FEM for Steady Problems

— Governing equation, weak form

— Discretization, shape function, interpolation
— Finite element equation, assembly

— B.C., solution

— Post-processing

e Potential Flow Problem
« Elasticity Problem

e Characteristics
— Singularity of coefficient matrix
— Compatibility and continuity
— Convergence
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2D Elasticity Problem

« (Governing equation: strong form
— Equilibrium equation
— Strain-displacement relation
— Stress-strain relation (constitutive equation)
* Plane stress / Plane strain

— Boundary conditions
» Geometrical or Kinematic B.C.: Displacement B.C., support
condition
» Kinetic B.C.: Load B.C., load condition
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Governing Equation: Matrix Form (1)
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Governing Equation: Matrix Form (2)

— Stress-strain relation (constitutive equation)
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plane stress: D = > 1 0 |, planestrain: D = 1
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Governing Equation: Matrix Form (3)

— Boundary Conditions

u=u u u _
_} on Fu:{ }:{_} (or u=u) on T,
V=V v |V

t={t, t, }T (surface force),n = {n, ny}T (normal vector)

{tngxnx+rxyny:>|:nx 0 ny}
n

t, =740, +o,N,

_ (o) = [%, n O
where u=<3 ¢+, t=<_¢, m=
oh 7l
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Weak Form

. 2 (o *
Using test function {u} satisfying {u*}:{o} (or u"=0) on T,
v

v
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I u aO-X+ Ty+bx v | ey O-y+by dv =0
Q OX oy OX oy
ai ° ai 71 (b
* * X X
j{u v} 4 o, r+ dv =0
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oy x|

.L: u' <8T o+ b) dV = SpussCreen Theorem L u' (ma) ds — .[Q <8u* )T adV + Lz u ' bdV =0

et [ (') odV = [ uwThdV + J, wiHds —=2 [ (o ) D(ou)dv = [ ubdV + J, uTds

Weak form(u”) = Equation of Virtual Work (su)

based on Gal?errkin's method based on the disg;lracement method
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Discretization, Assumed Displacement

* * * ~UQ *T —
Jo(ou') D(au)av = [ uTbdv + [ uTS —Eg— i J,, (eu) D, (au)hdA=[ wTbhdA+[ uTihds
linear triangle element
CST(Constant Stain Triangle): edges remains straight after the deformation
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Shape Function
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Interpolation

\
_

Uy
vy
u ’ : : : N, :shape function matrix
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Element Stiffness Equation (1)

Galerkin method: weak form / test function (u” ~ N,d; ) / virtual strain (" ~ B,d; )
FEM based on

Displacement method: equation of vitual work / variation of displacement / strain from variation
[ (ow )’ D, (ou)h,dA= [ uTbhdA+| uTihds—>d| BD.BhdAd, =d] [ N]bhdA+d] [ N,ihds
QE QE re Qe Qe Fe

K, : element stiffness matrix

— K. d, = F, where
F, : element nodal load vector
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0 e e
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F,=F +F =[ NJbhdA+[ NJhds=[ |72 ° { }hedA+f SN { }heds
Q, T, % 0 N by I 0 Nyt
NS 0 NS 0
0 N |0 N§
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Element Stiffness Equation (2)

TRI3: node increase o _ b° 0 ¢
QUADA: " — numerical integration! 0 o bf
- iIsoparametric
P ¢ o o|[Dh Dy Dylfer 0 b 0 by o
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3 CS
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surface force along the edge neighboring elements: internal force (unknown)

in the element 7%e 3

B essential boundary : reaction force (unknown)
FEM

X physical quantities distributed in the element »equivalent nodal force

based on weak form

b
b
onsant by force ., Ah, |b, {natural boundary : surface force (known)
b
b
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Example

