3.1 Differential Equations

du A=

d -
—— — |=f & 5 ATCAu = f
dx(c(x>dxj ()% !

dx
fixed: u(0)=0
free:w(1)=0

1 (constant)
cos wX (periodic)

f(x)=

N\

|6(x—a) (at one point, at one instant of time)
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Hanging Bar: stretching

d rd

A=— A=

i(ﬁ starin-disp?;(cement >e(x) stressc-:starin ? w ad (X)
u(0)=0 w(1)=c(1)u’(1)=0

d du( x .
_&(c(x) dE( )j = f (x) withu(0)=0, w(1)=0

dw( X X
_ dg( ) — f (x)—)w(x):—jo f (S)dS+C

1
W(l):—jo f(s)ds+C=0
w(X)=- OX f(s)ds+ :f(s)ds: :f(s)ds
du (x) xw(s)
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Hanging Bar: Example

f(x) c(x) @x=0 | @ x=1

fo Co u=20 w=0
2-X 2-X u=0 u=0
foO(X-Xy) u=20 w=0
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1
-1 1
-1 1

-1 1

backwardﬁifference

A=d/dx < AT=-d/dx

—(forward Hifference)

ﬂlv —u'f <—>(Au)T w=u' (ATW)

energy

(ew)=|

Computational

work
1

0

e(x)w(x)dx—>(Au,W):j

0

1du(x)

dx

W(x)dx:\[u(x)w(x)]j

=0

A (for u)

AT (for w)

u(0)=0

w(1)=0

u(0) = u(1) = 0

no conditions

no conditions

w(0)=w(1) =

0

Engineering

dw(x)
dx

dx
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Galerkin’s Method

Finite difference: strong form of the differential equation

—i(c(x) duj = f (x) with fixed-free or fixed-fixed
dx dx

Finite element: weak form with test functions v(x)

j du dv j x)dx for all v(x)

: L dg: 1
Ui ¢ j ( , de J—dx jo f(X)V;(x)dx > KU =F
i=L  trial functions

1 1. point load: f (x)=6(x—a
Kij _ J' C( ) gy, F = J' dX\ Advantages P | ( ) ( )
0 2. step function c(x)

(1) Choose the ¢ and V;: one unknown for each ¢, one equation for each V
(2) Compute exact or approximate integrals K;; and F: if ¢ =V; then K;; = Kj;

(3) The weak form becomes KU = F. The FEM approximation is U ZU,¢
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Linear Finite Elements: examples

c(X) f(x) W(x) u(x)
1 1
Jump from 2 to 4
@x=1/3 0(x-1/2)
any any
accuracy approximation
u(x) |second-order |U(x) |piecewise linear
u’'(x) | first-order U’(x) | piecewise constant

* How to reduce error?
— Refine the mesh: many meshpoints
— Increase the degree of the finite elements

Computational Engineering
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3.2 Cubic Finite Elements

Elastic rod stretching Beam bending
u’ = 0(x) u’” = d(x)
u=A+ Bx u=A+Bx +Cx? + Dx3
jump in the slope u’ jump in the slope u™

(UiUp) > a+bxr o +d « (U020, U5 )

N
U= Z(UM" +USg ): 2N trial functions (Hermite cubics)
i=1

— These trial and test functions can still be used for u”” = f
— Error u(x) — U(x) is of order h*

— Element stiffness matrix K, over each interval: assemble into
the global stiffness matrix K
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4th-order Equations: Beam Bending

Azi ATzﬁ
u(x) 95 g(x) ——M (x)— % f(x)
disMent cu?vz;t_Jure moment
AT (P (R 82
(AuM)=(u.ATM)— | dXZde_jou 3 Mox
A (for u) AT (for M)
u=20 M=0 simply supported
u=0,du/dx=0 clamped (fixed)
M=0,dM/dx =0 |free
du/dx =0 dM/dx =0 sliding clamped

d2

dx?

dx?

