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EXAMPLE 25.5

@om stz Of |

@ ordinary differential equation
y'=4e"" —0.5y
initial condition
t=0,y=2
analytic solution

4 - _
(eo.8t _e o.5t)+ 205t

Y=B
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EULER'S METHOD: FUNCTION

-

[ Editor - C:¥UsersWseanWDeskiop¥eulode.m l': (=] ér

File Edit Text Go Cell Tools Debug Deskiop Window Help A X

NEH| sRRI |- A |B-288 - #[0.-

BB | - 10 |+ | 11 | x |« | O

1 function [t_n,v_n] = eulode(dvdt,tspan,v0, h) =

i # eulode: Euler OCE solwer

3 % [t_n.v_n] = eulode(dydt,tspan,vO.h)

4 # uses Euler’s method to intesrate an ODE

5 A input:

B # dydt = name of the M-file that evaluates the ODE

7 it tgpan = [ti,tf] where ti and tf = initial and

a8 % final walues of independent wariable

g # vO = initial walue of dependent wvariable

10 # h = step size

11 % output:

12 % t_n = vector of independent wariable

13 # y_n = vector of solution for dependent wariable

14 - ti = tspan{1);:tf = tspani(2);

15 - it ~(tfxti)

16 - errarf upper limit must be areater than lower')

17 - end

18— | ton = (tizh:itf)'; n = length(t_n);|

19 - y_n = yO+onesin,1); ¥ preallocate v to inprove efficiency

20 - for i = 1:n=1 % implement Euler s method

21 - y_n{i+1) = wonli) + dedtCt_n(il,y_n{il)l+h; @

a2 - end

a3 - end

4:m  *| mainm  *| Level_set mainm  *| HarmonicFind.m  * | Eulerm || euledem =
eulode Ln 18 Col 35 |OVR
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EULER'S METHOD: MAIN

B Editcur-C:WUser‘s’a-lfs-eanHVDesktup#Euler.m- E@Iﬂ = 3E
———.
File Edit Text Go Cell Tools Debug Deskiop Window Help AR X i
NEHE| $RBYC (o2 - Aedf(kl-888 -] 0. D) %4 T Ol X| Ol Ad 7 O] 5t b
BB | -|10 |+ | F(11 |x |68 @ y; 1| |_._|0“ 1 32f% a1
el £ 0| 8310 =X|X¢l &
= cle: clear all; clnse|all; = | _—I_I__é_ L OcC
2 : L —1——
II 3 X analwtic solution @ I :
4 - t_a = [0:1:4]"; |
5 - |v_a = 4/1.3+(exp(D.B+t_a)-exp( 0.5+t _a) )+2+eup(-0. 5+t _a); |
; |
7 XX numerical solution :
8- dydt = @(t,y) d+exp(0, 8+t )-0, Gy; @ :
9 - [t_n.v_n] = eulodeidydt, [0.4].2,1); :
10 |
11 ZX plot solution :
12 - plotit_a,v_a, 'r'} :
13- hold on }
14 — plaot (t_m,v_n, 'b') :
15 :
16 &% print solution |
17 - dispi [ t y_a',’ y_n',’ error’]) :
18 - dispilt_a v_a v_n (abs{v_a-v_n). v_a+100)]) :
|
|
4:lm | mainm  *| Level set mainm *| HarmonicFindm = | Eulerm  *| eulodem = :
script Ln 1 Col 22 |OVR :
“ - |
|
|
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EULER'S METHOD: RESULTS

80 , @ defz
—analytic solution

|
— Euler's method @ !
60

40

20

00 2 4

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
, 1 |
4\ Command Window = (E] | —S— @ |
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

File Edit Debug Desktop Window Help &
t W_a ¥_N errar
] 2. 0000 2. 0000 ]
1. 0000 G.1346 5.0000 19,2349
2.0000 14,8433 11,4022 23,1863

3.0000 33,8772 25,5132 24,2418
4.0000 75,5390 BE.8493 24,5420

f;E e
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HEUN'S METHOD: FUNCTION

- Editor - C:WLlsersﬂilfseanWDesktup#H‘ueun_withuut._ @&%

File Edit Text Go Cell Tools Debug Deskiop |ymndmu| Help N |a x
NMEH| $RR90 |- Aean |k 888 »0 -
BB -0 [+ F11 | x |«Ek| O,

1 function [t_n,v_n] = heun_without (dydt,tspan,v0,h) =
2 - ti = tspan{1):tf = tspan(2);

d|= Pif ~(tf=ti)

4 - error( upper limit must be greater than lower')

5|= end

5 - t_n = (tizh:tf)': n = length({t_n);

T - dvdt _temp = 0; % temporary space of v/

- dvdt _heun = 0; % temporary space of ' (Heunﬂ

9 - Y_n = yO+onesin, 1); % preallocate v fo inprove efficiency

10 - for i = 1:in=1 % implement Heun' s method

1" - yonbi+1d = wonl(i) + dwdtit_nli),v_nti)l«h;

12 - dydt_temp = dwdt(t_n(i+1),v_n{i+1));

13 - dydt _heun = (dydt(t_n(i),v_nli))+dydt_temp)/2;

14 - y_n(i+1) = w_n{i) + dydt_heunsh;:

15 — end

16 — Brd

dest modelm = | mainm ><|Le1.rel_5et_rnain.rn % | HarmonicFind.m ><|[heun_with|:tut.rn :p

