Weighted Residual Method

e 1D heat conduction problem
— Governing equation and analytic solution
— Approximate solution and residual
— Least square method
— Weighted residual method

e Generalization of WRM = Weak Formulation
 Galerkin Finite Element Method

« 1D Elasticity

— Governing equation
— Weak formulation and discretization
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1D Steady Heat Transfer Problem (1)

 BVP I: Dirichlet problem

d’T
KA =as(T-T
dXZ ( a)
T=T, on x=0
T=T on x=I
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wall temperature
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Cross-sectional arca: A
Circumference length: s

ambient temperature
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u=T-T,, m?=2
kA

E

/

wall temperature
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d’u
— =m‘U

dx’

Uu=u,(=T,-T,) on x=0
u=u,(=T,-T,) on x=I

Uy sinh| m(I=x) ]+, sinh (mx)
u(x)=

) sinh(ml)
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1D Steady Heat Transfer Problem (2)

 BVP II: Mixed(Dirichlet + Neumann) problem

2
A= as(T-T,)
T=T, on x=0
%EzQ,onx:l

]

wall temperature
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du
E&;_mu
u=u, on x=0
du

d_:QI on XZI
X

ambient temperature
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Cross-sectional area: A
Circumference length: s
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Approximate Solution

N
u(x)~ U(x) =Dp (%) ¢
w W k=1 — L
solution  approximate basis  unknown
of BVP solution function Parameter
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Residual / Least Square Method

r(0(0)=2 iy
[T ST O S
B LY
R(U) <5 [[r(0)] oo O [ E 8 rw)ac-0 (-1
o
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Weighted Residual Method

wew: [ 1 r)oce]x) 3 G

weighted residual k=1

jak —ng}dx =0
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Weighted Residual Method

Weighted Residual Method

or (U )/(’Mi Least Square Method
o) ( X=X ) Collocation Method
X' (i > 1) Method of Moment

0} (basis function) Galerkin Method

Galerkin method:
* more accurate
o coefficient matrix is symmetric = used in FEM
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Example

m=1 u,=10,u, =20, 1=, M=N-2=2
Uy sinh[ m(1'=x) |+u, sinh (mx)
sinh(ml)

exact solution: u (x) =

109118 x(x—1)+8ﬁx(x2 -1)
4487 521

{ collocation method: U (x) :10(1—x)+20x+4—60x(x—1)+4—0Ox(x2 -1)
99 297

least square method: U (x) =10(1—x)+20x +

method of moment: U (x) =10(1-x)+20x+

3540 100
=93 x(x—1)+Hx(x2 —1)

Galerkin method: U (x) =10(1-x)+20x + 2070 x(x—1)+7—ox(x2 —1)
473 43

Square

0.25 11.2963
0.50 13.3023
0.75 16.1440
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Generalization of WRM (1)

[V (x)r(U(x)dx=0

J‘(;Z,\:l:q)i(x)g:{i dzcj;Z(X)_mzq)k(X) ak_ng(x)}dxzo

ia:[iﬂ@i(x) dzcj;Z(X)_mzq)k(X) ank_mzj(:q)i(X)g(X)dX}:O

A= 0,00 el -, ()

ia:(iﬁﬁkak—ﬁjzo where <

=~
ey

\Fi = m2j0|q)i (x)g(x)dx

_Au A, - AiM_ral (Fl\
A, A, o Ayl a F,

A Avz o A ] law Fy
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Generalization of WRM (2)

u(x): solution function — trial function
v(x): arbitrary function (satisfying Dirichlet conditions) — test function

equilibrium equation

r(u(x)):() }QJ‘OIV(X)T(U(X))dx:O
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Weak Formulation

I L TTT——
2
du(z)—mu ( —mu jdx 0
dx
du v(I) (ﬁd—qumvujdx:O
dx dx dx
BVPI:v(O)=v(I)=O—>j(ﬂd—u+m vujdx=0
dx dx

dx dx dx

BVP 11:v(0)=0, 2 =qQ, on x=1- j(ﬂd—m VUde Qv(l)