Computational Engineering

-

rl

¢(x)

J0

05 e [ om0

[Cdquz f(X) weak form ><‘0dX2

dx?

d?u d?v 1
d7d7dx_j0 f (x)v(x)dx
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Cubic Splines for Interpolation

Interpolation: exact fit y(x; ) = y; for n points

polynomial of high degree

y(X)=ag +aX+-+a, X"

piecewise polynomial:
linear

~Xin Xj — X

i+1

« Splines: cubic pieces with good accuracy O(h%) to
achieve continuous slopes and second derivatives

— Unknown: 2n (y;, S))

— Known: n conditions + (n-2) continuity + 2 BCs (clamped,

not-a-knot)
* B-splines

— basis for the whole (n+2)-dimensional space of splines

Computational Engineering
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Computational Engineering

i+1

-1

= Uiyp —2Uj 5 +U;

ui+1

= Uj —2Uj_1 +U;_,

Finite Differences

—2U; +U;_4

-2 1
1 -2
1

= Uy —2U; +Ui 4

1
—2
1

1
—2
1

1
—2

L Adu=u,

72

1+2

= Ui o —4Ui,q +6U; —4u; ; +U; ,

—3u.

+1

- —> A%u=u_,—3u, +3u_; —U_,

4 1
6 -4
4 6
1 -4

+3U; —U;_4

- —>

1

4 1
6 -4
4 5 |
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3.3 Gradient and Divergence

gradient(V) = : divergence(v-):{ai ﬁ}

Q[ |

u(xy) —v(x y)—— w(x,y) A=V > (X, y)

potential velocity flow rate source
u=uy(x,y) w-n=Fy(x,y)

A'CAu = f — —div(cgradu)=-V-(cVu) = f

o ou o ou : .
——| c— |-—| c— |= f (X, y): Poisson equation
ox\_ ox/) oyl oy
—> <
. o°u d%u .
f =0and c =constant, A" Au=0— —V-(Vu) =0—> 2 + oy = 0: Laplace equation
X
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Key Ideas

* The gradient extends the derivative du/dx to a two-
variable function u(x,y)

— Derivative of u in the direction of any unit vector (n4, n,)

el _ a_unl el n, =Vu-n L (u(x,y)=constant: level curves)
on  ox oy

« Zero divergence < Kirchhoff's Current Law
— Flow in = flow out
— Incompressible flow with no sources and so sinks
Wy
OX
« Laplace’s equation has polynomial solutions that are
easy to find

divw=V.-w= +8W2:0<—>ATW:O

v=Vu Gauss-Green formula VT —_V.

Computational Engineering
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A = gradient

linear algebraist: e must be in the column space of A
e = Au — < Kirchhoff: the sum of potential differences around any loop must be zero
(Kirchhoff's Voltage Law)

continuous case

v=Au >V =Vu: irrotational velocity field
% _ M =0 at each point (zero vorticity)Lcurl v=0
X
— < potential function u(x, y): v; = 8—u,v2 _a
OX oy
Ivldx +V,dy =0 around every loop (zero circulation)
j v dX +v,dy = ” Ny _ M dxdy : Stoke's theorem
C R\ OX 0Oy
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A" = —divergence

0
o T T

A= o — A" = (i) il :—i 9 oV =-V.
0 OX oy oX oy

| Y |

Kirchhoff's Current Law: flow in equals flow out — ATw =0

flow vector w is source-free if mass is conserved

divw = 6;/vl + W, =0 at each point (zero divergence)
X

: 0S 0S
— < —> stream function s(Xx, y): w, = —,w, = =
X

oy
ledy —w,dx =0 through every loop (zero flux)

L wydy —w,dx = j j - div wdxdy : Divergence theorem
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Example

gradient

zero divergence

vV = (2%, 2y)

V = (2x, -2y)

w = (2y, -2X)

vV =w = (2y, 2X)

Computational Engineering
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Divergence Theorem