[ln 8 Col 56 |OWR

| heun_without
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HEUN'S METHOD: FUNCTION

el set_mainm ¥ | HarmenicFindm  * | heun_withoutm % | Heunm  * || heun_with.m =[P

heun_with Ln 11 Col 40 |OWR

b i

-7 Editar - C:¥Users¥seanwDesktop¥heun_with. m‘ Ll_lg Heun's method O|
File Edit Text Go (Cell Tools Debug Deskiop Window Help corrector update |'E
=1 IFL Y EAJEYE XL YA | ”jD vj Ol A=
BLE| -10 [+ | +11 |x || 0O |
1 function [t_n,v_n] = heun_with{dydt, tspan,v0,h) = :
g — ti = tgpan{1iitf = tspan(2); :
8= if ~ltfxti) |
4 - errar( upper limit must be greater than lower') :
B|= end :
B - t_n = (ti:h:tf)'; n = lenathit_nJ; :
7= dvdt_tenp = 0O; # temporary space of ¥ I
g - dvdt_heun = 0; % temporary space of v’ (Heun) :
g - v n_temp = 0: % temporary space of v :
n - y_T = yO+onesi(n,1); % preallocate v to inprove efficiency |
11|= for i = 1:n-1 % implement Heun's methad l
12 - y_n_temp = y_n(i) + dydt{t_n{i),v_n(i))+h; :
13 - while (13 I
14 - dydt_temp = dydtit_n{i+1),v_n_tenp); :
15 - dydt_heun = (dvdt(t_n(i),v_n{i))+dydt_temp)/2; }
16 — y_nli+1) = yv_n{i) + dvdt_heun«h;: @ :
17 - if abs(y_n(i+1)—v_n_tenp)/abs{y_n{i+1)3+100 < 0,00001 |
18 - break }
19 - else :
20 - y_n_temp = y_n(i+1); |
21 - end l
22 - end :
a3 = end |
24 — L end I
|
|
|
|
|
|
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HEUN'S METHOD: MAIN

4 main.m  ®| Level_set_mainm  *| HarmenicFind.m  * | heun_withoutm  * || Heunm =[P
script Ln 1 Col 17 |OWVR

= Editor - C:WUserswseanWDesktup#Heun._ Elﬁlg'@ Heun's method 9_'
File Edit Text Go Cell Tools Debug Desktop Window Help A x corrector update & &5}
NEH|$RRIC |- Aaesdf|R-88 >0 - Lo s
BB - 10 |+ |11 |x |2 |0 l
1= clc: clear all;}:lnse all; = :
2 I
3 XX analvtic solution :
$-  toa = [0:1:4]; }
5 - y_a = 471, 3+ (exp(0. B+t _a)-expl 0.6+t _a) ) +2+exp(-0. 6B+t _a); :
B I
7 #X numerical solution (Heun's method without iteration) :
8- dydt = @(t,y) Avexp(0, S+t )-0,Gey; :
g - [t_n_wo,v_n_wo] = heun_without (dydt, [0,4],2,1); |
10 @ I
11 %% numerical solution {Heun’s method with iteration) :
12 |
13 - [t_n_wi,v_n_wil] = heun_with(dydt, [0,4],2,1); :
14 % PIDL SOTOLCTON :
15 - plot(t_a,v_a, ') :
16 - hald on I
17 - plot (t_n_wo,v_n_wo, b") :
18 - plot Cton_wi,v_n_wi, k') :
19 I
20 AX print solution :
21 - displ[’ o, y_a',’ y_n_wo',’ BFFOF, ... :
22 ' von_wi',’ errar' ]} |
23 - disp([t_a v_a v_n_wo (abs(v_a-y_n_wo). Av_a+100) v_n_wi,... :
24 {abs(y_a-v_n_wi). /y_a+100)]) :

|
|
|
|
|
|

10
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HEUN'S METHOD: RESULTS

100 . . . @ =
—analytic solution |
80t —Heun’s method without iteration :
—Heun's method with iteration ;
S8 P step B2 T4
He oy =

4\ Command Window 3 l.-.:. (=] ﬂj
File Edit Debug Desktop Window Help L
t Y_a Y _M_Wo errar Y_M_Wi error
1] 2. 0000 2. 0000 1] 2. 0000 ]
1. 0000 6. 13945 6,701 8. 1756 6. 3609 2, 6E35
Z2.0000  14.8438 16.3198 9.942% 15,3022 3. 0878 @
3.0000 33,6772 371992 10,4584 34,7433 3. 1657
4,0000  V5.3990  83.33Y8  10.B1T T, TER1 3. 1805
Jx > |
OVR !

