Computational Science and Engineering

1.1.3

>> U=eye(5)-diag(ones(4,1),1)
U=

>> S=triu(ones(5))
S =

1 -1 0 1 1 1 1 1
0 1 -1 0 1 1 1 1
0 0 -1 0 0 1 1 1
0 0 -1 0 0 0 1 1
0 0 0 1 0 0 0 0 1
>> U*S
ans =
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1.1.5
SR
(2 -1 0 321
K,=|-1 2 -1 1o %2 4 2}
0 -1 2 12 3
(2 <10 0 4 321
K, = 102 -1 0| s Kl{s 6 4 2}
0 -1 2 1 52 4 6 3
0 0 -1 2 12 3 4
(2 -1 0 0 O 5 43 21
-1 2 -1 0 0 48 6 4 2
Ki=|0 -1 2 -1 0 %KE’l%B) 6 9 6 3
00 -1 2 1 2 46 8 4
0 0 0 -1 2 12345
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1.1.9
Problem (1.1.9).

Solution. Let ¢; be the ith column of Cy. We simply must check that ¢’'e = 0, or equivalently,

T, __
Che=

oo o o

This verification can be done by a simple matrix multiplication. Alternatively, one can show
that " CTe = 0 for any u, which implies that CTe = 0.
Next, we are asked to use pinv to solve the system

1
—1
C4'U. = 1
-1
2 -1 0 -1 1
. -1 2 -1 0 . ) ) -1
First, we define C' = 0 -1 2 -1 Using MatLab, we get pinv(C) ) =
-1 0 -1 2 -1
0.25
—0.25 : . . . . .
025 |- Thus, we have found a solution to a linear algebra problem involving a singular
—0.25
matrix. To see if the *\” command will also yield a solution, we again turn to MatLab. . we
1.8014
. 1 BT 16 1.8014 g . _— 1 . .
see that C\[1; 1; 1; 1]=10"" x 18014 | 2 divergent result. Next, we see that C\[1; -1; 1;
1.8014
-1
-1]= __1i5 . which indeed solves our equation. As expected, the equation yields a solution
—1.5

when f is perpendicular to e.
Now we are asked to add a row of zeroes to the equation, and once again use “\” to
solve. We will redefine C=[2 -1 0 -1;-1 2 -1 0;0 -1 2 -1;-1 0 -1 2;0 0 0 0], we see that

—0.0802
_ —0.2355 . . .
C\[1;1;1;1;0]=10"15 x 05023 | =0 which also fails as a solution. However, C\[1-1;1;-
0
0.5
1;0]= 005 ., which is also a possible solution.
0
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1.1.22

% problem set 1.1.20

n=1000;

e=ones(n,1);

K=spdiags([-e,2*e,-e],-1:1,n,n);

% A = SPDIAGS(B,d,m,n) creates an m-by-n sparse matrix from the

% columns of B and places them along the diagonals specified by d
u=K\e;

plot(u);

14 T T T T T T T T

U | | | | | | | |
o 100 200 300 400 500 BOD 700 80O app 1000
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MATLAB Experiment (pp.21)
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1.2.14
14
Part (a).
Solve —u" = 1222 with free-fized conditions u'(0) = 0 and w(1) = 0. The complete solution involves

integrating f(z) = 1222 twice, plus Cz + D.

Solving this without finite differences, but directly gives us

=42+ C, and ¥/ (0) =0=C
uw=—z'+D andu(l)=0=-1+D=D=1

w=—zt+1

Part (b).
With h =

n—-1|-1 and n = 3,7,15, compute the discrete wq,...,u, using T,:
Uipy — 2u; + Uiy
h? n

12(-ih]2 with ug = 0 and w,,5, =0

Compare u; with the exact answer at the center point x = ith = 1/2. Is the error proportional to I
or h?#

The MATLAB code for constructing matrix 1" and vector v, and solving for u is

n=3; h=1/(n+1); Tn = toeplitz([2 -1 zeros(1,n-2)1); Tn(i,1) = 1;

v=[1:n]; for i=1:n; v(i) = 12=(v(i)*h)"2; end
u=(Tn/ (h~2) )\v’
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For n = 3, the output from MATLAB is:

un =

0.9375
0.8908
0.6563

Forx =ih=1/2, 0ri = %% — 2, us = 0.8906. The actual value at this point is 1—(1/2)* = 0.9375,
so the difference is 0.9375 — 0.8906 = 0.0469, while h = 0.25.
For n = 7, the output from MATLAB is:

mn =

.9844
.9814
9668
L9268
.8379
.6768
0.4102

Forx=ih=1/2 ori= %;—g =4, uy = 0.9258. The difference between this and the actual value is
0.0117, while h = 0.125.
And for n = 15, the output from MATLAB is:

n =

=l =il ===

.9961
. 9859
9950
9924
9869
9769
.9602
9348
L8072
. 8450
L7745
.6819
.5B29
.4129
L2271

For x =ih =1/2,0ri = %;'% = 8, ug = 0.9346. The difference between this and the actual value
is 0.0029, while h = 0.0625.

