4.1 Fourier Series for Periodic Functions

 Formula for coefficients

« Decay rate of coefficients

* Rules for the derivative

* Requirements for Fourier to work perfectly

S(x)

C(x +a,C0SX+a,CoS2X+---

(x)
F(x)=C(x)+S(x)
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Fourier Sines

S(x)=b, sinx+b, sin2x+---

b, = lf S(x)sinkxdx = EJ'O” S(x)sin kxdx
T T

Orthogonality
— Breaks the problem down into one-dimensional projections

Analogy to “weak form”
Best?

Example: square wave
— Gibbs phenomenon
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Fourier Cosines

C(X): d, +aq, COSX+a, COS2X+---
" C(x)x =2 [ C(xix
JO T

[ C(x)cos kxdx = 1 r C(x)cos kxdx
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« Example: delta function
— Cannot converge
— Partial sum up to cos Nx
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Complete Form

— All sines and cosines are mutually orthogonal over every “2n
interval”

— Example: square pulse
F(x)=C(x)+S(x)=a,+ iak cos kx + ibk sinkx
k=1 k=1
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Energy

 Energy in x-space = Energy in k-space
— Square wave
— Delta function
— Complex function

e Function space L? = Hilbert space
— Space of functions with finite energy, finite length
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Complex Form

F(x)= ickeikX
k=—c0

L F(x)e ™ dx

Ck -
27 o7

— Complex exponentials are orthogonal
— Complex inner product
— Orthogonality

* Rules for operating on F(x)

derivative: aF — ikc,
dx

. c

tegral: | F(x)dx —» =~
integra j (x)dx — .
shift: F(x—s)—e™c,

energy .
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