FEM for Unsteady Problems

» Discretization: space / time
« Parabolic problem

* Hyperbolic problem

« Vibration problem
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Discretization: Time

* Finite difference method

* Finite element method: space-time FEM
— Moving boundary problem w.r.t time-varying analysis domain
— Dimension of element: increased including time

 PDE - Discretization in space - unknown: time -
ODE
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Finite Difference Method: Time

Taylor's expansion @t + At
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Parabolic Problem

« 2D unsteady heat conduction

— Governing equation and Initial/Boundary Conditions
T o oT

=k, —5 +k,—5 in Q Iy (T=T
ot OX oy r=ryur,
T=T on T,
q= ka—Tn+ka—n ,=q on T,
OX Yoy

T=T°@t=0(n=0)

— Weak form and discretization in space

. 2 2
weak form —=2"1x >IQT (pca—jdv IT( AL gy—TjdV

6x

aXZ y ay

| T*(pca—T]dV+j Kk, arar +k, arar dv = [ T qds
o ot ox ox ' oy oy r.
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discretizatione—-1>'[QT [pcajdv '[ T( 8T+ aT}dv
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Shape Function & Interpolation (1)

T(Xy,t)= N7 (X y)T(t)+ N, (%, ¥)T, (t)+N; (x, y)T5 (t) = ZS_; NS (% y)T) (1)

NE(x,y)=al +bix+cly (a=1 2, 3)

e l e e e,,e

2, =5 5, ~5Y;)

b;:i(y;_y;) (a0, 8,7) = (1.2,3),(2,3.1),(3.1,2)
e 1 e e

¢t = ﬁ(xy -x5)

A =06 =56) (v -35) (3 - 92) (6 - )]
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Shape Function & Interpolation (2)

*
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Finite Element Equation

j T*(pca—Tjdvq kxaia—T+kyaia—T dV=_[ T"qdS
Q ot Q OX OX oy oy Te

%

M, = J'QE pcN,"N,dV (heat capacity matrix / mass matrix)

M, T, +K, T, =F, where {K, = J'Qe(kXBeT B, +k,C,'C,)dV (heat conductivity matrix)

\Fe = Le N, qdS (heat flux vector)
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Area Coordinate

foP A A
A A A

L+L+L =1

5= NS, L = Ng, L5 = NS

oL .

ox oy
JL (L) (L) () av = (2

(I+m+n+2)
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Element Matrix (1)

_ T
M, _IQE PpeN_TN_dV —

K =er(1<st;|3e +k,C.'C,)dV -

e
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Element Matrix (2)

F = Le N, qdS (heat flux vector)

e (1] [ (31 [3]
tant heat fl Nl q[l] L[l] : q[Z] L[2] ° q[3] L[3] " 1 q[el] L[i] i q(EZ] LFZ]
constant heat flux . e _ e M e e e e _ -
along the boundary of element ,.[F N2 qu - e+ Lo+ Or= 9. Le *0 Le
) (21 [2] (3] [3]
NS 0 1 1) gL+ gL

2 2 2

— MT+KT=F
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Discretization: Time

MT +KT=F n+6(0<6<1) N M-i—n+6? 4 KTn+6’ —F

time step

T = (1-6)T" +6T™
1

-I—n+¢9 _ E(Tml T )
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Mass Matrix

[forward difference]
i MT" = F +(§ M — KJTn — obtain T"* by solving the equation (implicit method)

4 use lumped mass (diagonal only)

LM +(i|v| - KJT”
At At
\

T M At {F + (Ait M — KjT”} — obtain T™ by only multiplication (explicit method)

lumped mass
mass _
consistent mass

A/3 0 0 1 00
Me=pc| 0 A/3 0 =pc%0 10
0 0 A/3 001

(2)
Al
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Implicit vs. Explicit (1)

_ Implicit method Explicit method
Solution method Matrix operation algebra
Time to solve Long Short
(each time step)
Time step size Not limited Stability condition

(can be large) (relatively small)

Memory Large Small
Total time elapsed ? ?

