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• Basic methods 

 Euler`s method 

 Heun`s method 

 Midpoint method 

 Runge-Kutta method 



Copyright ©  2016 Computational Design Lab. All rights reserved. 

CAE 

4 

EXAMPLE 25.5 
ODE 함수 예제 
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EULER`S METHOD: FUNCTION 
오일러 방법을 적용한 메인 
함수 코드 
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EULER`S METHOD: MAIN 
Analytical solution을 구하
는 코드 
 
 
전 페이지에서 정의한 함수
를 이용하여 수치적인 해를 
구하는 코드 
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EULER`S METHOD: RESULTS 
그래프 
 
 
 
독립 변수 step 별로 종속 
변수 및 에러 출력 
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HEUN`S METHOD: FUNCTION 
Heun`s method 의 
corrector update 를 하지 
않은 메인 함수 코드 
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HEUN`S METHOD: FUNCTION 
Heun`s method 의 
corrector update 를 하는 
메인 코드 
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HEUN`S METHOD: MAIN 
Heun`s method 의 
corrector update 를 구분하
여 함수 호출 
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HEUN`S METHOD: RESULTS 
그래프 
 
 
 
독립 변수 step 별로 종속 
변수 및 에러 출력 
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MIDPOINT METHOD: FUNCTION 
midpoint method 메인 함
수 코드 

 

 

1 2

1 1 2 1 2

Midpoint`s method

Predictor

,
2

Corrector

,

i i i i

i i i i

h
y y f t y

y y f t y h



  

 

 



Copyright ©  2016 Computational Design Lab. All rights reserved. 

CAE 

13 

MIDPOINT METHOD: MAIN 
midpoint method 함수를 
호출 



Copyright ©  2016 Computational Design Lab. All rights reserved. 

CAE 

14 

MIDPOINT METHOD: RESULTS 
그래프 
 
 
 
독립 변수 step 별로 종속 
변수 및 에러 출력 
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2ND RK: FUNCTION 
Second-order Runge-Kutta 
Method 를 적용한 메인 함
수 코드 
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2ND RK: MAIN 
3가지 방법을 비교하기 위
한 메인 코드 



Copyright ©  2016 Computational Design Lab. All rights reserved. 

CAE 

17 

2ND RK : RESULTS 
그래프 
 
 
 
독립 변수 step 별로 종속 
변수 및 에러 출력 
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4TH RK: FUNCTION 
Fourth-order Runge-Kutta 
Method 를 적용한 메인 함
수 코드 

 

 

 

1

1 2 3 4

1

2 1

2 2

4 3

1
2 2

6

,

1 1
,

2 2

1 1
,

2 2

,

i i

i i

i i

i i

i i

y y

k k k k h

k f t y

k f t h y k h

k f t h y k h

k f t h y k h

 

   



 
   

 

 
   

 

  



Copyright ©  2016 Computational Design Lab. All rights reserved. 

CAE 

19 

4TH RK: MAIN 
Fourth-order RK method 
를 적용한 메인 코드 
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4TH RK : RESULTS 
그래프 
 
 
 
독립 변수 step 별로 종속 
변수 및 에러 출력 
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• Matlab bulit-in functions for nonstiff systems 

 ode23 

 ode45 

 ode113 

 Examples 
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ODEX BUILT IN FUNCTIONS 

ode23: The ode23 uses the BS23 algorithm (Bogacki and Shampine, 1989; Shampine, 1994), which 

simultaneously uses second- and third-order RK formulas to solve the ODE and make error estimates for 

step-size adjustment. 

 

 

 

 

 

 

 

 

 

 

 

 

 

ode45: The ode45 function uses an algorithm devoloped by Dormand and Prince (1980), which 

simultaneously uses fourth- and fifth-order RK formulas to solve the ODE and make error estimates for 

step-size adjustment. MATLAB recommends that ode45 is the best function to apply as a “first try” for most 

problems. 

 

ode113: The ode113 function uses a variable-order Adams-Bashforth-Moulton solver. It is useful for 

stringent error tolerances or computationally intensive ODE functions. Note that this is a multistep method. 
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[t, y] = odex(odefun, tspan, y0) 
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EXAMPLE 25.5: MAIN 
ode23, ode45, ode113 함
수를 적용한 코드 
 
 
 
예제 
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EXAMPLE 25.5: RESULTS 
ode23, ode45, ode113 함
수를 적용한 결과 
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EXAMPLE 28.2 
Predator-prey model 
developed by the Italian 
mathematician Vito 
Volterra and the American 
biologist Alfred J. Lotka.  
 
먹이사슬에 관한 미분방정
식 
 
a = the prey growth rate 
c = the predator death 
rate 
b=d= the rate 
characterizing the effect of 
the predator-prey 
interaction on prey death 
and predator growth 
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EXAMPLE 28.2: MAIN & RESULT 
실행 코드 
 
 
결과 
 
y1 은 prey (먹이) 
y2 는 predator (포식자) 
 
먹이의 증가 및 감소가 포식
자의 분포에 영향을 끼치는 
결과 
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EXAMPLE 25.14 
Adaptive ODE solver 를 보
여주기 위한 미분방정식 
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EXAMPLE 25.14: MAIN & RESULT 
Relative tolerance를 조절하
지 않은 ode45 코드 
 
 
Relative tolerance를 조절한 
ode45 코드 
 
 
기본적으로 step-size 가 조
절이 됨 
Relative tolerance 값을 조
절하여 사용자가 step-size
를 조절 가능 
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• Matlab bulit-in functions for stiff systems 

 ode15s 

 ode23s 

 ode23t 

 ode23tb 

 Example 
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ODEXS BUILT IN FUNCTIONS 

ode15s: This function is a variable-order solver based on numerical differentiation formulas. It is a multistep 

solver that optionally uses the Gear backward differentiation formulas. This is used for stiff problems of low 

to medium accuracy. 

 

ode23s: This function is based on a modified Rosenbrock formula of order 2. Because it is a one-step solver, 

it may be more efficient than ode15s at crude tolerances. It can solve some kinds of stiff problems better 

than ode15s. 

 

ode23t: This function is an implementation of the trapezoidal rule with a “free” interpolant. This is used for 

moderately stiff problems with low accuracy where you need a solution without numerical damping. 

 

ode23tb. This is an implementation of implicit Runge-Kutta formula with a first stage that is a trapezoidal 

rule and a second stage that is a backward differentiation formula of order 2. This solver may also be more 

efficient than ode15s at crude tolerances. 
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EXAMPLE 27.10 
stiff 한 정도가 mu 값에 따
라서 변하는 van der Pol 
equation. 
 
In 1920 the Dutch 
physicist Balthasar van der 
Pol studied a differential 
equation that describes 
the circuit of a vacuum 
tube.  
It has been used to model 
other phenomenon such 
as the human heartbeat 
by Johannes van der Mark. 
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EXAMPLE 27.10: MAIN & RESULT 
mu = 1 일 때 실행 코드 
 
 
mu = 1000 일 때 ode45 로 
푸는 코드 
결과는 그래프 2 번째 그림
이며 -2로 수렴하는 결과값
을 보임 
 
 
mu = 1000 일 때 ode23s 
로 푸는 코드 
결과는 그래프 3번째 그림
이며 주기적인 함수가 그려
지는 대신 기울기가 급격히 
변하는 구간을 가지고 있음 
 
따라서 ode45로는 미분방
정식을 풀 수 없음 
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SUMMARY 
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• Case study 

• Assignment 
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CASE STUDY I 
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CASE STUDY I: RESULT 
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CASE STUDY II 
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CASE II: RESULT 
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ASSIGNMENT 