_ | L to the equipotential curves: u(x,y) =
flow is _
| to the streamlines: s(x,y) =

” (divw dxdy fa( w-n jds/em(évil a(;’;’IZdedy f w,dy — w,dx)

row rate out

total source in total f|ux out

_U (5“W1+—uwzjdXdy— H( jdxdy+j u (w,dy —w,dx)

mtegratlon by parts

H Vu W dxdy _U -V-w dxdy+ j uw-nds — Gauss-Green formula

) (AT ) j div(uw)dxdy

div(uw) :g(uwl)+%(uwz) :(Z—iwl +a—uW2J+u(a(;/)v(l + 8;Vy2 j =Vu-w+u(V-w)

divergence theorem for (uw) — Gauss-Green formula

Computational Engineering
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3D

« Which vector fields v(x,y,z) are gradients?

ou ou ou . -
,V3 =— — integral around a closed loop will be zero

v=VUu: VvV, =—,V, =
OX

5 o/
OV, OV OVz 0OV, OV 0OVj

test: : ,
ox oy oy o0z 07 OX

o curlv=0

« Which vector fields w(x,y,z) have zero divergence?

My + W, + s _ O] — flux = zero, “j (div w)dxdydz = H (w-n)dS

divw=0: —
( ox oy oz

test: div(curl S) =0« w=curl S=VxS =

Computational Engineering

0 9]
oz oy
o _9

OX
9 9
OX

[0Sy Os, |

oy 0z
o5 _ 0%

0z  OX
0s, 05

| oxX 0y |
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Summary

(A gradient field comes from a potential:
v =Vu when curlv=0—curl (Vu)=0

(A source-free field comes from a stream function:

idiv w =0 whenw=curl S — div (curl S)=0

— (curl (grad)zo)T (grad)' =—div,(curl)" =(curl)

>div (curl)=0
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Computational Engineering

3.4 Laplace Equation

o°u 8%

>+— =0
oX~ oy
o°u lou 1 &4
el =
or® ror r° o6

0

U(X’ Y)} Hilbert transform {S(X, y)

u(r, 6) s(r,6)
potential stream function
temperature heat flow

z=x+iy=re" 2" =(x+iy)" =r"e"

fun _ Re[z”} = Re|:(X+ iy)n} — Re[r”ei“‘g]

S, = Im[z”] = Im[(x+ iy)”} _ |m|:rnein49]

\
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Cauchy-Riemann Equations (1)

[potential u and stream function s]

physically, the flow velocity v = Vu is along the streamlines s = constant
geometrically, the equipotentials u = constant are perpendicular to those streamlines
mathematically, u and s both come from the same analytic function

f(x+iy) _u(x y)+|s xy )=f( Zcz
%/_/
analytic function [harmonlc functlons]

converged power series — solution of Laplace's equation: u(x,y) and s(x, y)

10f)
df ot dx  of d S 5
LA 5%t (x+iy) =i (x+iy)
dz  ox dz oy dz of oy OX
y—>O:&

0 : . 0 . ou_0s ou _ 0Os
- —(u+is)=i—(u+is) > —=—,
oy OX ox oy'oy o
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Cauchy-Riemann Equations (2)

— Streamlines are perpendicular to equipotentials

— The derivatives of u across a curve equals the derivative of s
along the curves

— Streamlines pass through any and every curve from P to Q
— The total flow between the points is s(Q)—s(P)

Computational Engineering BVP - 21




Poisson’s Equation in a Square

—Uy —Uyy = T (x,y)

eigencvectors: Uy, = (sinmzx)(sinnzy) — —u, —u,, = (m2 +n? )zzu = AU

e} o0 o0 OOb

f(xy) Z:Z:bmnumn —>u(x,y) Zzﬁ (sinmzx)(sinnzy)

m=1 n=1 m=1 n=1 ~"Mn
sinmzx=0 ifx=0or1l
sinnzy=0 ify=0orl

u (x, y) = 0 on the boundary of the square — {

Computational Engineering
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Conformal Mapping

