FEM for Steady Problems

— Governing equation, weak form

— Discretization, shape function, interpolation
— Finite element equation, assembly

— B.C., solution

— Post-processing

e Potential Flow Problem
« Elasticity Problem

e Characteristics
— Singularity of coefficient matrix
— Compatibility and continuity
— Convergence
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Potential Flow Problem

« (Governing equation: strong form

o¢
T T v v
X (or v=-Vg) ® —*+—2=0 (or V'v=0)
\' Z—% OX 6'y
’ ay ) continuity: ir\{compressible
velouty\EJotentlal
82 2
a—)f+—? 0 (or Ap=0) inQ

N

Dirichlet B.C.: ¢=¢ on T,

Neumann B.C.:.q=q on ', whereq=v.n, +v,n, =—%n _%5”
« (Governing equation: weak form

=0 on I, a ¢ a ¢ Gauss-Green Theorem ¢ ¢ a¢* a¢ a¢* a¢ _
v [ 4 (ax ]dv 0 [ ¢ [—n "™ )dS—j ( + jdv =0

oy’ ol ox Ox oy oy
Boundary * _ * _ 6¢ a¢ a¢ a¢ _ BC. a¢* 8¢ 6¢* (9¢ __ *__
—eemy [ gadS - [ ¢qds jﬂ( oy ay)dv 0 jg[ o oy ay]olv J, oads
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Discretization

Iﬂ(aﬁ o , of a¢jdv 1 Fads e 3 {JQ [8¢* ¢, o 5¢jdv | ¢*qu}=0

ox Ox 0oy oy &S s ot ox Oox oy oy
¢
of" 0¢ oOf 0¢ \ o¢" og | | ox )
dv =— ds @& dv =— ds
‘[QeLaX 6X+5y 8y} '[Fe¢q _)-[Qe{ax ay} %> .[re¢q
| Oy

q Node 3
Y
4 x v q
< q domain: Q,
¥

Node 2 boundary: T,
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Assumed Potential

I
a4 & 1 X Y|«
d(xy)r o +ax+ay={1 x y}ia,; and {45 ¢=|1 X ; |<a,

3

a; (i=1,2,3):generalized coordinate

e e L e e )
I x ¥ ) a a, a || .
¢(X’Y)z{1 X Y} 1 x5 Y, &, :{1 X Y} by b, by |44 (',.5,_,,,‘3')5 >3
1y e A (5. 35) 65
i

:(a1e +bfx+cfy)¢f +(a§ +b§x+cey)¢§ +(a§ +b3‘:’x+c3‘fy)¢3e

ale 22(2%_3)’2) aze 2&(3y1_xy3) agzi(xfyg— ;yle)
Where<bf=i(y§—y§) 1bs i(y y; ) b; = 2;e(y1 y; )
I e I e
. . XY
A =X (B-v) e (-w) e (v -¥) =5t % v
1 % Y,
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Shape Function, Interpolation

X 5 {Iinear triangle element
d(x,y)= {Nf (x,y) N7(x,y) N;(x y)} g = N:(X,y)d 3 node triangle
¢; a=1

Ng (x;, y;) ={E I.ff a=p [ Kronecker &] continuity
N:(x,y)=al +bix+cly (a=123):shape function — < tazp

3
> NS (¢, Y ) =1 [partition of unity] convergence

a=1

P (x5, Ya) =Nj(ap, ya)d1 + Ny(2a, ypa)ds + Ny (s, Ya) P

A

--0

=
-t
/—ﬁ‘
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=m
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o
I
46‘
o
=
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X
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=
[JCRFN
al
[PURN
Il
©-
e
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Finite Element Equation (1)

o &
p~{N; N5 Njjig5t.6 ~{N; N N} gy

& &
%\ i € _aNle aNze 8N§_ e e
ox A T ¢1e ox  OX  OX ¢1e be b b ¢1e
[~ >{N1 N, N3} b = e e N (= e . .7
% i ¢e aNl aNZ 6N3 ¢e Cl C2 C3 ¢e
oy) oy ol ey oy |V ’
(04
0p O |)ox| [
Lze{ax ay} %mv_ jre¢qu
L OY |