11
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MIDPOINT METHOD: FUNCTION

1=

@midpoint method O Q1 &t

iron_loss_test_model.m ><| main.m ><| Level_set_main.m ><| HarmonicFind.m ><| midpain P

| midpoint [ln 15 col 4 |OWR

|
|
B Edl'tor-C:WLlsersWseanWDesktnp#midpaint._ Elﬂlg :
B | - - AN
File Edit Text Go Cell Tools Debug Desktop Window Help N | A X : MIdeIﬂt S mEthOd
NESH BRI (LT - Aan ik B8 = | Predictor
|
-.%E%|_1.D +|+1.1 x|%'3§%'3§|ﬂv : y —y—|—f(ty)n
i function [t_n,v_n] = midpoint{dvdt,tspan,vO.h) A | i+Y2 i i) s
2= ti = tspan{1):tf = tspani(2); l
3 - it ~(tfsti) } Corrector
d - errar{ upper limit must be greater than lower') ' _
L Yin =Y f (ti+1/2’ yi+1/2)h
5|= end :
B - t_n = (ti:h:tf)'; n = length{t_n); |
7 - dvdt_mid = 0; % temporary space of v (midpoint) I
g - v_n_temp = 0: % temporary space of v l
8= y_n = yOeones(n, 1J: % preallocate v to inprove efficiency :
10 - for i = 1:n=1 % implement midpoint method :
1 - y_n_temp = v_n(i) + dydt(t_nii),v_n{i)l+h/2; |
12 - dydt_nid = dydt((t_n(i+1)+t_n(1))/2, y_n_tenp); |
13 - yon(i+1) = yoniid + dydt_mid+h; }
14 - end :
15 - end :
|
|
|
|
|
|
|
|
|
|
|
|
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MIDPOINT METHOD: MAIN

|~7 Editor - C:‘u'H’-UsersWseanWDesktup#ﬂnidpDint_mm@g

File Edit Text Go Cell Tools Debug Desktop Window Help & | I
NMEH|*RRIC LD- Aesi|(B-BRBRE »0
| -0 |[+]|F[11 [x|HH|O

= clc: clear all; close all; O
s

3 A% analvtic solution

4 — t_a = [0:1:4]"; —
5 - y_a = 471, 3+(exp(0. 8+t _a)-exp(-0.5+t _a) )+2Z+exp(-0.5+t _a):

G

7 A% numerical solution

5 - dydt = @(t,v) d+exp(0, B+t )-0,5+y; @

g - [t_n,v_n] = midpainti{dedt,[0,4],2.1);

10

11 A% plot solution

12 - plotit_a,v_a, 'r')

13 - hold on

14 - plot (t_n,v_n, 'b')

15

16 X% print solution

17 - displ( [ t y_a’, y_n', errar’'])

13 - disp([t_a v_a v_n (abs(y_a-v_n)./v_a+100)])

45 _test model.m ><|rnain.rn % | Level set_ main.m  * | HarmonicFind.m ><|[midpuint_main.m X] micp

| ovr

|5cript |Ln 2 Col 1
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MIDPOINT METHOD: RESULTS

: : : e
—analytic solution

— midpoint method |

|

|

|

|

|

|

|

|

|

|

|

|

|

|

4 |

|

|

|

- |
4\ Command Window i SR :
|

File Edit Debug Desktop Window Help N :
t W_a Y_M error I

0 2.0000 2.0000 0 :

1. 0000 6.1346 6.2173 0. 3659 :

2.0000  14.8439 14,3407 0. 6522 @ :
3.0000  33.6772 33,9412 0. 7839 |
4,0000 75,3390 75,9636 0. 3358 I

|

|

fx o :
|

COWVR I

L — ﬂ I
|
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2ND RK: FUNCTION

@ Second-order Runge-Kutta

- — =2 M98 o] &
- Editor - C:WUsersi'i‘sean?:‘Desktup’i'fsec_RKm_ *El&lg I\ﬂethOd = 1o o'—l- D-” '—I o':'l-
& | ac
File Edit Text Go (Cell Tools Debug Deskiop Window Help N A : T =
5 J— = = |
UDcH | $RaB90 | o2 -Aeni | B-SCBRE|- »0 - | ‘ « \h
BB -0 [+ | 7|11 | x |k | O | Yia = ¥ +(ak +a, 2)
1 function [t_n,v_n] = Sec_quI:dydt,tapan,yD,h,a1,aE,p],qll]l = : k1 =f (ti’yi)
2|= ti = tspan{1):tf = tspan(2); :
il 3 - it ~(tf=ti) | | kz = f (ti + p1h1 Yi +Q11k1h)
4 - error( upper limit must be greater than lower’) |
_- i Heun
Bl= t_n = (tizh:tf)'; n = length{t_n): : 1
7- |kl = 0; Iy =a =7
| 2
8- ke = [ I
gl= slope = 0; : p1=q11=1
_ _ : - o | ) )
10 y_n yOronesin,1): % preallocate v to inprove efficiency | MIdeInt
1" - for i = 1:n-1 :
i2 - K1 = dydt(t_n(i),v_n(i)); 8 =0a,=1
13 - k& = dydt({t_n(i)+h+pl), (y_nii)+qll+kl«h)] | 1
14 - slope = al+kl+a2+ke; P, =0, ==
. ) | 1 11
15 — y_nii+1) = v_n(i} + slope«h; | 2
| ]
|
6= rend | 1 Ralston
l| 17 - end :
N 1 2
case Im* *| circuitm  * | assignmenté.m  # | pendulum.m ¥ case Im ¥ | examplelm @P : a = 5, a, = g
sec_RK ln 1 col 28 [OwR l 3
\ |
| = = —_—
: P, =0y, 4
|
|

15
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2ND RK: MAIN

case Lm* ><| circuit.m ><| assignment&.m ><| pendulum.m ><| case ILm ><| example Im = |p