* A change from x, y to X, Y based on an analytical
function F(z)

* Not circular boundary? — change variables
F(x+iy)=X(xy)+iY(Xy)
U (X (%, Y),Y (X, y)) = Re[F (X +iY)} = Re[f (F (x+iy))] =u(x,y)
« Important conformal mappings
Z =g’ =&Y =" : infinte strip(0 < y < z) — upper half plane

az+b
cz+d

circle(|z|=r ellipse
zzi(z 1){ (12| =r)—>ellip

AR} circle(\z\=1)—>—1£Z£1

7 —

: circle(z =0) —circle(Z =b/d)
t
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3.4 Laplace Equation

 Complex variables
* Fourier series
* Finite differences
* Finite elements
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3.5 Finite Differences

4U Uija Ui j Vi _Ui,J+1:h2f(ih’jh)

o

~1000-1 4 1000 -1

w=N w=N
(2 -1 | K+21 -l |
P kep=| 1 Kre = kron(1,K)+kron(K,1)
] -1 2] ] -1 K+21
—(K2D)U =F
H_J

sparse
« Elimination in a good order

— Elimination fills in the zeros inside the band
* Fast Poisson solver
* (Odd-even reduction
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Poisson Solver

« Use eigenvalues and eigenvectors to solve
« Faster than elimination

(W) F=ay, ++ayyy =[¥1 - W] | |=Sa—a=S"'F

(2) divide a, by 4, :Aa=A"'ST'F

9 9 A/ ]
(3)U =(21Jy1+---+(ﬁ}y,\, =[y, - W] i |=SATa=SAT'ST'F
ENZ
) K=SAS™ U=K1E
eigenvectors elimination
1D N log, N > cN
2D | N?log,(N?) | < N4
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Discrete Sine Transform

S =sin k7 i |m(ei27rjk/M ): |m(ei7zjk/(|\|+1))

N +1
2 N+1
iy -
DST = S,/NZ n - orthonormal — DST = DST ! = DST'
i +

) i n
A =2—2cC0Ss k7 , Zﬁk = trace (K, ), Hlk =det(K,)=N+1
| N +1 — -

J\
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Fast Poisson Solvers: 2D

. dkz . jlx
Yig =SIn N +1sm N +1: separable
. L - < (K2D)yy = A Yu
ﬂk,:ﬂ,k+ﬂ1:(2—2cos j+(2—2005N 1)
+

N +1

( _ikr . iz _
Fij= ) aysin SN € AM=DST*FM*DST

(K2D)U = F —
ak| ik . j|7Z' AM.
U | ZZ & UM= DST*( - j*DST

N+1 N+1
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Cyclic Odd-Even Reduction

((I_l)_UI—Z +2U|_| _UI - Fi—l\
(i) —Uiy+2U; Uy =K
(i+1) Ui +2U; -V =Ry

()20 +) . 420, Ui, = F_ +2F + F.,, : half-size system

I +1 -

A -l

-1 A - :
K2D = with A=K + 21

<2D><

-1 A

——IU;_, +(A* =21)U; ~1U;,, = F_y + AR, + F,; — bandwidth doubles

D R f
(red-blake ordering) { b Mub} :{ b}
B D, |lu f

r r r
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Neumann Conditions: du/dn =0

1D d—U:O(freeend):K—>B
dx
D:diag([1 1 -1 ED
2 2
B2D = kron(D,B)+kron(B, D)
2D _ o
B/2 D -D
(N:B):BZDz B -D 2D -D
B/2_ ' 0 -D D

Computational Engineering
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3.6 Finite Element Method

— Curved boundary, unstructured mesh

« Write the equation in its weak form, integrated with
test functions v(x,y)

« Subdivide the region into triangles or quadrilaterals

* Choose N simple trial functions ¢;(x,y) and look for U
= U 01 + ...+ Uydy
* Produce N equations KU = F from test functions V,