b ¢ # \
*e *e *e e e ble b; b?? e *e *e *e e

S CANUAREOS | I L Le . Ce}olv g =—{a" & #°f] N; pads
S R U \

3

e Ce e Ne
AL A
> b ¢ dV 1 g5t =—[ {N; tqds

Q. ¢t ¢ ¢ Te
b; c |- ¢ 7 & N;

3

@D

Fundamentals of Finite Element Method Steady Problem - 6




Finite Element Equation (2)

tant flow velocit N q[ll |_[1] 1 q[zl | [21 0 q[3] |31 1
along the boundary of eleyment > _Le N 2 qu =- 5 1r- T 1r— —2 0
Ng 0 1 1

el e ] e.e el e ee e [1] [1] [317[3]

blbl b1b2+C1C2 b1b3+C1C3 1 1 L +qe L
A bebs +csc;  bshS +cics [{g5 r=—= [1] LY+ gl
epe ene e [2] [2] [3] [3]

sym b,b; +c,C; | |4 0. Lo' +0y L,
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Example

1

0.0 0.0
2 20 o0

3 0.0 1.0

5 2.0 1.0

[2] -1

1 1
-----_
® 2 5 4 1/2 1

©) [1] 0
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Example: Finite Element Equation

element @ (node: 1-2-4), {fD ¢, ¢3®}T =

@ @ @ @
k11 k12 k13 ¢1
@ @ @ _
kzz k23 ¢2 - 5
@ @
sym Kz | |25

element @ (node: 1-4-3) (g% =7, ¢ =7, { 7

@ @ @ @
k11 k12 k13 ¢1
@ @ @ | _
kzz k23 ¢2 - 5
@ @
sym Kgs ||

element @ (node: 2—-5-4) (q%] = 0o, a5 :ql) {¢1®

@ ®) ®) @
k11 I(12 k13 ¢1
®) ©) @ _
kzz k23 ¢2 — A5
®) @
sym Kz || 25

Fundamentals of Finite Element Method

[y 1] | 3] [3]
Ay Lo + a0 Ly

[y, 20} (2]
Ay Lo + 95 Ly

[21][2] | [3]] [3]
Oy Ly +dy Ly

[y [ | 3] [3]
Jy Lo + 05 Ly
[y [, 20y (2]
dy Lo + 05 Ly

[21] 2] | [3]f [3]
do Ly + 05 LS

[y [ | 3] 3]
Oy Ls + 05 Ly
[y, 20y (2]
Uy Le + 05 Ly

[21] 2] | l3]) [3]
Js Ly +d3 Ly

k? 0 kY

0 kg
0 ki
0
Kss

kiz
0
k )

@
k22

o O O o o

O O O o o

]
?,
?,
&
23

]
?,
?,
?,
2

]
?,
28
?,
23

6 0} elh b b)Y

N

B sl bob)

[y 1] | 31 [3]
Ay Lo + 0o Ly

[y [, A2y (2]
Ay Lo + 05 Ly

[y [, A2y 2]
Ay Lo + 05 Ly

[1]
)

[1]
)

0L

— 1121 | 31 13]
gLy +d3Ly
~ 1, &2
QL + 0,15

=102, 7 (3]
q1 L@ + qo L@

0 >

0

[, = 3]
Ly +0,L5
0

[, =12
L® +0,

0
0
g
0
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Example: Assembly

_kﬁ) n kﬁ) kg kf? kf? n kf? o & ( q[1] | +q5] L8] +q[u |_[1] +10, |_[3]
kyy +k2 0 Kyy + K. kY ||, . a5 L[” +q2 L[2 +1, L[” +q5) L[3
k:%@; kz@s? 0 |1#¢= _E< 0, [2] +0 L[3] (
sym kg +K2 +Ke Ky || gy LY + g2 + b + 4, L[Z] + G, L2 + gL
L kg_ k¢5 qO L[Cg + qlL[®2]
(A [, & (3
q®L®+qOL@ <ql+qgy =0, ¥ =LY
1 q®[ +q° =y +ay =0, L =LY
(RHS)=—§< L2+l | < no change
C—h(l_[é] N L[é]) P gl =0, LB =1 g4 gl =0, L2 = |
<= no change
| qo o q1
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Example: B.C. + Solution

ky +ki kg kg
kyy +k5 0
kas
sym
k2 k2 0
ki +k2 +ko ke
sym ks
1+1 -1 0
— 1 2+1+1 -1
2 sym 2