DO 000000000000

[=]

It seems that the error is proportional to h2. Dividing the error by h? for each of these different
values of n gives us a factor of approximately 0.75. This makes sense, because this is what we
calculated to be the error via Taylor series.
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1.2.19
1
u(x)=x———1-¢"
(x)=x-7=(1-¢")
h-l
5
2 -1 1
-1 2 -1
centered difference: i
h? -1 2 -1
-1 2]
2 -1
-1 2 -1
forward difference: i
h? -1 2 -1

-1 2

ul

u 1
20, -

Uy | 2h

u,

ul

u 1
20, =

U, | 2h

u,

0 1
-1 0 1
-1 0 1
-1 0
-1 1 ]
-1 1
-1 1
-1

0.12

0.1

0.08

0.06

0.04

0.02
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The centered finite second difference matrix with fixed-fixed boundary condi-
tions should be a sum of the K matrix and the centered difference matrix Ap.
so with n = 4 {and therefore b = 1/5) we have

2 -1 0 1 50 =20 0
Ko = 95 —12—1_1_|_5 -1 0 11=—3|:|~.1-'D 0

TR T Ao Lo o w

Likewise the forward finite second difference matrix should be K + A =0

45 =20 0 ]
K, — =25 45 =20 O

0 —25 45 —20
0 -9 45 |

The true w (x) is * + Ae®™ + B for some A and B. We know u(0) =u (1) =0s0
plugging these in we get

A+EBE=10
1+ 4e4+B=10

Using these two equations we get

The following MATLAB ontput gives the rest of the solution:

K = 2b=toeplitz([2 -1 0 0]);

0
0
—20

50

D1 = b=(diaglones(3,1),1) - diaglones(3,1),1)1); ¥ Centered difference
D2 = b=(diaglones(3,1),1) - diaglones(4,1))); ¥ Forward difference

K1 = K + D1; } Centered second difference

K2 = K + D2; } Forward second difference

o = K1% ones(4,1)

0.0621 01052 0.1199 0.0919
U = K2% cnes(4,1)
U =
0.0782 01258 0.1355 0.0975
e=expl(l]);
x=.2:.2:.8;
I =2+ (1l-e)7(-1)*explx) + (e-1)"(-1);
f!
ans =
0.0711 0.1138 0.1215 0.0868
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1.2.21
up —uy = —hu'(0) — %hz-u.”([}] 4+ -
u” (0) = £ (0) and ' (0) = 0 s0

g — U]

u(0) —u(h)

u(0) — (u (0} —

1.3.2
(1)
2 1 0] 2 -1 0] L,
Ki=|-1 2 -1|——=2-|0 3/2 -1 g2 3
0o -1 2 0 -1 2
1 0 02 -1 O 1
K,=LU=|-12 1 0|0 32 -1|=[-12
0 -2/3 1jlo 0o 34| | o
1 0 O Y2 0 0 1
L'=|y2 1 o|D*={0 23 0 |(U) =|0
13 2/3 1 0 0 34 0
. . i+1
(2) i-th pivot of K: —=
[
(3)
1 1
L = _]/2 1 LiL, =107 = Lt = ]/2
‘10 —2/3 1 “ Y3
0 0 -34 1 14
(i,j)ofL, " — l (on and below the diagonal)
[
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—2/3 1

= sh2f(0)

%h? f(0)+0 (h-’"j)

L2 3 (13
Fh°1(0)+0 (1)

2 -1
0 32
0 0

0
-1

s/J
| .

12 ]/3}

|

1

0

- 2/3] = LDU
1

1 12
1

1 23
0 1

1
2/3 1
2/4 3/4 1
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1.3.9

9) We are interested in Cholesky factorizing the matrices Kq, T3, and By using the MATLAE command
chol. A = chol(K) produces an upper triangular matrix A such that K = AT A.