=T Editor - C:WUsersWseanWDesktop#fsec_RK_main_ E@g“ o "
— | 371X| g Bl met| ¢
File Edit Text Go Cell Tools Debug Desktop Window Help N | A x _c.)_l_ D‘llol 3C
A=l LG R A L mE e
BoB| - 10 [+ | 511 | x || @ | |
I= cle: clear all; close all; DI :
2 Fﬁ’é analytic solution :
3 - t_a = [0:1:4]"; I
4 - v_a = 4/1. 3+ (exp(0. B+t _a)-exp(-0.5+t _a) ) +2+exp(-0.5+t _a): :
5 |
£ #% numerical solution (Second-order Bunge—Kutta methods: :
7 A Heun method without iteration) I
B— |dvdt = @(t,v) dsexp(0.8+t)-0.5+y; I
9 - (t_n.v_n_H] = sec_RK({dydt, [0,4],2,1,0.5,1,1}; :
10 I
1 #% numerical solution (Second-order Runge—Kutta methods: :
12 4 Midpoint method) :
13 - [t_n,v_n_M] = sec_PK(dvdt,[0,4],2,1,0,0.5,0.5}; I
14 I
15 *X numerical solution (Second-order Runge—Kutta methods: :
16 it Ralston™s method) |
17 - [t_n,v_n_R] = sec_RK(dvdt, [0,4].2,1,1/3,3/4,3/4); | :
18 i e I
19 — plot(t_a,v_a, 'r')} l
20 - hald on |
2 - plotiton,y_n_H, 'b") :
2 - plot{ton,y_nM, k') I
23 - plot{t_n,y_n_R, '3"} :
24 |
25 XX print solution :
26— displ [’ t y_a',' ynH," error’, I
27 ' P error’,’ yon R error’]) :
28 - disp([t_a v_a v_n_H (abs(y_a-v_n_H)./v_a+100) v_n_M,... I
29 {abs{y_a-v_n_M). /vy_a=100) v_n_R {abs(y_a—vy_n_R). fv_a+10011) | :
I
I
|
I
|

| script [tn 2 col 1 [OWR

16
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2ND RK : RESULTS

100 . @ ey
—analytic solution
80+ —2nd RK Heun i
—2nd RK midpoint !
——2nd RK Ralston W%E Ha step B2 T
o0 / i 9l o3 22

File Edit Debug Deskiop Window Help u
t W_a v_n_H grraor w_n_M errar v_n_R grror o

0 ] 2. 0000 0 2.00a0 a 2. 0000 0

1.0000 G.1345 G. 7011 8. 1756 6.2173 0.3659 6.4423 3.39934

2.0000 14,8439 16,3195 89,9425 14,8407 0.6822 15, 5B32E 4, 9733
3.0000 33.69VF2  37.1932 10,4584 33.941% 0.7833 35,4566 5, 2837
4,0000  Ve.53390 53,3376 10.B1T 7B, 9606 0.@358 14,3962 5, 3853

m

1

fi > -

o)
2

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
4\ Command Window ‘ r‘ = | B | :
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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4™ RK: FUNCTION

-

[ Editor - C:¥Users¥seanDeskiop¥fourth_RK.m L =R éj
File Edit Text Go Cell Tools Debug Desktop Window Help -
NMEHE| {«RB206 | 92- Aeaesi|B-808 » 0 -
BrE| -0 |+ | +11 |x |50
1 function [t_n,v_n] = fourth_RK{dydt,tspan,v0,h) =
2 - ti = tspani1):tf = tspani2):
dl= if ~(tfxti)
4 - errar( upper limit must be greater than lower')
5= end
B - t_n = (tizh:tf)'; n = length{t_n):
= k1 = 0;
8- ke = 0;
(= ka3 = 0;
10 - k4 = 0;
11 - slope = 0;
12— | w.n = yO+ones(n, 1): % preallocate v to inprove efficiency
13 - for i = 1:n-1
14 - k1 = dydtit_n{il),v_n(i));
15 — k2 = dwdt ({t_n{i)+h/2), (v_n(id+k1+h/20);
16 — k3 = dydtiit_n{i)+h/2), (y_n(il+k2+h/2));
17 - kd = dydt ({t_n(il+h), (y_n{il+k3+h]];
18 - slope = 1/B+(k1+2+k2+2+k3+kd) ;
19 - y_n{i+1) = wv_n{i) + slope+h;
20 - end
21 - ern:l|
iron_loss_test_modelm % | main.m x| Level_set_main.m *| sec_RK_main.m x | fourth_.RK.m P
fourth_RK Ln 21 Col 4 OVR
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Fourth-order Runge-Kutta
Method £ M &¢ot 02l &

~3Cc
Yia =Y,

1
+g(kl+2k2+2k3+k4)h
k1=f(ti’yi)

1 1
k,="f|t+=hy.+=kh
2 i 2 yl 2 1

1 1
k. =f|t +=h,y. +=k,h
2 i 2 yl 2 2
k, = f(t,+h,y, +k;h)
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47

H RK: MAIN

_-_-1' Editor - C:Wsers#seanWDesktuprDunh_RK__ [EI%IQ
File Edit Text Go Cell Tools Debug Desktop Window Help & | A X
B IR BRI YR £ >0~
BB | - 10 |+ | =11 | x|« |O
= clc: clear all; close all; =
2|
3 &% analvtic solution
4 — t_a = [0:1:4]"; —_
5 - y_a = 4/1.3+(exp(0. 8+t _a)-exp(-0.5+t _a) )+Z+exp(-0.5+t _aj:

E

7 *¥¥ numerical solution {(Fourth-order Bunge-Kutta methods)

8- dydt = @(t,y) d+expl(0, 8+t )-0, Gy ; @
g - [t_n,v_n] = fourth_RKi{dydt, [0,4].2,1);

10
11 plToT solufion
12 — plotit_a,v_a, 'r')

13 - hold on
14 — platit_n,v_n, b}

15
16 XX print solution
17 - disp( [’ t y_a', y_n', errar’])

18 - dispi[t_a v_a v_n [abs({y_a—y_n).Av_a+100)])

‘1’<| main.m ><| Level_set_ main.m ><| sec_RK_main.m ><| fourth_RK.m = |[ fourth_RK_main.m x|

[tn 2 col 1 |OWR

| script
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Fourth-order RK method
& dE8%t 0ol RE
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4™ RK : RESULTS

—analytic solution I
60" —4th RK | !

4
4\ Command Window = | B [t
File Edit Debug Desktop Window Help &

t Y_a YN error &
0 2.0000 2.0000 0 I
1.0000 6.1946 6.2010 0,1034
2.0000 14,8433 14,8625 a, 125[1 |
3.0000 33.E7TE 0 33,7213 o.1312 7
4.0000  YR,3390 0 75,4592 0,1330
i
f{ s -

20
Cobnvriaht © 2016 Combputational Desian L ab. All riahts reserved



S

« Matlab bulit-in functions for nonstiff systems

v’ ode23
v’ ode45
v' 0dell3

v Examples
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ODE, BUILT IN FUNCTIONS

[t, y] = ode,(odefun, tspan, y0)

0de23: The ode23 uses the BS23 algorithm (Bogacki and Shampine, 1989; Shampine, 1994), which
simultaneously uses second- and third-order RK formulas to solve the ODE and make error estimates for
step-size adjustment.

Yoy =Y, +é(2k1 +3k, + 4k, )h

1 1 3 3
k =f(t,y.),k, =f|t+=h,y +=kh |,k =f|t +—h,y.+—kh
1 (Iyl) 2 (I 2 yl 21) 2 (l 4 yl 41j

E - 7—12(—5k1 16k, + 8k, 9K, )k, = F (£, Yiv,)

1+1

E < max (RelTol x|y|, AbsTol ) default(RelTol =107, AbsTol=10"°)

ode45: The ode45 function uses an algorithm devoloped by Dormand and Prince (1980), which
simultaneously uses fourth- and fifth-order RK formulas to solve the ODE and make error estimates for
step-size adjustment. MATLAB recommends that ode45 is the best function to apply as a “first try” for most
problems.

0dell3: The odell13 function uses a variable-order Adams-Bashforth-Moulton solver. It is useful for
stringent error tolerances or computationally intensive ODE functions. Note that this is a multistep method.

22
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EXAMPLE 25.5: MAIN

dcircuitm x| assignmenté.m | pendulum.m  *| case Lm X[example_l.m x|p

script Ln 5 Col 13 |OWVR

- de23, ode45, odell3 &t
; » . : — [ O 1 N i | |
= Editor Cwugersiliseanlimesktup’ﬁexamPIE_Lm‘ [':""'El'g @ A2 XS AC
File Edit Text Go Cell Tools Debug Deskiop Window Help A X :
DGH R0 o2 Aeawf k- »0 v |
BLE| - |10 |+ | (11 | x |2 O !
1 - cle: clear all: close all; = O:”X'”
2 - h=tigure; ) . ) .
3-  set(h, "Position’,[20, 130, 1500, 900]) | ordinary differential equation
4 XX analvtic su!utlun : y'= 408t —0.5y
5-  t.a= [0:0.00:4]; L7 -
B - y_a = 4/ F+lexp(0, B+t _al-exp( 0,6+t _a))+Z+eup(-0,5+t _a); : initial condition
? A4 ode2d solution : t:O,y:Z
8- |dvdt = @(t,y) deexpi0. Bet)-0.5ey; l : :
9 - | [t_23,v_23] = odeZ3(dvdt, [0 41,2); @ | analytic solution
10 *% oded5 solution I 4
11— | [t_45,v_45] = odedBidvdt, [0 4],2); Ly = E(eo'gt —€ O'St)+29 o
12 %% odel13 solution | '
13— | [t_113,v_113] = odel13(dvdt, [0 4],2); l
14 X plot solution :
15 — plot(t_a,v_a, 'r') :
16 - hold on |
17 = plot (t_23,v_23,'b") :
18 - plot (t_45,v 45, k') l
18- plot (t_113,¥_113, 3"} |
|
|
|
|
|
|
|
|
|
|
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CAE

EXAMPLE 25.5: RESULTS

A = 5
== HE¢ 21t

@odeZ& ode45, odell3 &t

80

——analytic solution
—ode23 ;
6OL | —ode45 .
——ode113 /
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CAE

EXAMPLE 28.2

Predator-prey model
developed by the Italian

nonlinear ordinary differential equations L _
mathematician Vito

@, _ ay, —by,y Volterra and the American
1 1Y2 ) )
dt biologist Alfred J. Lotka.
Yo ey, +dyy @
dt 20 HO|AF=0 gtet DZ2
a=12b=06,c=0.8d =0.3 .

