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Boundary-Value Problem

* Let B be a domain with the boundary ¢B, and
— L(.) be a (second order) differential operator
— f=1(x) be a known source term in B

* Boundary-Value Problem:

Find u =u(x)=? satisfying PDE L(u)=f inB
and subject to (at least one of) the following boundary conditions

A ou A ou A ~
u=u onoB,, —-n=y onoB,, —-n+au=, onoB
B, o /4 21 o au=f 3
where i =0(x), 7 =7(x), a =a(x), B = ﬁ(x) are fields prescribed on
adequate parts of the boundary 6B = 0B, L dB, U 0B,

— the boundary parts are mutually disjoint
— for f = 0 the PDE is called homogeneous
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Types of Boundary Conditions

* the first kind (or Dirichlet b.c) u=10 ondB,

ou

» the second kind (or Neumann b.c) =N =y ondB,

+ the third kind (or Robin b.c.) ®.n+gu=4 ona.;

OX

— sometimes termed also the generalized Neumann b.c., it can
be presented as
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General Idea

« Weighted Residual Method (WRM) assumes that a
solution can be approximated analytically or piecewise
analytically. In general,

— a solution to a PDE can be expressed as a linear combination
of a base set of functions where the coefficients are determined
by a chosen method, and

— the method attempts to minimize the approximation error

 In fact, WRM represents a particular group of methods
where an integral error is minimized in a certain way.
Depending on this way the WRM can generate:
— finite volume method
— finite element methods
— spectral methods
— finite difference methods
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Approximation

* Assumption: the exact solution, u, can be
approximated by a linear combination of N (linearly-
independent) analytical functions

U is an approximated solution
U, are unknown coefficients, the so-called degrees of freedom

¢, = ¢, (x) form a base set of selected functions (trial functions or shape functions)

This set of functions generates the space of approximated solutions.
s=1,...,N where N is the number of degrees of freedom
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Residua or Error Functions

* In general, an approximated solution, U, does not
satisfy exactly the PDE and/or some (or all) boundary
conditions. The generated errors can be described by
the following error functions:

— the PDE residuum Ry (0)=L(0)- f

— the Dirichlet condition residuum Ry (0)=0-0

ou -

— the Neumann condition residuum R (G) =a—x'n—7

N

— the Robin condition residuum R, (1) =2—u- N+au-—p
X
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Minimization of Errors

« Demand: Minimize the errors in a weighted integral sense

- 0 1 N 2 3

RO (G)Wr +j881 Rl(U)Wr +. RZ (U)Wr +j R3 (U)Wr =0

JB 0B, 0B,

J\

(0 1 2 3 )
Wr},{l//r},{wr} and {Wr >(r =1,...,M) are sets of weight functions

— Note that M weight functions yield M conditions (or equations)
from which to determine the N coefficients U,. To determine these
N coefficients uniquely we need N independent conditions
(equations). Now, using the formulae for residua results in

0 1 oq 2 ou 3
L (G +j 0] +j —n +j —-n+cal
IB ( )'/jr 0B, Vr 0B, OX v asiéx jl//r

0 1 2 .3
=j fwﬁj Uy, +| ry +| By,
B 0B, B, 0B,
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System of Algebraic Equations

N
Applying the approximation U = ZUS¢S, and using the linearity of operators,
s=1

L () Zu L(¢), —-n= Zu a"js
leads to the following system of algebralc equatlons
N
Z AUs =B,
s=1

- 0 1 O, & 3
where A, _IBL(¢S)Wr +_.-aBl¢s W, +-‘-6825_X nl//r Jaas( o ”+0!¢sj

0 1 2 ~ 3
Br:_‘- fWr+I Uy, + YWt s
B 0B, 0B, 0B,
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Categories of WRM

* There are four main categories of weight functions
which generate the following categories of WRM:
— Subdomain method
* Chosen subdomain

— Collocation method
» Dirac delta functions
— Least squares method
» Derivatives of residual itself

— Galerkin method
 Base functions
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Subdomain Method

 Here the domain is divided in M subdomains ABr
where
0 {1 X € AB,

v (X)= 0 outside

* such that this method minimizes the residual error in
each of the chosen subdomains. Note that the choice
of the subdomains is free. In many cases an equal
division of the total domain is likely the best choice.
However, if higher resolution (and a corresponding
smaller error) in a particular area is desired, a non-
uniform choice may be more appropriate.
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Collocation Method

 In this method the weight functions are chosen to be
Dirac delta functions

v (x)=5(x-x)

such that the error is zero at the chosen nodes x,

Computational Engineering WRM - 11



Least Squares Method

 This method uses derivatives of the residual itself as
weight functions in the form

