Example 1: Least Squares (1)

A(mxn),G(nx1),b(mx1),m>n
Minimize E = ||e||2 =||Au —b||2

— ATAG = ATb (normal equation for best G)

[normal equations]
ATe =0:e as the projection of b across onto the null space of A (dimension m— n)

A" (b— Al)=0: Al as the projection of b down onto the column space of A (dimension n)
[Saddle Point/ Kuhn-Tucker(KKT)/ Primal-Dual|

AT (b—AG)=0| m: e+Al=b I A m H
—> — =
Ale=0 n.A'e =0 AT o [U4] |O

|
saddle point matrix
KKT matrix
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Least Squares (2)

e Saddle point

] 1| A 1 o1 Al [lI A efin
_ N - — indefinite
AT 0 AT 1||AT 0 0 —-ATA

e Kuhn-Tucker (KKT)
— In continuous problems, Euler-Lagrange equations

e Primal-Dual

primal : Minimize %HAU —bH2 — solution {

dual : Minimize %He—sz with A" e = 0 — Lagrange multiplier u
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Weighted Least Squares

Minimize E = ] = [WAu -Wb|* — (WA)" (WA)G, =(WA)" (Wb)
c=w'w

> ATCAG,, = A'Cb (normal equation)

[normal equations]
AT Ce = 0: e as the projection of b across onto the null space of A'C (dimension m— n)

A'C(b- Ay )=0: A, as the projection of b down onto the column space of A (dimension n)
[Saddle Point/ Kuhn-Tucker(KKT)/ Primal-Dual|

ATCe=0 n: A'Ce =0 ATw ~0

Lo BB delaldtm,
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Duality

Problem 1 (project down to Ad) : Minimize |b— AuH2
Problem 2 (project across to e) : Minimize ||b —WH2 with ATw =0
Au L w
o AP + o] = bff ] - Au-wff —tbareretite
o Adl +[b—e]* =l
Optimality: (b— Ad) in Problem 1=e in Problem 2

Duality: b — Au| + o —w|* —[b]* >0 — Ub —wf’ —HbH2 > —|b- AuHZJ

o

min @ w=e max @ u=0

Computational Engineering Optimization - 4



Example 2: Minimizing with Constraints

« Elimination / Idea of Lagrange

Internal energy in the springs: E(w) = E; (w; )+ E, (w,)
Balance of internal/external forces: w; —w, = f
— Constrained optimization problem: Minimize E (w) subject to w, —w, = f

Lagrange function: L (w,, W, ,u)=E; (W )+E, (W, )—u(w —w, — f)

oL _ OE; u=0
ow, oW
(Kuhn-Tucker optimality equations)< oL = %, +u=0
aWZ 8W2
oL
—=—(w,—-w,—f)=0
| ou ( b )

Lagrange multiplier u : sensitivity of the answer to a change in the constraint
- displacement, selling price
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Linear Case

2
linear spring: E = %ce2 _W= JE :%W_
C

2 2
Minimize E (W):l W 2 W

2¢ 2¢

subjecttow; —w, = f

« Geometry
— Line is tangent to the ellipse

e Algebra
— Energy gradient: Ku = f

— Spring forces: = :%fTK‘lf

min

— Lagrange multiplier = sensitivity
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Fundamental Problem

Minimize the total energy E (w) = %WTC‘lw in the m springs
subject to n balance of forces AT w = f
Lagrange function; L = %WTC_lW— u' (ATW— f )

oL/ow=C'w—Au=0— w=CAu

Optimality conditions:
oL/ou=—-ATw+f=0—>A"w=f

— ATCAu=f
Least squares problems: e =b— Au — E (w) = %WTC‘lw— b'w
L:EWTC‘lw—bTWqLuT(ATW—f)

2
oLjow=C w+Au-b=0| |C™ A {w}_{b}
oL/ou=A"w—f =0 AT ofLu] Lf

—A'w=A"C(b-Au)=f > A"CAu=A'Cb-f
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8.2 Regularized Least Squares

[ordinary least squares]

Minimize ||Au—b|* — AT AG = ATb — can be "ill-posed” (=0, A: highly ill-conditioned)
| weighted least squares|

Minimize (b— Au)' C(b—Au)— ATCAl = ATCb

[regularized least squares: special case of weighted least squares]

Hf_/
regularize AT

L FIN] [ L P

¢
a T—||a]| 4, Au—b| T— o :| Au—b| = (expected noise)

Minimize Au—b2+aBu—d2—>[ATA+ aB'B JG:ATmeTd
A

|constrained least squares]

Minimize ||Au—b|* subjectto Bu=d: a — oo,|Bd, —d|* —0
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Computational Engineering

Minimize HAu—bH2 subjectto Bu=d

[1] large penalty: G, minimizes ||Au —bH2 among all minimizers of |Bu —dH2

[2] Lagrange multuplier: L (u,w) = %HAU —bH2 +w(Bu-d)
oL {ATA BTMU} {ATb}
=0—> =
6u T ow B 0 ||W d

