 64-node tricubic.
“brick” element for three-dimensional solid analysis.

e Obvious decision: use the truss to teach the DSM
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Model Based Simulation

IDEALIZATION DISCRETIZATION SOLUTION

.
Physical Mathematim1 FEMi Discrete Discrete
system model model ! solution

Solution error
Discretization + solution error

+ discretization + solution error

VERIFICATION & VALIDATION
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A Physical Plane Truss

member

support

~

FIGURE 2.2. An actual plane truss structure. That shown i1s typical of a roof
truss used in building construction for rather wide spans. say. over 10 meters. For
shorter spans, as in residential buildings. trusses are simpler, with fewer bays.

Too complicated to do by hand.
We will use a simpler one to illustrate DSM steps.
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|dealization Process

Physical System

member

support

<.

* IDEALIZATION
Mathematical Model
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CAE

DSM: Breakdown Steps

FEM idealization:

N

Remove loads

& supports:
Disassemble:
. O o), OO oo, OO O O O longerons
Localize: 0=0O=——00 OO==0 O=0O battens
O O O OO O O O diagonals

O oJo oJo, OO oJo, OO O longerons

Generic element: OO
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DSM: Assembly & Solution Steps

elements: O===——0 O ofe O O diagonals
Globalize:
Merge:
Apply loads

and supports:

N

Solve for joint
displacements:

CAE
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CAE

DSM Steps

|dealization

Disconnection

— Conceptual steps

Breakdown | Localization

Member (element) formulation

Globalization
Assembly Merge Processing steps
and Application of BCs
Solution

Solution

Recovery of derived quantities

Post-processing steps
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CAE

Example Truss: Idealization

(a)

Physical structure

(b)

Idealization as Pin-Jointed Truss
and FEM Discretization

Idealization as a pin-jointed
bar assemblage
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FEM Model: Nodes, Elements and DOFs

()

E®=100, 43= 87,
L(3): l@/f p(3): 3/20 E(Z)z 50. A(2)= 1.

fxl’ Uy Jo» 2
e
1(0.0)4 2(10.0)

S | [E®=50, 4V=2,

Ja» ty2
P=10, pW=15|

Geometric, material and fabrication properties

CAE DSM - 10




FEM Model: BCs

Support conditions and applied loads
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CAE

Master (Global) Stiffness Equations

x1
yl
X2
y2

X3
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y3

x1lyl
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x3yl
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K
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X3X2

AN XA XXX

y3x3

x1y3

yly3
xX2y3
y2y3

x3y3

A XN XX XX

y3y3 |

)

fxl
fq
f = i L u=
f,,
fx3
_fy3_
Linear structure:
fxl Kxlxl
fy1 Ky1x1
fx2 . Kx2x1
fy2 Ky2x1
fx3 Kx3x1
force

y
Master stiffness matrix

x1

yl
X2
y2

X3

CcC Cc C Cc c c

Y3 |

[ —
Nodal

displacements

< fF=Ku
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Member (Element) Stiffness Equations
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.
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CAE
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Breakdown: Disconnection and Localization

o

w

— (b)
Remove loads and supports,
and disconnect pins

—

p® X3

MMM

These steps are conceptual (not actually
programmed as part of the DSM)
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2-Node Truss (Bar) Element

Equivalent spring stiffness | ky, = EA/L

_F fRffeLeeeeeeeee i‘l F
= 5 T u u‘u H'".ll.\l'll.ll'lr.ll AL u.u 0_ __ . >
I J B it LS UL U i e u‘n‘n 1 u{ -

d A3 ddddddddddy
< >‘

FIGURE 2.9. Generic truss member referred to its local coordinate system {x, v}: (a) idealization as 2-node bar
element. (b) interpretation as equivalent spring. Element identification number e dropped to reduce clutter.

F=kd=—1d

F=f,=-f, EA
d=0, -0, L
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Truss (Bar) Element Formulation

e Mechanics of Materials (MoM)

fxi -1 -1 uxi
f 0 0 T,
bl T =R ded=0,-0,=[-1 0 1 0]’
f 1 L] 1 ‘ u,
L ny' . _ 0 _ _ij _
£ 1 0 -1 olfq,’
f,| EA|O 0O 0 0}, Element stiffness equations
== _ —<. :
f L{-1 0 1 O0juy in local coordinates
|, 0 0 0 O0juy
(1 0 -1 0]
i EA|O0 O O O Element stiffness matrix
S L|-10 1 0 in local coordinates
0 0 0 O]
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Globalization: Displacement Transformation

v'-‘

i

_ - [In matrix form
Node displacemens transform as L o
_ _ U,; c s 0 O0]}ju,
. . S I uyi —S C 0 0 uyi —e e e
U, =u,C+u,s, U; =-U,S+U,C | = <u =Tu
_ Uy 0 0 c s|u
C=C0S¢, S=SsIn _
v 4 ’ u, | 10 0 -s cjluy
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Globalization: Force Transformation