initial condition a = the prey growth rate

I
|
I
|
|
I
|
I
I
|
I
|
|
i
t=0,y, =2y, =1 | C = the predator death
I
|
|
I
|
I
I
|
I
|
|
I
|
I
I

rate
b=d= the rate

characterizing the effect of

- Editor - C:WUsersi'fse;waa;ktuprmdprey__ .E@g

: , : the predator-prey
File Edit Text Go Cell Tools Debug Desktop Window Help A K . .
NCE tBEYc oD - Hhesi b - DERARE BE & ol interaction on prey death
= == e * and predator growth
Il BLE| - 10 |+ | 11 | x |« O I
K function vp = predprevit,v) ap
2 - vp = [1.2¢(1)-0.B+p (112w (2); =08y (2)+0. 3w (1 1+p(2)]; e
3~ end @ WUH%%” IR

1

predprey Ln 3 Col 4 OVR

ddelm  =| mainm *| Level_set_ mainm *| exampleIm *| Heunm ¥ | examplelm* x| predprey.m XF‘
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EXAMPLE 28.2: MAIN & RESULT

- Editor - C:WUsersw-aeanWDeshcpﬁexample_ﬂtFnHEl@lﬂ AlS
[ Aol I E

File Edit Text Go Cell Tools Debug Deskiop Window » ¥ A X

M| $RB90 (&3 - Meas k- * ) |

BeE -0 [+ s x5O Z 0t
= cle: clear all; close all; =
2 ¥X oded5 solution o MO
3- | [t.v] = ode2Cepredorey, [0 201, [2,11); @ yl = Prey (S |)_M
XX plot solution y2 — pl’edator (i—lxﬂ
B - plnt(t,:ﬂ|
=< m] T
iron_loss_test_modelm = | mainm ¥ | Level_set mainm | exampleIlm x| p I:—||-IO|9 37|' 7<| 7I:II-—+—7|' iA—l
o| H11 SES =
script tln 5 Col 10 |OWR Aol 2420 = K=
h 7=|J_|_|.

2 4 6 8 10 12 14 16 18 20
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EXAMPLE 25.14

Adaptive ODE solver £ &

Oi%7| I3t Oj2 YA
ordinary differential equation |
ﬂ _1 Oe—(t—z)zlz[z(o.ws)z}

0.6 y Of
dt y @
initial condition
t=0,y=0.5

2H
=]

b

fujm
[ot

AL
T

-7 Editor - C:¥Usersi¥seanWDesktopitdydtm EIE'ﬂ_hJ

File Edit Text Go (Cell Tools Debug Deskiop Window Help ¥ A X
NEH $RaRB20 |02 - Aei|k-88 >0~
BEEL - 10 [+ | ¢ 11 (x |HE O
1 function wp = dydt(t,w) =
2= wp = 10+expl-(t-20«(t-21/(2+ 07520 )-0. G+y; @
iz - end!

4¢ mainm #| Level set mainm * example Lm  #| Heun.m # | example Lm # prfi

dydt In 3 Col 4 OVR
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EXAMPLE 25.14: MAIN & RESULT

Relative toleranceE =& S}
X| %2 oded5 A=

Relative toleranceE =& ot

<7 Editor - C:¥UsersWseanWDesktopWexample_IILm l =RaC] ihj ode45 3 E
File Edit Text Go Cell Tools Debug Desktop » N A X :
—h 3 = " = I
NESH R 022 - Masil-[-]| *0O .
X O —qj x
BB -0 [+ +]11 [x |0 @;l%—-!l—g step-size 7t =
1 - cles clear allo closp =112 = i Eol EI:I
I .
£ P&% oded5 solution without option control | Relative tolerance g)t% S
| 3- | [t1,y1] = ode23(@dydt, [0 4],0.5); | A0 A2 X}T} step-size
4 *X oded5 solution with option control : £ XA Jts
- i = - " a=dl: [
5 options = odeset( RelTol ', 1e-4); | @ Without options
B - [t2,v2] = odeZ3(@dydt, [0 4],0.5,0ptions]; 2 . .
7 " A% plot solution e
8- subplot(2,1.1)
i plot(tl,yl)
1 - titlel Vithout options')
1n - subplot(2, 1,2)
12 - plot{t2,ve)
13 - title( With options') With options
2 . .
4:lm | mainm ®| Level set mainm *| exampleIm #®| Heunm = P
script Ln 2 Col 1 OWR
. 1 ]
00 1 2 3 4
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S

« Matlab bulit-in functions for stiff systems

v' odelb5s
v’ 0de23s
v’ 0de23t
v' ode23tb

v’ Example
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ODE, BUILT IN FUNCTIONS

it. This transient

odel5s: This function is a variable-order solver based on numerical differentiation formulas. It is a multistep
solver that optionally uses the Gear backward differentiation formulas. This is used for stiff problems of low
to medium accuracy.

ode23s: This function is based on a modified Rosenbrock formula of order 2. Because it is a one-step solver,
it may be more efficient than odel5s at crude tolerances. It can solve some kinds of stiff problems better
than odel5s.

ode23t: This function is an implementation of the trapezoidal rule with a “free” interpolant. This is used for
moderately stiff problems with low accuracy where you need a solution without numerical damping.

ode23tbh. This is an implementation of implicit Runge-Kutta formula with a first stage that is a trapezoidal

rule and a second stage that is a backward differentiation formula of order 2. This solver may also be more
efficient than odel15s at crude tolerances.