L PR

kl?-I_kl%) 0 |{4=9 oo * %o

D, L0 ® - gy 4+ g, LY

k23 + k13 k12 ¢ =9 1 _® [2? _0 [?Cj)

Kz 0y ¢ (=—-=1%ky+0Ly

ke +kZ +ks k3 || 4, g, (U2 + L)

k21| & _
22 > a, L[é@] + qlL[®2]
@, qlL%] % L[C%] kl? 0
¢4 = ql(l—[@;]"'l—[@z)])>_ kl%?"'kl(? ¢ - kg+k§ 5
% g equd) O e
1 -1 0 2 -1 0

) HEY i T S Y T IRt |
12 2 2 2 )
P 1 0 -1 sym 2 ||

b 6 & ¢ =112 22

Fundamentals of Finite Element Method

Steady Problem - 11



Example: Each Element

element O

3, 1) & [0 [&
b’ =1-12¢, 1b r=1 12 ¢, 1b)
o' | Y2 || (-¥2) o
11
NY =1-=x-=
) S X5 Y
11
NP ==x—=
2 =X
Ny =y
1 0 -1
1
Ky=-10 1 -1
1 -1 2

Fundamentals of Finite Element Method

element 2

(%" ¥5) = (% ¥5) = (0.1)
A, =1/2
a’| (1] [a
b1® -J0 , b@
¢ -1 =
N1®:1 y
N2 = x
NZ =-x+y
1 0 -1
1
Ky=210 1 -1
-1 -1 2

element 3

a’ 1] [aY 2] [af 2
14bP =40, abY b=4 1%, 4b2 b=4-1

| |-1] |c? 1] |cf 0
N1®:1_y
N =-2+x+y
N =2-x

1 -1 0
K,==|-1 2 -1

0O -1 1
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Example: Post-Process (1)

— Potential @ arbitrary point in the element: A(1, 0.5)

— Flow velocity

0" ¢ W) =l ¢ 4} =011 2
¢" (1,05)~N,"(1,05)4" +N,”(1,0.5)4," + N;” (1,0.5)¢,"
=0.25x1.0+0.25x1.0+0.5x2.0 =15

q =q,= -1
Y A Y Y Y Y Y Y Y
¢3=2 ¢.1=2 ¢ 5= 2
O O O

q=q,=0 ' qg=4q,=0
Vo= 14
= — ®
d,=1 < o =1 O 5=1
Y Y Y Y A Y Y Y Y

q [ll] =—]

Fundamentals of Finite Element Method

0 [

o

element® element® element®
U,
A
5
3L
4
A A’
' L T
0 [ 2
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Example: Post-Process (2)

0 1 1

R

if¢2=2¢7=2—>{¢1 ¢ P 9 ¢5}T

#)

s

{¢1 ¢2 ¢4}T:
4 o &)

{¢2 s ¢4}T:

ONL ANy aNY |

OX OX

OX

oN”  ON;’  oN}

L oy o

|

f
f
2
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2
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2
E
4

%y |

5/2]

5/2>
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2D Elasticity Problem

« (Governing equation: strong form
— Equilibrium equation
— Strain-displacement relation
— Stress-strain relation (constitutive equation)
* Plane stress / Plane strain

— Boundary conditions
» Geometrical or Kinematic B.C.: Displacement B.C., support
condition
» Kinetic B.C.: Load B.C., load condition

Fundamentals of Finite Element Method Steady Problem - 15



Governing Equation: Matrix Form (1)