* Dirichlet B.C.: constraint on the basis function of trial and test functions - essential B.C.
* Neumann B.C. automatically satisfied - natural B.C.

| equilibrium | Differential equation | _solution _

Strong form all x 2"d order twice differentiable
Weak form average 1st order once differentiable

* Neumann B.C. is satisfied in the average sense.
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Example (1)

BVP I: (Result of Weak Formulation) = (Result of WRM)
BVP 11: u(0)~U (0)=u, > ¢, =Uy, ¢, > & (k=1...,M(=N-1))

N-1 M
U(X)=Uy+ > X =Uy+ > D (X)e
. 1 ) 1 [ 9 (0)=0v(0)=v(0)=0 j;(%g—u+m2vujdx=qv(l)
V(X)=D Xa =uy+ > @ (X)e; e
i=1 i=1
M M M M M
— J:KZL‘;I“'*](Z dCCII))(k akj+m2 (Z(Diai*)(uo +Z(Dkak de =Q, (ZCDi (I)a:j
i=1 k=1 i=1 k=1 i=1
M M
leai*{klj(: (%%+m2®i®kjak +m2u()CI)i}dx—Q,(I)i (l)}:o
Ll dD, dD 2 _—
;{J‘O(—x dxk +m @id)k)dx}ak =Q®,(I)-m uojo®idx
M Kie :jl(&ﬂ+ mzd)id)kjdx
> Ky =F (i=1...,M) where °\ dx  dx

Fi = QI(Di (I)—mZUOJ.OICDidX
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Example (2)

M =3 m=1u,=10,1=1 Q =0
1125

U(x)=10- 35175, 10725\, 10675, dU| 1125 o o
4658~ 2329~ 18632 x|, 18632
U(x)
u(x)
M=2 M=3 M=4

0.25 8.3903
0.50 7.3076
0.75 6.6841

Fundamentals of Finite Element Method Weighted Residual Method - 13



Galerkin Finite Element Method

 Problem of Galerkin Method

— Simple - complex domain: how to choose basis function?
Difficult to integrate the domain, defined over whole domain

Fundamentals of Fii

— Unknown parameters: no physical meaning, need

combination to obtain the approximate solution

* Finite Element Method
— Basis function: piecewise function

— Unknown parameters: discretized points

D, (x)= )
- basis function e e I+1h (XI <x< le)
i—1 Li1— ¢
h P, (x) h (X1 < X)
W x
t— 1 i i+1
s 3 o= » T

T, T; 41

<—h—>l

division point
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Galerkin Method Using Piecewise Functions

@) O,(JY;
|\ U T~
@, (x) @, (x)1,
@4 = P
/]\ m
@, (x) @, (x)U,
! "
U=
U(x)=o,(x)U, +D,(x)U, + D, (x)U, +D,(x)U,
->.0,(x) Y, v
<— h <— h —=<—h —
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Node / Element / Shape Function

U(x)=,(x)U, +D,(x)U,
X, — X X — X

== U2+—h2U3 (X, <X<x)
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Interpolation & Approximate Solution

€
X, =X

d°(x)=

1 0=, 5 (x)Us
. U: .

é a )

}-%he — he=x§—xa" )s—he—a- U U;
. x—Xx d® (x)Ue/ &J
)] = b b
b(x) he l U:
€ - :> €

a b a b

e
a b

Us=U,, Uy =U,,, > U (x) =D (x)U: +D; (x)Uy

i+1

& _x N FEM: Finite Element Method
5 (X) == B (x)=—— where h, =x, —X] « Shape function
o i « Element
@ (x)=1 [df(x)=0 .« Node
D (x)=0 |Df(x)=1
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Example

FEM

(1)

