Solution of Algebraic Equations

e Systems of linear equations

e Direct method
— Gauss elimination
— Doolittle and Crout method
— Modified Cholesky method
e lterative method
— Jacobi method and Gauss-Seidel method
— Steepest descent method and Conjugate Gradient method
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Solution Method

AX = bAoAl (Cramer's rule? (n+1)(n-1)nk n)

A X +apX, + 8 X, =Dy
&, X +a,,X, +--+a, X =D,
<

2n’*n

(@ X +a,X, o+ a X, = b,

e Direct method
— Unconditionally solve

 lIterative method
— Appropriate for large-scale problem
— Initial value assumption, lll-conditioned matrix
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Direct Method

Gauss elimination
Doolittle-Crout method
Cholesky method

Modified Cholesky method

-

) LUX =b )
LU v Ux=y

A=LL -5 Ax=b—>{LLx=b —>Lly=b—> L'x=y
LDL ' DL x=y
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Gauss Elimination: Forward Reduction

all)x + %, +era)x, =b0 (1) > x AR, +e+allx, = b
alVx +al)x, +--+alx =b......(2)
P,

2n “*n

0l ol =1 ()
)
al) =2 (j=12:m)
X, +alx, +-+allx =b"......(1) where 1 a;;)
o =2
< 2
L 1

(1) vy _Rnd '
Ay Xy +ooo 8 X, =057 eeeen (2) a® =a.(.0)—a-(f)al(l-) (i’jzg,g,...,n)
; : where J c

aglz)xz+...+a(l)x — @ ... (n')
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Gauss Elimination: Backward Substitution

| k-th row: (diagonal) coefficient of x, —1]
al) =al ¥ fal ™ (j=kk+1-,n)

{bﬁ") =p*Y/al™ (i=2,3,--,n)

[ (k+1)-th row: coefficient of x, —0 |

{ai(jk) =a' " —ayYa) (j=k+1-,n)
b9 = bk _ gk D

(% +alx, +alx, +--+a? x _ +a¥x =b¥ |

X, +ab X, +-+al) X, +anx, =b - x =p* - > alx,

2n *n

Xg+eoot agér)lflxnfl + agi)xn = b§3)

3 .
Xng T agnllr)l Xp = b§3) —> X = br(lrzl) B ar(: 1I’)l X
: - by
al"x =p" 5 x ="
a(n_l)
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Example 1

(2%, +3X, +4x, =17

%, =3
13X, +5X, —=2X, =10 = 1 X, =1
(4% —2X, + X, =12 X; =2
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Doolittle-Crout Method

A=LU where L=

AX=b—> LUx=b—2Z 5 ly=b

Inl

In2

y (forward) — x (backward )
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In3

Uys Uy,

Uz -+ Uy

Uys Uy,
u nn _|
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Cholesky Method

I ]
a, &, - |11 0 |11 |21 o In1
a, a - a I I I cee |
A= LLT PN .21 .22 . ?n _ 2.1 2.2 22 . n.2
_anl an2 o a‘nn | _Inl In2 o Inn 1L O Inn |

AX=b— LU x=b—"XY 51y=bh
y (forward) — x (backward )

Ja, Vi =by/ly
=a,/l, (i=2,,n) <yi=(bi—§'ikykj/'n (i=2,--n)

l, = /a“—izl;lfk (i=2--n) I

.
Ill
Ii1

J\
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A=LDL <

AX=b— LD x=b—L-*Y 5 y=h
y (forward) — x (backward)

q; :Zlikdkkljk (i =1--,n, ]
=

a;; :ilikdkklik (i :1"”'n)
k=1

-

X, = Yo
d

L nn

;X

Modified Cholesky Method

a; ap
a21 a22
anl a'n 2

_Ji
d

a

nn
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1,

j-1
Vo =by, ¥ =B =Y kY (i=2n)
k=1

Zn: Lx, (i

i k=i+1

=N-—-

Inl

i)

1,---

01/ d, 0 (1 I, |,
1 d22 1 In2
In2 1_ i 0 dnn_ _O 1 |
j-1
Iijdjj = & _Zlikdkkljk
[ =t ) k=1

1)

Solution of Algebraic Equations - 9



Example 2

(2%, + X, + X, =8 (x, =2
T X +3X, +2% =11 ><X, =1
| X +2X, +4X%, =16 [X, =3
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lterative Method

e Jacobi method

e (Gauss-Seidel method

 SOR (Successive Over-Reduction) method

» Steepest descent method

 CG (Conjugate Gradient) method

 PCG (Preconditioned Conjugate Gradient) method

e ICCG (Incomplete Cholesky Conjugate Gradient) method
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Jacobi 2 Gauss-Seidel 2> SOR

( 1
_ X :_(G_Xz)
{4X1+5X2 —f1:>< i
% = Xzzg(ll_xl)
i-1
| Jacobi method] x"+1 —[ Za.,x. Z a; X; ] /
j=1 j=i+l

— convergence condition: max {Z =

i—1
| Gauss-Seidel method] xk+1 :(bi Z_;a,JX,k+1 Z a; X ]/

]= j=i+l
[SOR(Successive Over-Relaxation method] x** = %" + (1-0)x*, 0< 0 <2
(e =1: Gauss-Seidel)
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Example 3

1
4 ~6 X =—(6-X%,)
{ X1+5>)<(2 The i
—+ =
9% xzzg(ll—xl)

e Jacobi method

II-----

0.95 1.025 0.9975 1.0010
X 0 22 190 2.010 1.9950 2.0005

e Gauss-Seidel method

n-----

1.025 1.001 1.0001 1.000025
X - 1.9 1995 1998 1.9999 1.999995
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Steepest Decent - Conjugate Gradient

AX =b < min f (X)=%(X,AX)—(X,b)=%XTAX—XTb

x (7 = () 0 (¥

[ of (x(k)) o
BRI b— Ax"™ =r® | steepest descent method |
X
(k) _
P = (k+1) A (K)
() aplkD)o ', Ap

r® 4 g% p"? [conjugate gradient method] (7 20 s B = _( )

(b, Ap®)

of (X(k) Ly p(k)) o ( p(k)’ r(k))
o™ ( p(k)’ Ap(k))

e Fast convergence, less memaory
— PCC(Preconditioned Conjugate Gradient) method
— ICCG(Incomplete Cholesky Conjugate Gradient) method

« Advantage for parallel computing
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Example 4

4X1+ X2:6 (0) T T
= ={0 0
{x1+5x2=11 = x) =100
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