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FEM for Vibration Problem

• Governing equation and weak form
• Space discretization
• Mass matrix and damping matrix
• Direct integration



Fundamentals of Finite Element Method Unsteady Problem - 42

Governing Equation & Weak Form (1)
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Governing Equation & Weak Form (2)
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Discretization: Space
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Mass Matrix
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Damping Matrix

• Structural damping: inside the structure
• Viscous damping: outside the structure
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Solution Method

• Linear problem
– Direction integration method (sequential integration)
– Mode analysis method
– Frequency response method
– Response spectral method

• Nonlinear problem
– Direction integration method
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Direct Integration Method

• Central difference: O((Δt)2)

• Linear acceleration method
• Newmark’s β method
• Wilson θ method
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Linear Acceleration Method
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Newmark’s β method (1)
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Newmark’s β method (2)
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Wilson θ method (1)

• Extension of linear acceleration method
– Newmark β method: linear between tn and tn+1

– Wilson θ method: linear between tn and tn+θ

   

 

 

2

1

1

2
6

2
1 linear acceleration method
1.37 unconditionally stable, but inaccurate solution for too large 

1

2

n n n n n

n n n n

n n
n

n n

t
t

t

t

 

 









 




 

 






 
    


   

 
 

 



 

  

   

 


  

d d d d d

d d d d

d d
d

d d  

 

1

2
1 1 2

6

n n

n n n n ntt



 








 

    


 

  

d d

d d d d d



Fundamentals of Finite Element Method Unsteady Problem - 53

Wilson θ method (2)
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