2
Atsih— (AtJ« ashi orkT)
2 k

h:element size
k : heat conductivity / diffusion coefficient

For parabolic problems (heat conduction/diffusion),

- Physical quantity is propagated fast for overall region
- Phenomenon change w.r.t time is not that fast

- Implicit method is better than explicit method
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Hyperbolic Problem

« Governing equation

« Space discretization

« Time discretization

e Multi-step implicit method

« Stability condition for implicit method
« Stabilization method
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1D Advection Problem

« Governing equation and Initial/Boundary Conditions

Z—l: cg—u—o in Q where 0<t<T|(time),0< x< L(space)
X

u(0,t)=u(L,t)=
u(x,0)=u’(x)

 Weak form and discretization

* _ L
weak form —4=2on x=0.L >j0 u’ dx+_[ u c—dx 0
OX

NUQE M X2 * au
discretization ——=——»"
e=1

[0 G o e o0 where )

dXJrZ_[X u*c—dx 0

Xt
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Shape Function & Interpolation

u(x)zxzh Xuf+X;X1u§—Nf(x)uf+N§(x)u ={N; N;}{ut}—Neue
e € 2
] X; =X o X=X
N () = =5 = N3 () =2
u (x)= Nl‘e(x)u:e+N§(x)u;e:{Nle Ng}{ ie}:Neue
u2
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Discretization: Space (1D)

(uf |
€ € € € e e ue
N e M e e —(N; NG Lo, UMy ey Moo JN N, (Ul
ot ot ot ou; oX  OX OX oX  OX | |u,
L ot

ij *8udx I c—dx O—>j NuNeuedx+_[xe§cNuBudx 0

e"e—e~e

NeTe:(NeTe) TN su { N_N_dxu, + cN B, dxu }

M, = sz N, N,dx (mass matrix)

M.u, +S,u, =0 where < " = Mu+Su=0
S, = j “cN,'B,dx (advection matrix)

he he
SINS e Nelaw | 3 6
M, N N, dx _le{Ng}{Nl N; | dx = hoh
[ 6 3]
RS
S—ICNBdXI N, al\Ilﬁdx:c 2 2
i X X 11
L 2 2.
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N

Discretization: Space (20

6_u+c 8_u+c a—u—OinQ o 0 o

o Cox oy S{uSavef uf e, Sae, o |dv =0
_ Q@ ot Q OX oy

u=u on I,

—>j u*a—udV+I u’ cxa—u+c Mgy =0
o ot Q ox oy

u~ Nju; + Njyu; +Nzu; =N, u, , _
= MuUu, +Su,=0=Mu+Su=0

u = NJu® +Nsu® +NSu® =N u;
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Discretization: Time

MU +Su = 02005 5 pMy™? +Su™? =0

time step

<N+ 1 n+ n
u azﬁ(u t-un)

=(1-0)u" +6u"™

(iM + <9sju“+1 = {il\/l —(1—9)s}u”
At At

0 =1/2(Crank — Nicolson method): (Al M+= Sj ( —% j u"
260 =0(Euler's forward difference method): iMu“+1 = (iM —Sjun — Mu™ = Mu" — AtSu" (explicit method)
6@ =1(Euler's backward difference method): (i M + Sj u™t = i Mu"

[1D: 2 node linear element | [2D: linear triangle element|
3 0 0 1 00
— [h/2 07 nf1 0] — A/ A
Me = == Me=| O A/3 0 |=—=|0 1 0
0 h/2| 2|0 1 3
0 0 A /3 0 01
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Lumped Mass = Artificial Diffusion

Mu™ = Mu" — AtSu”
[element (|)] [element (i +1)}

L P L B Y P EL Y RN
2 Uiy _ 3 6||Uj _CcAt 2 2 ||Uja 2 U; _ 3 6] U _CcAt 2 214
L2 R E s N 1 B Y W O A R
B 2 | |6 3 | 2 2] i 2 16 3 L 2 2]
=
© <
j—1 7 J+1

|-< h >|< h >|
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Implicit vs. Explicit (2)

Hyperbolic

Characteristics Global Local, directional
Propagation Infinite Finite, slow
Time discretization  Implicit Explicit

« stability condition = small time step
* lumped mass —> artificial diffusion

T : G )
+ () (5 ()
—n —
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Example

0<x<20

h=0.05

c=1 i
At =1/60 '