2 1.0 :
equilibrium equation: P =u - 0.8 (%
Jessential B.C.: u(x)=u, < 06 \
~du E < \
natural B.C.. —| =0Q Y04
L dX x=I -g 8 \c;\
T,=0,m=1 k=1 @02 0
=1 u,=10, Q =0 0t \T
2 3 4 5
Number of element
Temperature @node  (J, U, U, U, e Ue
Equivalent Heat Flow 0, 0, 0, 0, Q: O;
1 D 2 @ 3 @ 4 du e
u(0)=u, 5 5 » —(1)=0, agm=b
;l.l ‘l"_’ ‘l'3 ;l.-l dx ‘l‘;: ‘l.l‘)
h —a—L— h—st<— h—> L— /?44
[

le——
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N

dx dx

ARS

Fundamentals of Finite Element Method

dv_dv
\dx dx

'[e
Xa

Example: FEM (2)

(3 =0 () N (U M U5 = (ML=
Ve
W)=Y (0= NS O NG GO =[5 NEFE =

du _du _dNaUe_l_dNbUe:{dNa %}{Ua}zBU

dx * dx ° |dx dx ||US

ANz NG faNg N Ve]
dx dx dx — dx ||V,

A {j:f(BeT B, + N,TN, JaxU, | QN (x¢)+ QiN,T (x; )]} =0

X

[dNS dNE  dNS dNE |
AN dNS  dNS dNZ | | NSNS NENS Us| |

| dx dx dx dx _
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Example: FEM (3)

[ L TTTT—
Ng(x)sz_x, I\Is()():x—xa’ dNa(x):_i’ dNb(x):i
h, h, dlx h' dx h
2(h2+3) h*-6 : .
v &P e o).
6h,| n2-6 2(hZ+3)|Us X
2(h*+3)  h*-6 0 0 _(UJ ol
h?-6 4(h’+3) h2-6 o ||y D, A
{Vl vV, V, V4} i ( ) ) 2>_<Q2@+Qi®> =0
6hi 0 h-6 4(h*+3) h°-6 ||Us| |Q +Q
©)
0 0 h*-6 2(h*+3) Y g
4(h*+3)  h*-6 0 U, 0 W6
L he—e a(n+3) hi- [{u,t={0;-2] o
6h 6h
u,| |9 0

0 h? -6 2(h2+3)

U

U2 post-processing Qa® Qa® d_U
3 oY) Q)] dx
U4 b b
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1D Elasticity: Governing Equation

P(z) < C——> P(z + Az) =P(z) + g-Az + 0(4z?)

Fundamentals of Finite Element Method

ug distributed
spring constant c{x)

b(z)=A(z)B

—c(z)ulz) Az

W
|+ Az—|

dP

ulz + Az) = u(z) +3—;Am + 0(Az2)
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1D Elasticity: Weak Form + Discretization

Ilv{—i(ad—uj+cu—b}dx O—>I [aﬂd—u+cvujdx jvbdx+v(I)P
0 dx dx dx

element e : j (aﬂd—u+cvujdx '[ vbdx+v(x )P +v(x; )R where Paez—a(;—i K Pe = 3—?(

dx dx o
} eUe

V(X) =V (x)= NS (X)V +Ng (x)Vi ={N:  Ng} e}:Neve

b

X=Xg

a

b

u(x)~U (x)=Ng(x)Ug +Ng (x)Ug ={N; N }{
A
v

+C

€

o | w |

he
6
h

3

— K,U, =F, where <
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1D Elasticity: Example

£ ¢+ hode number 5
_ B0~ ¥ element number
o ,{ T node | coordinate
@ 1.0 1 | 0.0
_ 2 | 3.0
410 3 2.0
! 4 |10
oy @ . 10
3 element atf b |
Alx)=4—=z 310 — 1 3 2
2 4 3
@ 10 3 1 4
e P;=10 2 C !
1D elastic body finite element model
mnnnnﬂm b = poA
@ 1.0 2.0 1.0 5/2 2.0 5.0 10.0
® 0.0 1.0 1.0 712 2.0 7.0 14.0
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