0 ):8R0 (U(X))

ve(X)=—"5g"

* The motivation for this choice is to minimize j Ry’
of the computational domain. Note that (if the
boundary conditions are satisfied) this choice of the
weight function implies

i
oU, \Js

for all values of U,
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Galerkin Method

 In this method the weight functions are chosen to be
identical to the base functions
0
Wy (X) = ¢ (X)
 In particular, if the base function set is orthogonal
jB¢r¢S —0 if r#s

this choice of weight functions implies that the

residual R, is rendered orthogonal with the
minimization condition

0
R -0
—[B Ol//r
for all base functions

Computational Engineering WRM - 13



A simple BVP approached by WRM

* Boundary Value Problem (for an ODE):
Find u =u(x) ="? satisfying
d°u du
dx* dx
subject to boundary conditions on B = B, UdB, ={a} U {b}

=0 inB=[a,b]

ul,__ =0 (Dirichlet), au =7 (Neumann)
a dX |, _p,

Computational Engineering WRM - 14




WRM approach

Residua for an approximated solution G

. d% da
R, (u) _ 2 o

Minimization of weighted residual error

IR - -~ dd
’ Rl(u): u|x:a —u, Ry (u):&

x=h

jb dzl]_dl] 0 +(U_0)1 +(ﬂ_’\j2 0
al dx? ax )T o P ) il b
N
system of algebraic equations Z AU, =B,
s=1
b d2¢ dg, |0 1 dg, 2
where =j > 73 + +|—2
Ars a[ 2 dx JWr D Y _Tx W, X:b
1 2
B, =|uy, ez
X=a x=Db
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Numerical (and exact) Solution

— Shape functions: {¢S}:{1,ex}, {Jrl,{;r},{rjr}:{l, X}

— Weight functions: {¢S} _ {;S}{;S}<

— System of equations:

— Coefficients:

— Approximated solution:
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u(x)

2.5

1.5

0.5

Computational Engineering

Comparison

/ (.bg(x) ="

2e* +e—-2
e

/ a(x)z
/ /(exact solution)

0 2
Y11= U () = Py @) = 1
7 p1(x)=1

W) = Vg (x) = g (x) = x

u(x) "
i(x) = . -2
(x) = 5% (5 +4x +4x2)
U(x) s 2e"* -;e-Z
2 (exact solution)
1.5
P =1
1
holx)=x
0.5
/d):a(x = %%
> X
a=0 0.5 b=1
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Direct Variational Methods

— Direct methods — the methods which (bypassing the derivation of
the Euler equations) go directly from a variational statement of the
problem to the solution

« The assumed solutions in the variational methods are in the form of a

finite linear combination of undetermined parameters with
appropriately chosen functions.

* In these methods a continuous function is represented by a finite
linear combination of functions. However, in general, the solution of a
continuum problem cannot be represented by a finite set of functions
an error is introduced into the solution.

» The solution obtained is an approximation of the true solution for the
equations describing a physical problem.

* As the number of linearly independent terms in the assumed solution
is increased, the error in the approximation will be reduced (the
assumed solution converges to the desired solution).

— Classical variational methods of approximation are: Ritz, Galerikin,
Petrov-Galerkin (weighted residuals).
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Mathematical Preliminaries

If A is a strictly positive operator (i.e., (Au,u),, >0 holds
forall 0#u e Dy, and (Au,u),, =0 ifand only if u=0), then

Au = f inH has at most one solutiont € D, in H

A: D, — H be a positive operator (in D,), and f e H
I1: D, — H be a quadratic functional defined as I (u) :%<Au,u>H —(f,u),

o If U € D, is a solution to the operator equation Au = f inH,

then the quadratic functional I1(u) assumes its minimal value in D, for the element T,
e, IT(u)>TI(T) and IT(u)=TI(T) only foru=0

e Conversly, if H(u) assumes its minimal value, among all u € D,, for the element T,
then U is the solution of the operator equation, that is, AU = f
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Example

(Au,v),, = IOL(Au)vdx = JOLU (Av)dx = (u, Av),,
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Basic Idea

— The problem must be stated in a variational form, as a minimization
problem: find G minimizing certain functional IT(u).