« Assemble the stiffness matrix K and the load vector
F. Solve KU = F.
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Strong / Weak Form

stong form: ATCAu = f —" 0= 5y —u,, = f

weak form :(ATCAu)T v=flvo (CAu)T (Av)=f'v

when C=I \J‘J‘ —u, —u )vdxdy=_” fvdxdy

—> J uvdy+u vdx ” uv +U,Vy dxdy vadxdy

Gauss-Green formula >Jf(uxvx + uyVy dxdy = f %vds +j fvdxdy

Divergence Theorem

—>(Au)T(Av :” (Vu)-(Vv) =H uxvx+uyvy)dxdy:j %vds+”fvdxdy

Laplce's Equation
Essential B.C.

H UyVy +UV,, dxdy=0 for all admissible v
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Trial / Test Functions

N
U(xy)= ZUJ-¢J- (x,y)—> H[Zi ZZ+ Z; ;dexdy = ” fvdxdy

30222 S, 2 o -
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Pyramid Functions

Uy +Uyy =0 inside a square
boundary values: around the whole square of side 2h
subdomain division: 8 triangles <> five-point Laplacian

U (x,y)=a+bx+cy: linear approximation
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Element Matrices and Vectors: Triangle

i
”(Uf +U§)dxdy _ ZN:ZN:UMH[%? 8;5(1 N

:UT(

K, =

e

i1 i1 oy oy
1 -1/2 -12] U,
KT)U:[Ui Ui Ui+2] -1/2 12 0 ||Uin
__1/2 0 1/2__Ui+2
(c,+C;  —C;  —C, |
—C3 C+C; —¢ | withg = L
3 3 ' 2tané,
—C G G +Cy ]
H (ZU ¢]dxdy Zuj fgdxdy =UT (F,)
] U, +U,,, +U
one-point integration i+1
H X ¥)U () dxcly ,f(P)( :

Computational Eng neering

0g; oV. Od; dV.
9, Vi, ; oV, dixcly
OX OX oy oy

N
Vi=$U=) U,

j=1

7

0% 9 iyg

”Zj(meaofe)

BVP - 35



Boundary Conditions

—u" =1 with fixed-free B.C. [u(O) =0andu’(1)= O]
— juxvxdx = jlvdx

Essential / Dirichlet / Fixed | Natural / Neumann / Free

u(0)=A onU w(l)=cu'(1)=G
v(0)=0 onV no conditions on u’(1) or U'(1)
cuv=0 atx=0 no conditions on v'(1) or V'(1)

cu'v=Gv(1) - move into F
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Element Matrices in 2D

1 0 0] [1 x ywllag a a
0 0 1] |1 X3 Yy3][¢ C, C3
P:p&gition C
1 0 0][1 0 0] [1 0 0] (¢=1-x-y
standard triangle _ . .
aoogen |t 1 0||-1 1 0[=|0 1 0|—>1 ¢ =x
1 0 1j|-1 0 1] [0 0 1| |g=y
(2 -1 -1
oV oV
(Ke)..:ﬁ 0% 7y, 0% Y] dxdy:(area)(bibj+cicj):l -1 1
J X X 8y oy N 2
det(P) -1 0 1]

2
Bilinear Q; elements: U = a+bx+cy +dxy

Quadratic P, elements: U = a +bx +cy + dxy +ex? + fy*
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Mass Matrix

-

—Uy —Uyy +U=0—>(K+M)U =0
—Uy —Uyy, =AU —> KU = AMU

Uy Uy =Uy > MU"+KU =0

Huzdxdy _ ”[i}um}{iuj@ dedy _ iiuiuj”mjdmy

=1 i=1

-

U h
1D: U =U, + 1hU°x—>J' U 2dx
0

h eh
2D: U =u1+(u1—uo)x+(U3—ul)y—>jO jouzdxdy
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