Node force transform as

f c -s 0 O} f,

f. s ¢ 0 0] f, _
el i <:>fe:(-|—e)Tfe

fy| |0 0 c —s| f,

fs] 10 0 s ¢ f;

Note: global on LHS, local on RHS
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Globalization: Transformation of Element
Stiffness Matrices

(-I—e )T Re-l—e e _ fe

T —
K.u® =f° where K, =(T°) K°T®

c® sc —-c®> -sc

K ESA®| sc s —-sc -—s°
© L* |-c® -sc c® sc

2

|—sc -s° sc s
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Example Truss

Insert the geometric & physical properties of this model
into the globalized member stiffness equations

S0 3

Si3o U3

(¢)

E®=100, 440= 87
1®=1832, p®=3/20

E@=50 4®@=1,
®=10, p®=1/5

2(10.0)
B2> U2

S | | EW=50, 40=2,
V=10, p®=1/5
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Globalized Element Stiffness Equations

£ "1 0 -1 ouy

f 0000 u'y

£ -1 0 1 0fuf

w| Lo o o o)y

21 o o o o7lus

f2 50010 -1 u'?

f21 10 0 0 u?

(| Lo -10 1)l

&) 05 05 -05 -05] Ul
) 0| 05 05 -05 05 u'?
(9 |"%% 05 05 05 05| u®
¢ 05 05 05 05|,
y3 | - “LTY3 ]
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Assembly Rules

o Compatibility
— The joint displacements of all members meeting at a joint
must be the same

« Equilibrium

— The sum of forces exerted by all members that meet at a
joint must balance the external force applied to that joint
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Expanded Element Stiffness Equations

0] Ty @7 - Ty
a 10 0 -10 0 0 0]Y« < | [000 0 0 07U
1 1 2 2
90 1o 0o o oo olul| |f2] o oo o o offul
f9] [0 0 10 0 0 0 uy f5| [0 00 0 0 0fuf
T 000 0 00 0fuyl [t@| {000 5 0 -5/l
£ ) 0 0 0 00 of| [¢@| [0 00 0 0 42
. 0 0 0 00 0| & 1o oo 50 5|5

1 2 - 2
| b Hugd | [ 9] b Jlugg

(o Ty
a 10 10 0 0 -10 -10]/Y«

3 3

i 110 10 0 0 —10 —10]/ul
i 1o o0 o0 0o o0 |[u¥
£ 0 0 00 0 0 |u?

(@] |-10 10 0 0 10 10 || @

X3 X3

e -10 -10 0 0 10 10 y®

y3 | Ty3 ]
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Compatibility Rule

To apply compatibility, drop the member index from the nodal displacements

FO 1 o AON B -
4| 10 0 -10 0 0 0ffu, 47000 0 0 0]u,
1 2
% o 0o 0o 00 ofu, | lo oo 0 0 o0u,
1) (2)
(|0 0 10 00 0flug| i _w, |0 00 0 0 0llug|_ i,
(@7l o 0 0 00 0fu, (@70 00 5 0 5u,
o [0 0 0 00 o0fu (2| {000 0 0 0fug
ol Lo o 0o 00 o0fu, qo| 000 50 5]fu,
L y3 y3
O] _
4| [10 10 0 0 -10 -10][uy
3
7| |10 10 0 0 -10 -10|u,
f90 |0 0 00 0 0 |u
o | = 2 =¥ =Ky
(@70 0o 00 0 o |u,
(@| |-10 ~10 0 0 10 10 ||u,
| L0 10 0 0 10 10 lu,|
y3

CAE DSM - 24



CAE

Equilibrium Rule

(b) .

FIGURE 3.2. The force equilibrium of joint 3 of the example truss, depicted as an FBD in (a). Here

f, is the known extemal joint force applied on the joint. Internal forces f‘;) and f?) are applied by
the joint on the members, as illustrated in (b). Thus the forces applied by the members on the joint

are —f'sz) and —1433'. These forces would act in the directions shown in (a) if members (2) and (3)
were in tension. The free-body equilibrium statement 1s f; — 1.(32; - 1"33) =0orf, = 1.(32) + f‘;’. This
translates into the two component equations: fx3 = fg F f;g) and fy3 = f‘(f' - f:; ' of (3.2).