Cobnvriaht © 2016 Combputational Desian L ab. All riahts reserved
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EXAMPLE 27.10

van der Pol equation

d?y,
dt?

initial condition

=M

dt

convert process N

u(1-y2) 2Ly, =0

dt

L

=1

ay,

dt =Y,

gy,

=)y

-

[ Editor - C:#Users¥fsean®Deskiop¥vanderpol.m

-EIEIQ

File Edit Text Go

-0 |+

3 (B
= g

DdH s R0 |3~

» | WA X

”.D =

Cell Debug

Desktop
th @ ) -
ot o2 | @)

Tools

= 11 X

1 function vp = vanderpol(t,w.mul

O

2 - yp = [v(2); mus(1-y(1)72)+w (21 -y (1)]; @

3 - enl:l|

4 = predpreym | dydtm * | example llm [vanderpul.rn x|
vanderpacl Ln 3 Col 4 OWR
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t

o

CAE

stiff St =7t mu ZHOj| ot
2tAl BiSH= van der Pol
equation.

In 1920 the Dutch
physicist Balthasar van der
Pol studied a differential
equation that describes
the circuit of a vacuum
tube.

It has been used to model
other phenomenon such
as the human heartbeat
by Johannes van der Mark.

=

= =ly

u[m
ot

A
T
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EXAMPLE 27.10: MAIN & RESULT

-

[ Editor - C:wUsers%‘.r'-seanwDesk’topWexampI;m E@ﬂ

File Edit Text Go (Cell Tools Debug Deskiop Window Help WA x

TOEH $RaB9 0|83 Mdedr|kl- >0 -

BB -0 [+ | 11 [x |«££eH | @ I

= clo: clear all: close all: '

e X oded5 solution when mu equals 1

3 - [t_45a,v_45a] = odedB{@vanderpal, [0 201, 01,11.01,10;

4 odedb solution when mu equals TUUOU

L [t_45b,v_45b] = odedS{@vanderpal, [0 20],[1,1].[],1000);

B X ode?3s solution when mu equals 1000

7 - [t_£3s,v_23s] = odef3si{@vanderpal, [0 G000], (1,11, [],1000); | \3

a &% plot solution

9 - subplot(3,1,1]

0 - plot(t_45a,y_45a)

(R titlel 'oded5 solution when mu equals 1°)

12 — subploti3, 1,2) ode45 solution when mu equals 1

13 - plot(t_46h,w_45h(:,13] aL

14 — title( odeds solution when mu equals 1000°) of i

15 — subplot(3,1,3) 2t 8

16 — plot(t_23s,y_23s(:,1)) “ P I 5 8 0 2 " % % 20

17 - titlel ode23s solution when mu equals 1000°) ode45 solution when mu equals 1000

4| Heunm | example Lm *| predprey.m *| dydtm = E:UT |
script ln 1 b

N S

ode23s solution when mu equals 1000

I
3000

1 I 1 1
0 1000 2000 4000 5000
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mu=1¢ 0 Al IE
mu = 1000 & [ ode45 2
T OC

T = L=——

A= Jdefjl= 2 SHEy 12
Ol -2 =&3dl= A1tgt
o EOI

= d

mu = 1000 & I ode23s

2 ZE3c

A= def= 3 a8

Ol F7|X¢Ql gh+=7} 18
Xl&= 4l 72717t 2479
Hl= #7t= 7K US

2t oded52 = O]t

O IT AL (@)
HJAS 2 4+ 85
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Solver Problem Type Order of Accuracy When to Use

odedh Monstiff Medium Muost of the time. This should be the first
solver you try.
ode23 Monstiff Low For problems with crude error tolerances aor
for solving moderately stiff problems.
oda113 Monstiff Low to high For problems with stringent error tolerances
or for solving computationally intensive
problems.
ods 158 Stiff Low to medium If ode45 is slow because the problem is stiff.
ode23s Stiff Low If using crude error tolerances to solve stiff
systems and the mass matrix is constant.
ode23t Moderately Stiff Low For moderately stiff problems if you need a
solution without numerical damping.
ods23th Stiff Low If using crude error tolerances to solve stiff
systems.
Parameters oded5 ode23 ode113 odel5s ode?3s ode23t ode23th
RelTol . AbsTol. HormControl 4 3 o o o 3 A
OutputFen, OutputSel, Refine, Stats o 3 A A 3 3 A
lonlsgat ive y y A i = S v
Evants 4 3 A i 3 y i
MaxStep, InitialStep o Y o o «.' < A
Jacobian, JPattern, Vectorized — — = y y Y y
llass o ' | 3 § y A
WStatelbepandence o Y o o = < A
lvPattern — — = y = y +
llassSingular — — — A — 3 =
InitialSlops — — — o — + =
MaxOrder, BDF — — = y — — —
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S

 (Case study

 Assignment
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CASE STUDY 1

3ackground.  Electric circuits where the current is time-variable rather than constant are
common. A transient current is established in the right-hand loop of the circuit shown in
Fig. 28.11 when the switch is suddenly closed.

