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FEM for Steady Problems

– Governing equation, weak form
– Discretization, shape function, interpolation
– Finite element equation, assembly
– B.C., solution
– Post-processing

• Potential Flow Problem
• Elasticity Problem
• Characteristics

– Singularity of coefficient matrix
– Compatibility and continuity
– Convergence
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2D Elasticity Problem

• Governing equation: strong form
– Equilibrium equation
– Strain-displacement relation
– Stress-strain relation (constitutive equation)

• Plane stress / Plane strain
– Boundary conditions

• Geometrical or Kinematic B.C.: Displacement B.C., support 
condition

• Kinetic B.C.: Load B.C., load condition
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Governing Equation: Matrix Form (1)

– Equilibrium equation

– Strain-displacement relation
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Governing Equation: Matrix Form (2)

– Stress-strain relation (constitutive equation)
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Governing Equation: Matrix Form (3)

– Boundary Conditions
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Weak Form
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Discretization, Assumed Displacement
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Shape Function
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Interpolation
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Element Stiffness Equation (1)
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Galerkin method: weak form / test function  / virtual strain
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Element Stiffness Equation (2)
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TRI3 :  node increase
numerical integration!

QUAD4 : isoparametric





surface force along the edge neighboring elements: internal force (unknown)
natural boundary :  surface force (known)
essential boundary : reaction force (unknown)

physical quantities distributed in the e





FEM
based on weak formlement equivalent nodal force



Fundamentals of Finite Element Method Steady Problem - 12

Example

node
coordinates
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Example: Element ①
 

 1 1 2 2 3 3

node: 1 4 3   ,  

,
T

u v u v u v

     











① ① ① ① ① ①

① ① ① ① ① ①

①

①

①

①

①

u N d ε N d B d

d

N
B
K
F



Fundamentals of Finite Element Method Steady Problem - 14

Example: Element ②
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Example: Assembly
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Example: Solution
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Example: Post-process (stress/strain)
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Characteristics (1)

• Singularity of stiffness matrix
– Check with eigenvalues
– No energy
– Need physical constraints to prevent rigid body motion 

(displacement B.C., support condition)
– Assembled matrix (singular)  apply B.C.  reduced matrix 

(regular)

• Approximate solution
– Equilibrium only at nodes
– at arbitrary point in elements?
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Characteristics (2)

• Compatibility and Continuity
– Node values including edges are continuous among 

elements  conforming
– Non-conforming element?
– Linear triangular element: (displacement) linear 

(stress/strain) constant  C0 continuous
– Multi-material elastic body: strain?

• Convergence
– The accuracy of an approximate solution improves as long 

as the number of nodes or elements is increased.
– Element-type, mesh pattern
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Convergence: Example (1) 

• 2D elasticity (plane stress)

(a) Linear Triangular Element

(b) Linear Quadrilateral Element (c) Linear Quadrilateral Element (distorted)
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Convergence: Example (2) 

Mesh

Degree of Freedom(M
ax

im
um

 D
is

pl
ac

em
en

t)/
(E

xa
ct

 S
ol

ut
io

n)

Mesh

Mesh



Fundamentals of Finite Element Method Steady Problem - 22

Appendix
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Integral

domain domain integral boundary integralinfinitesimal
domain

multiple integral

multiple integral
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Integral Theorem

• Gauss theorem: scalar f

• Gauss’s divergence theorem: vector w

• Green-Gauss’s theorem
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