B.C.: u =0 at both ends

1 0.5<x<15
I.C.:u=
0, elsewhere

0 2 4 6 8 10
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How to Prevent Artificial Diffusion

Mu™! = Mu" — AtSu"

[element (|)] [element (i +1)}

D 0 n+1 D 0 n _E 1 (n D 0 n+1 E 0 n _1 E n
o LY o MLy _1 1y o MWUia) | g DU B U
i 2 i 2 | 2 2] i 2 ] i 2 L 2 2]

- - - - 11 i

h h -— =0

2 0 0] 2 % 0 fu 22 fu,
=0 h O[ui™t=/0 h O0}{u] t-cAt|-= 0 =[quf

h n+1 h n 2 2 n

0 0 —|MUn 0 0 —|WUjn o 11 Ui,y

. 2 . 2. ] 2 2|

node j
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FTCS - Upwind

" +C(—u;?_1 sul) o Uy (ur—ur,)
At 2h At h

« Stabilization method
— FDM: Upwind = FTCS + artificial diffusion
— FEM: weak form (weighting function)
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Multi-step Explicit Method

" A A
U™ U A"+ — U — U
2 6
Ju™ ~u" +Atu" — Euler's method (1st order accuracy )

A 2
u™ = u" + A" +%U” — Lax-Wendroff's method (2nd order accuracy )

“

« Single step method
— n-th known value - (n+1)-th unknown value

— To increase accuracy, consider high order approximation of
unknown variable

* Multi-step method

— Several time steps between n-th and (n+1)-th - (n+1)-th
unknown value

— Higher accuracy without high order approximation
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Two-step Explicit Scheme (1)

0" =u" +At(au")
un+1 :ﬂlun +ﬂ2Un+a +At(,83L]” +ﬂ4ﬁn+a)
S U™ =(B+B)U" +At( B+ By + B, )U" + At B,ati” b+ p,=1
2 > pa+ i+ p,=1

At
sSu™au" AW+ —u"
Pior =12

[ two-step Lax-Wendroff's scheme]

@ ==L B = =0
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Two-step Explicit Scheme (2)

[ two-step Runge Kutta scheme]

2 1 3
azg,ﬂlzl, ﬂzzo’ ﬂszz’ﬁ4zz
e (o2
u 3=u”+ﬁu” Mu 3=Mu”—ﬁ8un
Mu+Su=0 3
< n+2 <— At ne2
u”+1:u”+—(u”+3ﬁ 3} Mu””:Mu”—TS[u”H’aU 3]
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Three-step Explicit Scheme (1)

T+

u
N+ n <N =N+
u " =u"+pgAtu" + SAWwW"4

u™ =" + y A" + AT+, AT

=u" +,AtU"

n+a,

+nty,=1
S U™ =U"+(y, 7, ) AU + (e + 7By + 7.8 AU + y, B AU ERENEE .
e n o aean AP AE 2> o+ b +r.h=5
SUuU T RU AU +—0 +—U 2
2 6 L
72:810‘128
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Three-step

[three-step Taylor-Galerkin scheme]

a, =1/3, a, =1/2
15 =0, B,=1/2
0:0’ 7/120’ 7/2:1

. n
Mu+Su=0 —
—_— > u
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Explicit Scheme (2)

[ three-step Runge-Kutta scheme]

o =13, a,=12
_0 ﬂl ]/2
o:O’ 7n=07=1

n+1 At

2=u"+—u"
2

el

1
U™ =u +At[—u +2un 2]

At . ;n+l -
u™t =u" —E[u” +4T 2 +u™t

1
n+=
2

MU 2 =Mu" —%Su”

_ Mussu=0 I ME™ = Mu” —Ats[—u +20

Mu"t = Mu" +%At8(u + 4T

el
2
1
2 +Un+1
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Explicit Method: Stability Condition

C At
Courant number:yv =—=c—

(hj h
At
L . h At h
CFL(Courant, Friedrich, Lewy) condition:c < N =v= CF <l At<—
C

[heat conduction / diffusion]

2
diffusion number :d = ké;[ < 1 At < lh—
h 2 k
(a)
I
th (b)
I n+1 L
Al
_L n / . 5/\ \
n—)//. / KX XN KN
(B—( | N A :
\_/ Z \_/ Nl A ./ \_/ N
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Stabilization Method

« Hyperbolic equation using Galerkin FEM -
numerical instability

« Explicit method: lumped mass - over-damping
« Stabilized method: less damping + numerical stability

* (1) Multi pass method

» (2) Talyor-Galerkin method
* (3) Upwind finite element method + SUPG/GLS
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Multi Pass Method

 Lumped mass - damping + phase error
 How to deal with mass matrix?