Equations that describe the transient behavior of the circuit in Fig. 28.11 are based on
Kirchhoff’s law, which states that the algebraic sum of the voltage drops around a closed
loop is zero (recall Sec. 8.3). Thus,

di , q B
L—+Ri+—=—-—E()=0 (28.9)
dt C
where L(di/dt) = voltage drop across the inductor, L = inductance (H), K = resistance E — EO SIn (a)t)

(€2). g = charge on the capacitor (C), C = capacitance (F), E(1) = time-variable voltage

source (V), and L - 1 H

. dg
;= L (28.10) —

7 . E, =1V
Equations (28.9) and (28.10) are a pair of first-order linear differential equations that can C _ O 25 C
be solved analytically. For example, if E(f) = Ey sin wrand R = 0, M

- E w Ly , 2 2
c/H};%—mnpi—l—%ualnw! (28.11) a) :35 S
Lips—w=)p L{ps — w)

R=0

An electric circuit where the current varies

E(r)
_—\""* I ,:\/
; Switch © -
Battery = Vi — Capacitor -~ Inductor
+ + =

Resistor
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CASE STUDY I. RESULT

Current

6.0

4.0

2.0

-2.0

-4.0

-6.0

Capacitor

Time

100



CASE STUDY 11

Background. Mechanical engineers (as well as all other engineers) are frequently faced

with problems concerning the periodic motion of free bodies. The engineering approach to
such problems ultimately requires that the position and velocity of the body be known asa
function of time. These functions of time invariably are the solution of ordinary differen-
tial equations. The differential equations are usually based on Newton's laws of motion.

As an example, consider the simple pendulum shown previously in Fig. PT7.1. The
particle of weight W is suspended on a weightless rod of length /. The only forces acting on
the particle are its weight and the tension R in the rod. The position of the particle at any
time is completely specified in terms of the angle € and /.

The free-body diagram in Fig. 28.16 shows the forces on the particle and the acceler-
ation. It is convenient to apply Newton’s laws of motion in the x direction tangent to the
path of the particle:

o 1%

XF=—-Wsin = —a

©
S

where g = the gravitational constant (32.2 ft/s?) and a = the acceleration in the x direction.
The angular acceleration of the particle (@) becomes
a

a = —

[

Therefore, in polar coordinates (¢« = (!‘]H_,f"(/fz),

S Wi Wl d*0
-Wsinfl = o= — -
g g dt-
or
d*6 g _ —
e +%smﬁ':() (98.15)
di-

This apparently simple equation is a second-order nonlinear differential equation. In gen-
eral, such equations are difficult or impossible to solve analytically. You have two choices
regarding further progress. First, the differential equation might be reduced to a form that
can be solved analytically (recall Sec. PT7.1.1), or second, a numerical approximation

technique can be used to solve the differential equation directly, We will examine both of

these alternatives in this examnle.

FIGURE 28.16
I

iagram of

sin@ =~ 6
g =9.81 m/s?
6, =n14
| =0.6096 m

Cobnvriaht © 2016 Combputational Desian L ab. All riahts reserved
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CASE II: RESULT

04 (Iﬁﬂ
dt [~
o

[IES SN =il s 0 |==Sli==| == =

I { I
1 s I

-0.8 —

i =
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(X)
Calculate the deflection iof 0 dy/d Qatz=10
Use parameter lues of !/ 30, F 1.3 = 10 id
I = 0.05 for your computation
22.21 A pond drains through @ pipe as shown in Fig. P22.2]

Under a number of simphifyving assumptions, the following

cribes how depth changes with ime

time (s), d pipe diameter (m),
area as a function of depth (m°), g
t(= 981 m/s7), and ¢ = depth of pipe

| bottom {(m). Based on the following

this differential equation to deter

mine how long it takes for the pond to empty, given that

() 6m. d 025 m. « n
h, m
Alh), m?

AR
FIGURE P22.22

Simulate the dynamics

two time-senes plots of (a) displace

In addition, develop a three-dimensiona

the displacements

* the same simulations as

2222 Engineers and scientists . NG lels t
v e s RIRCCTES dand SCICHUSIS USC Mass-spring modcis o

gain insight into the dynamics of structures under the influ-
ence of disturbances such as carthquakes, Figure P22.22
shows such a representation for a three-story building. For

this case, the analysis is limited to horizontal motion of the

structure. Using Newton's second law. force balances can be

developed for this system as

d=x k
\ (X X

[’ m m
a=x A K

- (x (x ta)
arl " m
d*x k

(X
it m

for the Lorenz equations : . :

”H' i % 'l’ iz .method over the time period 0 < ¢ < 15 s. Plot the displacement
apomt method

22.24 Perform the sar

the Lorenz equations but use a v

vour results with those obtained in

FIGURE P22.21

25.16 The motion of a damped sp;'ing—mass system (Fig. P25.16

is described by the following ordinary differential equation:
Ei

ma e

dx
dt

where x = displacement from equilibrium position (m), ¢ = ti g
(s), m == 20-kg mass, and ¢ = the damping coefficient (N - s/m)'
The damping coefficient ¢ takes on three values of 5 (underd
damped), 40 (critically damped), and 200 (overdamped). Thi
spring constant k = 20 N/m. The initial velocity is zero, and the ini
tial displacement x = 1 m. Solve this equation using a numerical

+kx =0

versus time for each of the three values of the damping coefficier
on the same curve.

Figure P25.16