2
e, o, OX
u 0
u= £=1¢ c=s0,7,0=| 0 —
{v} ' y o
S )
| Oy OX |
— Equilibrium equation
5 ] _
8{;’* T b =0 aﬁ o (o, .
X X
o = Y ilo Lt g (or 8" +b=0)
or,, 0o 0o 0 Y b,
Y +—L4p, =0 0 — —|z,
ERR oy ox U
— Strain-displacement relation
g = 2 0
2); o i o |[u
£, =— =16 =] 0 — { } (or &=0u)
oy oy |V
v, e o
" ooy oy x|
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Governing Equation: Matrix Form (2)

— Stress-strain relation (constitutive equation)

( 1
6 =2l -v(o,+0,)] (1+v)(1 2v) [(A-v)sctve, +ve, |
1 E
<&, :E[O-y -v(o, +GX):| —q0, = )(=2) [vgx +(1-v)s, +v252]
_1 E
S Ty
Oy Dy, Dy, Dylls
=10, = D, D,l|i¢ ¢ (or 6=De)
Ty sym D Yy
i ] [ %
1
1 0 _
_ E(1-v) v
plane stress: D = — 1 0 |, planestrain: D= 1
1-v L (1-2v)(1+v)
sym TV sym

Fundamentals of Finite Element Method
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Governing Equation: Matrix Form (3)

— Boundary Conditions

u=0 ul (o _
_} on Fu:{ }:{_} (or wu=u) on T,
V=V v| |V

t={t, ty}T (surface force),n = {n, ny}T (normal vector)
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Weak Form

. 2 (o *
Using test function {u} satisfying {u*}:{o} (or u"=0) on T,
v

v
. 0T, .(o0r, 0O
I u aO-X+ Ty+bx v | ey O-y+by dv =0
Q OX oy OX oy
ai ° ai 71 (b
* * X X
j{u v} 4 o, r+ dv =0
o o 2 | b
oy x|

.L: u' <8T o+ b) dV = SpussCreen Theorem L u' (ma) ds — .[Q <8u* )T adV + Lz u ' bdV =0

et [ (') odV = [ uwThdV + J, wiHds —=2 [ (o ) D(ou)dv = [ ubdV + J, uTds

Weak form(u”) = Equation of Virtual Work (Su)

based on Gal:afrkin's method based on the displacement method
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Discretization, Assumed Displacement

[ (au") D(ou)dv = Jgu*deV+Lgu*TtdS dVNL:jA j (ou”) D, (6u)h,dA= j

ds= hd

u'"bh dA + jre u'Th,ds
linear triangle element

CST(Constant Stain Triangle): edges remains straight after the deformation

K
OX o
2
Uu=ao, +a,X+ +a, X+
uT:{u V} Where{ o T, a3y—)8=5u= 0 E {al a, 053)’}: B,
Ve S+ LoX+ By oy || B+ B X+ By Wy
3 2
g 9
_ 1 | dy  OX
(%1, yy)
element ¢
-
£35 Y 3)
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Shape Function

2 2 up | (1ox Y| fe| v |1 ox (A
{1 x ylap vall x yjBy >l =1 X y; [N (Vo =|1 X ¥; |15
2% B Us 1 X5 Y5 |la V3 1 x5 ys |5
1o ] (u o & a[u u;
us{l x y}1 x5 vy,| su;.={1 x y}{b by by|iu; [ (xy) Ny(x,y) Nj(x y)] us
1 x5 ys | |us C G C|U; Us
B 71 e e e e e
X Y| (v a8, & ||V vy
ve{l x yH1 x5 y; | svop={1 x vy} b by bf|v; [ (xy) Ny(xy) Nj(x y)] Vs
11X Vi | |V C G GV vy

el e e 1if a=p
N“(Xﬂ’yﬂ):{o it o p

s
a=1
af=i(><§y§— v2) a§=i(><§yf—><fy§) al - X(w y:)
where { b = zi\a(yz v;) b§=i(y§—yf) b; = Z;E( ~v2)
ct = Zz(x—x) c;:i(x;_x;) ct = Zk(x—xl)

Fundamentals of Finite Element Method

[Kronecker 5] continuity

3
> NS (x5, y5 ) =1 [partition of unity] convergence
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LUl Ny 0 N, O
v |0 Nf O NS