Applying this to all joints:
f=f+f® L0
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Master Stiffness Equations

f =404 = (KU 4+ KP4+ K u=Ku

U

f,] [20 10 -10 0 -10 -107[u,
f,| |10 10 0 0 -10 -10| u,
fo| |[-0 0 10 0 0 0 |u,
f,] |O 0 0 5 0 -5|u,
fo| |-10 =10 0 0 10 10 |lu,
.| [-10 <10 0 -5 10 15 J|u,|
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BCs: Support and Loading

Displacement BCs:
U, =U, =U, = 0
Force BCs:

f =0 f,=2 f,=1

y3
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Where Do BCs Go? Reduced Master
Stiffness Equations

Displacement BCs: u,, =u,, =u,, =0
Force BCs: f,, =0, f;=2, f;=1

20 10 -10 0 -10 -10|u, | [ f,

10 10 0 0 -10 -10|fu,| |f,

10 0 10 0 0 0 |lu,| |f,
_) =

0 0 0 5 0 -5|u,| |f,

-10 =10 0 0 10 10 ||ug| | f.

-10 10 0 -5 10 15 Jlu,| |f,]

Strike out rows and columns pertaining to known displacements:

10 0 01fu,| [f,] [0
0 10 10||uy, |=|f,|=|2|=Ki=Ff
0 10 15]|u, | |f 1

N | Y3 i

Solve by Gauss elimination for unknown node displacements
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CAE

Solve for Unknown Node Displacements

Strike out rows and columns pertaining to known displacements:

Solve by Gauss elimination for unknown node displacements

c

X2

y3

10 0 0
0 10 10
0 10 15

0.4
—0.2

ux2
ux3

Uy,

f
f
f

X2

X3

y3

0
2
1

expand with known displacement BCs

>U =

0
0
0
0
0.4
—0.2
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Recovery of Node Forces

20 10 -10 O -10 -104 O —2

10 10 0 0 -10 -104 O —2

-10 0 10 0 O 0 0 0

0 0 o 5 0 -5 0 1

-10 -10 O O 10 10| 04 2
10 -10 0 -5 10 15| -02| |1
i

Reaction
| Forces

Recall:
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Recovery of Internal Forces

Uy3=—0.2

Uuy3=0.4
(b) 3

(a)

W

3) @)

(2)
FO
Y ro
Disconnect
1 FO 2
<_
(1)

FIGURE 3.3. Intemal force recovery for example truss: (a) member axial forces FV, F and
F®)_with arrow directions pertaining to tension; (b) details of computation for member (2).

(1) extract u® from u

(2) transform to local (element) displacements: u® = T°u®

(3) compute elongation: d* = U, — Ty

E°A°
€

(4) compute axial force; F® = q°
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Example: Prescribed Nonzero Displacements

u.,=+0.4
going up

.

Uy =-0.5
gomg down

()

14 mn

S Uy =0

Nnnnk no horizontal motion
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Recall the master stiffness equations

20 10 -10 0 -10 -10][u, | [f,
0 10 0 0 -10 -10|lu,| |f,
10 0 10 0 0 0 |[u,| |f,
0 0 0 5 0 -5|u,| [f,
~10 -10 0 0 10 10 ||u,| | f,
10 10 0 -5 10 15 Jlu,| |f,|

The displacement BCs are now
u, =0, u,=-05 u,=04
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" 20
10
~10
0
~10
-10

Remove rows 1, 2, 4 but (for now) keep columns

-10
-10
-10

CAE

10 -10
10 O
0 10
0 0
-10 O
-10 O

0 10
-10 O
-10 O

-10
-10
0
0
10
-5 10

o 01 O O O

0 0 O]
0 10 10

5 10 15|

-10
-10
0

-5
10
15

0

—0.5

u

0.4

u
u

X2

X3

y3

0

—0.5

l"|x2
0.4
ux3

Uy,
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Transfer effect of known displacements to RHS, and delete columns:

10 0 O0lu,| [0 (-10)x0+0x(-0.5)+0x0.4 0 |
0 10 10|lu, |=[2|-| (-10)x0+(-10)x(-0.5)+0x0.4 |=|-3
0 10 15]|ug, | [1] |(-10)x0+(-10)x(-0.5)+(-5)x0.4] |-2|
Solving gives

_ 0 -
-9 - —-0.5
u, 0
uX3 — _05 Complete the displacement vector with known values sU = O

0.4
Uz | 0.2 05

_0.2_

In summary, the only changes to the SDM is in the application
of displacement boundary conditions before solve
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