— The solution is approximated by a finite linear combination of the form

0(x)=0 ZC #; (X)+ ¢y (X)
C: : undetermined parameters termed Ritz coefficients

j
¢, ¢; - approximation functions (j =1,...,N)

— The parameters c; are determined by requiring that the variational
statement holds for the approximate solution, that is, I'1(G) is
minimized with respect to G G=1,....N)

— Remark: The approximate solution may be exact if the set of
approximation functions is well chosen (i.e., it expands a space which
contains the solution).
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Ritz equations for the parameters

— By substituting the approximate form of solution into the

functional IT one obtains IT as a function of the parameters c;

(after carrying out the indicated integration):

H(U‘(N)) =T1(cy,...,cy)

The Ritz parameters are determined (or adjusted) such that oI1 =0
oIl

ol =—0o¢, +- +—5c = —§c =0
o, G N Z

Since the parameters c; are mdependent, It follows that

a—H:O for j=1,...,N

OC;

These are the N Ritz equations to determine the N Ritz parameters c;.
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Quadratic Functional

If the functional IT(u) is quadratic in u, then its variation can be expressed as
SI1 =B(u,6u)—L(du)

where B(.,.) and L(.) are certain bilinear and linear forms, respectively.
N

N
Applying the Ritz approximation: aN) = Zgbjcj +dy, satN) = Z¢5,5Ci

=1

A1 = B(G,éﬁ)—L(&G):ZN:{ZN:AJ—CJ b }&: =0

the Ritz equations form a system of linear algebraic equations:

ol | x -
g:{z,ﬁjcj—bi} 0 or ZAJC =b, (i=1...,N)
i j=1

where A; Is the governing equatlons and b; is the right-hand side vector
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Properties of approximation functions

* A convergent Ritz approximation requires the following:

— ¢, must satisfy the specified essential boundary conditions.
When these conditions are homogeneous, then ¢,(x) = 0.

— ¢ must satisfy the following three conditions:
* be continuous, as required by the variational statement being used

« satisfy the homogeneous form of the specified essential boundary
conditions

* the set {¢} must be linearly independent and complete

 If these requirements are satisfied then:
— the Ritz approximation has a unique solution g(N) (x)

— this solution converges to the true solution of the problem as the
value of N is increased

Computational Engineering WRM - 25



Problem Definition

(O)DE: _di(a(x)d”d(xx)j _ £ (x) forxe(0,L)

X

a ( x): result from the material properties and geometry
f (x): depend on source or loads
u(x): solution to be determined, dependent variable
— The domain of this 1D problem is an interval (0,L), and the

points x = 0 and x = L are the boundary points where
boundary conditions are imposed, e.g.,

u(0)=0 (Dirichletb.c.)
BCs: : du(x)

+ku(x) =P (Robin b.c.)
X=L

P: given boundary value

Computational Engineering
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Variational statement of the problem

— This mathematical model may describe the problem of the
axial deformation of a nonuniform bar under an axial load,
fixed stiffly at one end, and subjected to an elastic spring
and a force at the other end.

alx)=FEA(x)
F66) k |
— ——— ——————e——
P X

1

— This BVP problem is equivalent to minimizing the following
functional:

n(u):w (32) fu]dx+ u(L) T - Pu(L)

Computational Engineering

WRM - 27



— This functional describes the total potential energy of the bar,

and so the problem solution G ensures the minimum of total
potential energy.

— The necessary condition for the minimum of I1
SI1(u)=B(u,8u)—L(6u)=0 or B(u,6u)=L(su)

L du dv
B(u,v)=J‘0 a&&dx+ku(L)v(L)

L(u)= IOL fudx + Pu (L)

— The essential boundary condition of the problem is provided by
the geometric constraint, u(0) = 0, and must be satisfied by ¢,(x)
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Approximation

Applying the Ritz approximation and minimizing the functional gives:
ol rtl dg dg; dgy

C - — f@ [dx
oc, J‘o{ dx[lZ Fdx  dx g

+ke (L [}:c¢J )+dp (L } P4 (L) (i=1...,N)

This is the system of equations for the Ritz parameters:

}:Aﬂ =b (i=1...,N)

L dg @
=[S o ka (g (1)

Ll d¢ d
bi=—j0[ad—ﬁdii"—fﬂdx—kmt)cfﬁo(t)wmu
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Solution

* The problem data: a(x):EA(x)zgg(Z—%j, f(x)=fy, k=0
EA,

« The approximation functions:

¢ (X) =0, ¢j(x):xj for j=1,...,N

« The approximate solutions:

(1) N=1: l](l) = X » N=1. aV=cyx
Aj1=3Sagl b1=3foL?+PL | ¢ =02
. ~(2 o | » N=2: i@ =cix+cox?
(2) N =2: a? = X+ CyX
—_ 3 _4 2 1 2 _ TfoL+6P
An=saol App=3aoL b1=35foL“+PL €1= ~3ap
5 p -3fo L+3P
Ag1=A12 Az =3 aoL? | bp=3foL?+PL? | c2= Saoi
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