Mu"™ =Mu" —AtSU" =F" =

—
known vector

{Mu?ﬁ =[M=M |ul™" +F"

r : number of repeat

.

implicit method explicit method

r=2, v=0.1(Courant number)
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Talyor-Galerkin Method (1)

— Time: 2" order accuracy (Taylor)
— Space: Galerkin FEM

n 2 2,.n n+tl _ ..n n 2,.n
u™ =u" + At u +At 0 uz +O((At)3)—> u u_a +§8 uz +O((At)2)
ot 2 ot At o 2 ot
n n 2,.N n
8_u + Ca—u — 0 time step n N au —_¢C 8u diﬁerretar;'t;?;ion% a li — —Ci au
ot  oXx ot OX ke ot ox\ ot
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Talyor-Galerkin Method (2)

Talyor-Galerkin method (implicit method)
V= 033 Courant number

IENAVAVEWEY

y 6 3 10
Talyor-Galerkin method using multi pass method
r =3, v =0.33(Courant number)
t=0 =2 =4 =6 =8
IRNEVAVAWA!
0 v
0 2 4 6 8 10
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Upwind FEM

« Advection term: central difference - upwind
difference (artificial diffusion)

 Central difference «— Galerkin FEM

| steady advection-diffusion problem]

2 2
8_u_k__0 in Q—)Ca——(k k )6 =0 (0<x<1)
OX Ox? OX OX?
k, = ch/2: coefficient of artificial diffusion
jwc—dx+ (k +k, j@a—“d =0

K ow ow Au flow direction
W+ —4%&— c—dx+k ——dx=0 —>

jﬂ( Cc 8xj OX Q OX OX

W=W+—2—=W+5
C OX /N \

i1 i i+ 1 i— 1 i wz +1
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Upwind / SUPG

« Upwind FEM - (extension to multi-dimension,
upwind only for direction of mass transport) 2
Streamline-Upwind FEM

« Upwind < artificial diffusion effect
* Test(w+d)/Trial(w) function: Petrov-Galerkin method

ot ox  ox°

.
stabilization

M 2
j w(ﬁ—u+cﬁ—ujdx+k @a—udx+z." 5(6u+cau—kaujdx:0
Q 0 ~Jo,
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SUPG/GLS: How to determine © ?

« SUPG(Streamline-Upwind/Petrov-Galerkin) Method

18

_ _1
2 2 212
T = (ij J{#) ] (unsteady equation )

At

1
2

(steady equation)

o= rcéﬂ where 7 : stabilized parameter
X

« GLS(Galerkin Least Square) Method: 5:{0W+caw_k82w}

ot ox  ox
— Symmetric stabilization term
— If space-time FEM: w(x.t)
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SUPG

N g (M, )04 (545, )0

faNf\ — E 1_
h T XS aX e e _ 2 2

My, = |, 7¢B. Nedx:jxf red NS Ngldx=rc L]
2 2

ON:
L ox :
(ON; | (1 1]

S e :IOhTCZBeTBedXZIZS 7C* 3 axe >{8Nle 8N2e}dX=TC2 h h
X ONS | | ox  OX 1

e hh

SUPG in space / implicit method in time
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Example

[
Galerkin method / implicit method(Crank-Nicolson)

v = 0.33(Courant number)
. —

"
AN
", L
s M

1
\
\]
1
\
\

10

implicit method
SUPG method / . _ :
explicit method with multi pass method

10

v = 0.33(Courant number)
t=0 =2 t=4 =6 =8
I"-----\ -/.\"-"\‘\ /' -~ "\'-
/ / \ ' \
‘r' “ ! \\ / \
0 ot dead i \
| | |
2 4 6 &

0
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explicit method: ignore M ;,? not SUPG method
7 = At/2 — Taylor-Galerkin (BTD) method

Method
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