9 5 9
, OX OX
0 u
E = —_— ~
AN
S R N ]
| Oy OX | oy
e=0u~0oNd,=B.Jd,
by 0 by O
—I5B,=|0 ¢ 0 c;
. b c; b

Fundamentals of Finite Element Method

N3
0

Interpolation

Uy
v
0 ||us
’ = Nede
Ng | |V;
Us
Vs
Uy
v
Ny 0 N, O N; O ||u;
> =
0O N 0 N; 0 N;j||v;
u
\Vge J
0 Yo=Y¥s 0 ys-Vr
e 1 e e
G |l=—| O X3 — X, 0
e 2Ae e e e e e e
b3 X3 Xz Y2 - y3 X1 X3

N, :shape function matrix
where :
d, : element nodal displacement vector
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ON; ON, 0 ON, 0
OX OX OX
0 ON; 0 ON; 0 ON,
oy oy
ON; ON; ON; ON; ON; ON;
oy OX oy OX oy OX
0 y-y, O
x=% 0 x-x
R R A [

'—‘<m Hcrn

< C < C
Wo W N N ®
.




Element Stiffness Equation (1)

Galerkin method: weak form / test function (u” ~ N,d; ) / virtual strain (" ~ B,d; )
FEM based on

Displacement method: equation of vitual work / variation of displacement / strain from variation
[ (ow )’ D, (ou)h,dA= [ uTbhdA+| uTihds—>d| BD.BhdAd, =d] [ N]bhdA+d] [ N,ihds
QE QE re Qe Qe Fe

K, : element stiffness matrix

— K. d, = F, where
F, : element nodal load vector

W0 o
0 e e
% oy by DM 0 b 0 bt 0
b 0 ct
K,=| B'DBhdA=] |* 2 D, D5|l0 ¢ 0 c 0 cf|hdA
Q Q e e
¢ ¢ 0 CZ bZ De e e e be e be
be O e Sym 33 C1 bl CZ 2 C3 3
3 CS
|0 ¢ by
Ne 0 Ne 0
0 N; 0 N;
Ne 0 |[[b, N¢ 0 |[t,
F,=F +F =[ NJbhdA+[ NJhds=[ |72 ° { }hedA+f SN { }heds
Q, T, % 0 N by I 0 Nyt
NS 0 NS 0
0 N |0 N§
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Element Stiffness Equation (2)

TRI3: node increase

. . ¢ — numerical integration!
QUADA4 : isoparametric

uniform thickness

homogeneous materiaI4>I(e — J'Q BeT DeBe hedA — AeheBeT DeBe — Aehe

constant body force Fb _ Aehe
7 e -

in the element 3

L
)
L[l] h t[1] |_[2] h

constant surface force |\ gt _ T i _
along the edge 4 F'e - Z(J‘r[ei] Ne dS) te he - 2 1 2

3
i [
1 tye
0
0

Fundamentals of Finite Element Method

ble
0
b;
0
by
0

t[z]

(2]
tye
t[z]
t[z]

L Ve

o

o l\)om o "om

(@)
RN

e
b2
C3

e
b3

e
Dll

sym

essential boundary : reaction force (unknown)

b

b

b, natural boundary : surface force (known)
R

b, physical quantities distributed in the element
b

t[3]

xe

t[3]

ye

0

0
t[3]

Xe

D, Dl 0 b, 0 by 0
D, Dn| 0 ¢ 0 c, 0 c

e e e e e e e
D33 Cl bl C2 b2 C3 b3

surface force along the edge neighboring elements: internal force (unknown)

FEM > equivalent nodal force

t[3]

ye J

based on weak form




Example

4 Distributed external force coordinates

g;éi

node
N X y
) 1 0.0 0.0
14 2 1.0 0.0
) —
! 3 0.0 1.0
. 4 1.0 1.0
Young's modulus: E, = 100
4 Poisson ratio: v, = 1/3 displacement
- Q— thickness: h, =1
. p : = node
NI 2 by ; Y v
1 0.0 0.0
}( (* : start node at each element)
_ _ _ 2 - 0.0
e 1 0 100 1 1/3 0 - 3 10 3 0.0 -
D,=— 0 |»>D,=D,= i 1o == 30
: 1-v, -(13) 1-13 sym 1 force
sym > sym 2 element  edge
- - - tx ty
node
element area thickness @ [2] Y Y
2 @ [3] : 0
@ 1 4 3 1/2 1 ® 2] 0 )
@ 4 1 2 1/2 1 o) 3] D 0

