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Weighted Residual Method

• 1D heat conduction problem
– Governing equation and analytic solution
– Approximate solution and residual
– Least square method
– Weighted residual method

• Generalization of WRM Weak Formulation
• Galerkin Finite Element Method
• 1D Elasticity

– Governing equation
– Weak formulation and discretization
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1D Steady Heat Transfer Problem (1)

• BVP I: Dirichlet problem
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1D Steady Heat Transfer Problem (2)

• BVP II: Mixed(Dirichlet + Neumann) problem
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Approximate Solution
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Residual / Least Square Method 
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Weighted Residual Method
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Weighted Residual Method

χi Weighted Residual Method

Least Square Method 

Collocation Method

Method of Moment

Galerkin Method

  ir U  

 ix x 

 1 1ix i 

 basis functioni

Galerkin method:
• more accurate
• coefficient matrix is symmetric  used in FEM
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Example

x exact Least 
Square Collocation Moment Galerkin

0.25 11.2963
0.50 13.3023
0.75 16.1440
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Generalization of WRM (1)
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Generalization of WRM (2)
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Weak Formulation

         

   

   

   

2 2
2 2

2 20

2

0
0

2

0

2

0

0

0 0

BVP I: 0 0 0

BVP II: 0 0,    on  

l

l

x l x

l

l

l l

d u x d u x
m u x v x m u x dx

dx dx

du du dv duv l v m vu dx
dx dx dx dx

dv duv v l m vu dx
dx dx

du dv duv Q x l m vu dx Q v l
dx dx dx

 

 
     

 
     
 

         


          









equilibrium Differential equation solution
Strong form all x 2nd order twice differentiable
Weak form average 1st order once differentiable

* Neumann B.C. is satisfied in the average sense.

* Dirichlet B.C.: constraint on the basis function of trial and test functions  essential B.C.
* Neumann B.C. automatically satisfied  natural B.C.
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Example (1)
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Example (2)
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0.25 8.3903
0.50 7.3076
0.75 6.6841
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Galerkin Finite Element Method

• Problem of Galerkin Method
– Simple  complex domain: how to choose basis function? 

Difficult to integrate the domain, defined over whole domain
– Unknown parameters: no physical meaning, need 

combination to obtain the approximate solution

• Finite Element Method
– Basis function: piecewise function
– Unknown parameters: discretized points  
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Galerkin Method Using Piecewise Functions
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Node / Element / Shape Function
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Interpolation & Approximate Solution
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FEM: Finite Element Method
• Shape function
• Element
• Node
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Example: FEM (1)

 

2

2

0

0

0

equilibrium equation: 

essential B.C.:

natural B.C.:

0,  1,  1
1,  10,  0

l
x l

l

d u u
dx

u x u

du Q
dx

T m k
l u Q






 

 

  

  

 

 



Fundamentals of Finite Element Method Weighted Residual Method - 19

Example: FEM (2)
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Example: FEM (3)
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1D Elasticity: Governing Equation
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1D Elasticity: Weak Form + Discretization
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1D Elasticity: Example

element xa xb h A E a = EA b = ρgA

① 2.0 3.0 1.0 3/2 2.0 3.0 6.0

② 1.0 2.0 1.0 5/2 2.0 5.0 10.0

③ 0.0 1.0 1.0 7/2 2.0 7.0 14.0