3 l Distributed external force coarlinaias
> T node
R X y
1 0.0 0.0
2 1.0 0.0
A [_) —
3 0.0 1.0
Y
. 4 1.0 1.0
Young's modulus: E, = 100
4 V Poisson ratio: v, = 1/3 displacement
thickness: he =1 node -
u v
1 0.0 0.0
fe= [ (* : start node at each element)
_ - _ } 2 - 0.0
. 1 v, 0 100 1 13 0 - 3 10 3 0.0 -
Dezl = 10 |=>Dy=Dy=——- 1 0 ) 30
~V, 1y, 1-(13) 1-1/3 sym 1 force
sym > sym > element edge
L _ L - tx ty
node
element area thickness @ 2] 0 0
1 2 3 @ [3] - 0
@ 1 4 3 1/2 1 @ [2] 0 -
@ 4 1 2 1/2 1 @ 3] p 0
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Example

(node: 1—4—3) u=N,d,, e=0N,d, =B.d,
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Example

(node:4-1-2) u=N,d,, ¢=0N,d, =B,d,

5 @N S @2 oy
I
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Example

.
d={u, v, U, v, U, Vv, u, Vv,
K<K, K<K,

=> K= F=
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Example: Solution

Kd =F withB.C.u;=0,v,=0,v,=0,u, =0

i
d=lo o > oo -P P _ P
100 300 100 300

F =
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Example: Post-process (stress/strain)

element @ (node:1-4-3) u=N,d,, e=0N,d, =B.,d,

oy = Voplo
element @ (node:4-1-2) u=N,d,, e=0N,d, =B.d,

Op = Ugégy
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Characteristics (1)

e Singularity of stiffness matrix
— Check with eigenvalues
— No energy

— Need physical constraints to prevent rigid body motion

(displacement B.C., support condition)

— Assembled matrix (singular) = apply B.C. - reduced matrix

(regular) v,

5@ a=>5a

e Approximate solution
— Equilibrium only at nodes ~ [TONC]TONCTTONCT

— at arbitrary point in elements?

g,
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Characteristics (2)

o Compatibility and Continuity
— Node values including edges are continuous among
elements - conforming
— Non-conforming element?

— Linear triangular element: (displacement) linear
(stress/strain) constant - C° continuous

— Multi-material elastic body: strain?
e Convergence

— The accuracy of an approximate solution improves as long
as the number of nodes or elements is increased.

— Element-type, mesh pattern
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Convergence: Example (1)

o 2D elasticity (plane stress)

P=1.0 X 10*[N]

5 E = 150 GPa z
§ e kim NN NSNS NN RRN RN
P y TRRNRRRNRRNNSRNSSRNNN
| 1m
| 0.05m
PL3 6PL __

(a) Linear Triangular Element
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(b) Linear Quadrilateral Element (c) Linear Quadrilateral Element (distorted)
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Convergence: Example (2)

-

O
o0

0.6

(Maximum Displacement)/(Exact Solution)

Degree of Freedom
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Appendix
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Integral

domain infintesimal domain integral boundary integral
QCR
% + dx fo Dd;czf:Dd;L' —f(a) and f(b)
Tr=a €r= —_—
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[, OdA
multiple integral
P J fp Onds
I J) D dady
fﬂ Odv
multiple integral [, Onds

fef j;d f: Odxdyd=
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Integral Theorem

e Gauss theorem: scalar f F

n,| [cos(x,n)
_[QVde :L fndS where n=1.n, ;=1 cos(y,n)>
n, ] |cos(z,n)]

« (Gauss’s divergence theorem: vector w
J-QVTWdV = _[FWTndS
 Green-Gauss’s theorem
W=vwWu—>V'w=V'(wWu)= (VTV)(VU)-l-V(VTVU) = (VTV)(VU)+VAU
= VAU = V" (VW) —(VTV)(VU)
j vAudV :I (vVu)T ndS —jQ(VTv)(Vu)dV

du
1Dj —d —[&_

2 2
2D: Iv(— —JdA I(V—n +va—un jds I(avau+avaquA
OX?> OX

OX OX oYy oy
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]—Ibgd—udx (integration by parts)
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