Fundamentals of Finite Element Method
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Example: Element @

(node: 1-4-3) u=N,d,, e=0N,d, =B.d,

d®={u1® vlouy vy v:SD}T
Ng =
B, =
K, =
F, =
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Example: Element 2@

(node:4-1-2) u=N,d,, ¢=0N,d, =B,d,
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Example

.
d={u, v, u, v, U Vv; U, V,}
K<K, K<K,

Fundamentals of Finite Element Method

. Assembly
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Example: Solution

Kd = F withB.C.u; =0, v, =0, v,=0, u; =0

i
d=loo P oo - P P _P
100 300 100 300

F =
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Example: Post-process (stress/strain)

element @ (node:1-4-3) u=N,d,, e=0N,d, =B.d,

oy = Vopéo
element @ (node:4-1-2) u=N,d,, €e=0N,d, =B,d,

O0p = Ugégy
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Characteristics (1)

e Singularity of stiffness matrix
— Check with eigenvalues
— No energy

— Need physical constraints to prevent rigid body motion
(displacement B.C., support condition)

— Assembled matrix (singular) = apply B.C. - reduced matrix

(regular) v, I .

« Approximate solution ' I — P
— Equilibrium only at nodes [T NN OO e

— at arbitrary point in elements? —> P

g, P—

I
|
I
I
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Characteristics (2)

o Compatibility and Continuity
— Node values including edges are continuous among
elements - conforming
— Non-conforming element?

— Linear triangular element: (displacement) linear
(stress/strain) constant - C° continuous

— Multi-material elastic body: strain?
e Convergence

— The accuracy of an approximate solution improves as long
as the number of nodes or elements is increased.

— Element-type, mesh pattern
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Convergence: Example (1)

o 2D elasticity (plane stress)

w

E = 150 GPa z
v =0.0 0-1 m RNNNNNSNNSREERNRNERN
+ B2 RRRRRRRRRRRRSNNNSNAN
1m |“"|
0.05m

PL3 6PL _
Umax — 3EI .3 ECd ™ 5.37 mm

(a) Linear Triangular Element

A TR

a S S SO S S O
B

AR AOAROOSSSNANAAANNEY

(b) Linear Quadrilateral Element (c) Linear Quadrilateral Element (distorted)
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Convergence: Example (2)

pnd

O
o0

0.6

(Maximum Displacement)/(Exact Solution)

Degree of Freedom
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Appendix
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Integral

domain nfinesimal domain integral boundary integral
QCRr
% % dx [, Odx = f; Odx —f(a) and f(b)
Tr=a Tr = —_—

Fundamentals of Finite Element Method

[, OdA
multiple integral
P J fp Onds
fcd fab O dxdy
fg adv
multiple integral [, Onds

I P O dedyd:-
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Integral Theorem

* Gauss theorem: scalar f n,) [cos(x,n)
_[QVde :L fndS where n=<n, ;= cos(y,n)
n, \cos(z,n))
« (Gauss’s divergence theorem: vector w
_[ ViwdV :j w' ndS
Q r
e Green-Gauss’s theorem
W=vwWu—>V'w=V'(wWu)= (VTV)(VU)-l-V(VTVU) = (VTV)(VU)+VAU
= VAU = V" (VW) —(VTV)(VU)
j vAudvV :I (vVu)T nds —jQ(VTv)(Vu)dV

du
1Dj —d —[&_

2 2
2D: Iv(— —JdA I(V—n +va—un jds I(avau+avaquA
OX? OX

OX OX oYy oy
Fundamentals of Finite Element Method

N\
V

]—Ibgd—udx (integration by parts)
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