[3] nullspace method: solve Bu =d for u =u, +vu, —>{

: 0}
q —->u=Q,z+u,

minimizes ||A(u, +Uu, bH = |AQ,z—(b - Au, H
solve (n—p) normal equations AQ,z=b - Au, — Q," A'AQ,Z=Q,' A’ (b—Au,)

ar(B")— B =[Q, Qn]{ﬂeBQn:[RT O]lgﬂ‘?“ —| R o]mzo

n

Bu,rz[RT J{gr }u —d —>u, —Qr( ‘1)Td=B+d
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Minimize ||Au|” = u? +u,? subjectto Bu=u;, —u, =8
1
HA:{ O}, b:m B=[1 -1], d=[g]
01 0
1] large penalty: minimize u,? +u,?+a (U, —u, —8)° and let & — oo

2] Lagrange multuplier: find a saddle point of L = %(ul2 + u22)+w(u1 ~U, —8)

3] nullspace method: solve Bu = d and look for the shortest solution
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Pseudoinverse

u* = A'b is the shortest vector that solves A" Aut = A"b

A is square and invertible > u=A"b: A" = A™?

-1 -1
A is rectangular and has independent columns — G = A A) ATb: A" = (AT A) AT

p) 0 T
A—UZVT—[ Licﬂ'» UnuuH . }[Vrow Vnull-

0 0
r columns

A" = (Vrow ) (Z pos )_1 (Ucol )T
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8.3 Calculus of Variations

minimize P(u)=%uT Ki—u'f 5P =Ku-f =0
1 5P

minimize P (u) =j (Ec(u'(x))2 —f (x)u(x)jdx —-—=0

ou

perturb u(x) by a test function v(x)

compare P (u) with P(u+v) - i—P = 0 for every admissible v
u

weak form for every v: jcu’v’dx = j fvdx
Euler-Lagrange equation —

strong form for every point: —(cu’)' = f
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1D Problem

P(u)= [ F(uu)dx with u(0)=aand u(1)=b

F(u+v,u'+v')= F(u,u')+vaF v
ou ou’

1
P(u+v)= P(u)+jo(v—gF +v’—gF’jdx+---
u u

1
(weak form) i—P = J-O (VZ—F +v’§jdx =0 foreveryv
u u u

[ 8FT 1 (oF d(aFj

v +I Vv — dx =0

ou'|, Jo \ou dx\ou’

> oF d (aF
ou dx\ou’

constraints on u : Lagrange multipliers and saddle points as L

(strong form j = 0: Euler-Lagrange equation for u
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I (x,u,u’)dx withu(0)=aandu(l)=b

P(e)= j (X,u+ev,u’+ev')dx

de Jo de

ap
de e=0

oF d (8Fj‘
ou dx\ou

oF oF

ou ou’

Computational Engineering

d(u+ev) d(u'+ev)

dx

0| Ox d8+8(u+5v)

d_P:J-ldF(x,u+gv,u'+gv’)dX:J-1
o(u'+ev')

:J (—v+—v jdx 0 at extremum

u'| dx

F=F(u,u')—>a—F=O: F_aF,d_u:
) OX ou’ dx
F:F(x,u')—>a—F:O: F _¢

\ ou ou’

de
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Example

Find the shortest path u(x) between (0,a) and (1,b): u(0)=aandu(1)=b

When the constraint is I u (x)dx = A, find the shortest curve that has area A below it
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2D Problem

2
H[ (Z—j (Z—;j —f(x, y)u(x, y)]dxdy: potential energy over a plane region S

<Weakform oP j [ { (%j(—J fv}dxdyzo
_’! { ox ax ( j }dmy °

(strong form) — (j c Zu ) - ;’ (c Zuj = f : Euler-Lagrange equation
x\ ox y

> ATCAU = —V.cVu = f with Au=Vu

a2y — _1 _
P(u)—ch(u )"dx jfudx— 2a(u,u) l(u)
weak form: a(u,v) =1(v) for all admissible v
Galerkin method: a(U,V ) =1(V) for all test functions V
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Minimal Surface

ou ou ;
H 1+( ) — | dxdy : surface area
OX oy

2
F=1+ (a“j {a—“j ,Gzza—“?ua—“@m(v?)

OX oy OX OX 0oy oy
VF+G = \/_+
2JF
ou oV  ou ov
E(u+v)=E(u)+ [ + jdxdy+---
-U\/E OX OX oy oy

(weak form) %F _ ” 1 [ouov, ouov dxdy =0 for every v
Su s JE\ ox ox oy oy

(strong form) — g ( L auj_ g ( 1 8uj:O: Euler-Lagrange equation

ox\\F ox ) oy\JF oy
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Nonlinear Equations

Minimize E = _UFdxdy where F = F(x y,u(=Dgu), Dlu( 3uj’D2u(:(cjj_u)""j
X y

F(u+v):F(u)+F'(u)v+O(v2): +Z&D—UDV+ F (X, Y, Dgu+ Dyv,Du+Dyy,...)

<Weakform — ”( D jDv )dxdy =0 for every v
u

(strong form Z D; T (;Z)Fuj Z DiT w; =0: Euler-Lagrange equation
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