2 -1 0 V2 120
chol{Kg) = chol ( -1 2 -1 ) =0 3 B

0 -1 2 0 0 o

1 -1 0 1 -1 0
chol(T3)=chol | |-1 2 -1 =0 1 -1
o -1 2 oo 1

chol(B5) fails becanse By is not a positive definite matrix, and the Cholesky factorization only works on
positive definite matrices. To get around this problem we add the identity matrix multiplied by a small
factor e (0 < e < 1), using the MATLAE command eps#eye (3}, to the matrix By and try again.

1+e -1 0 ] {1 -1 n]
chol(Bs + els) = chol -1 24 -1 =10 1 -1
(l 1] -1 1+EJ) I}] 0 EIJ

1.3.11
K=ones(4)+eye(4)/100
[L Ul=1u(K)

L-

% K=LU=LDL"--> U=DL"
D=U/L"

eig(K)

inv(K)

The matrix K is positive definite since all pivots and eigenvalues are positive.
1.3.13

(o)=(n) (o) (o)

Therefore, the answer is 1 and -1. Then by multiplication. we get vectors (1,1), (2,1),
(3,2), (5,3), (8,5), which give us the sequence

1,1,2,3,5.8, ..
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1.4.3

u(x) =—-R(x—a) + (1-a)x :{

(I-a)x for x<a
(I-x)a for x>a

1 1 1 (1—1)x for xs1
whena==: u(x) =-R(x-=) +([1-2)x = 3 3
3 3 1 1
@-x)= for x>=
3 3
2 5 9 (1_2))( for xgg
whena=—: u(x)=-R(x-2) +{1-2)x = 3 3
3 3 2 2
(1-x)= for x>—=
3 3
1 2 1 ’
1-=)x+(@0--)x  for x<= o
A-)x+1-3) ; » /
1 2 1 2 0
u(x) =q4@-x)= + 1-=)x for =<x<—
() =1@-X)5 + @-3) S<XS3 o/
(1—x)1 +(1—x)E for x < 2 “““'/
3 3 3 o1 0z L] o as £l o £l EL]

1.4.8
8.

The difference f(x) = d(z — %) —d(z— %) has zero total load, and —u" = f(x) can also be solved
with periodic boundary conditions. Find a particular solution upart(x) and then complete solution
Upart + Unull-

The complete solution is given by R(z)+ Cxz+ D, where F(z), the ramp, is the particular solution,
and C'x + I satisfies the homogeneous equation u” = 0. In the previous problem, the piece-wise
function incorporates both of these solutions — the ramp gives continuity and slope changes, while
the homogeneous solution explains what happens within these regions. Once again, before z = %,
our solution is of the form v = Az + B. Between x — % and x = %, our solution is of the same
form, which we will call u = Cz + D). And, finally, after x = %, call our solution Fx + F. The

periodic boundary condition we will write as u'(0) = «'(1), and u(0) = u(1).

u(0)=4'(1)=A=E
u@)=u(l)=B=A+ForF=B-A

. 1 (1 1
:\ojumpatu—g. A(3)+B—C(3)+D
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Noj t —E- C E D=F E +F=A E +B-A
O Jump a U_E' ‘3 = 3 = 3

1
Slopedropshylatu:i: A-C=lorC=4-1

2
Slopeincreascsbylatuza: A-C=1

We can rewrite our jump condition at u = % as

A()em—taon ()
)

And at uz%:

S0 our unknowns are given by

2
F:B—A:D—é

Our equations are

1 1 1
u:§I+D—§,forD{x{i§
2 1 2
== D, for = -
i 3:15+ 0r3<::r<:3
1 2 2
u:§I+D—§,_ fcrr:r::)g

The null sclution is

Chapter 1. Applied Linear Algebra
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u(x)= (x)+Ax3+Bx2+Dx+E—>u(x):C(x)—ix3—1x2+l
12 4 6
u(1)=0—>l+A+B+D+E=O—>—i—l+D+E=—l D=0
6 12 4 6
1 1 - E=l
u(-1)=0->0-A+B-D+E=0—>—->-D+E=0 6
12 4
u”(1)=0—>1+6A+ZB=0—>A=—%

U"(-1)=0->0-6A+2B=0>B=3A= >
4

1.5.3

3) We want to find the eigenvalues of K, and verify that they equal (2 — /3,2 -1, 2 -0, 241, 2 ++/3).
Thizs is done using MATLAB. First the decimal values for the eigenvalues are found using the MATLAB
command e = eig(K). We can compare these numbers with the numbers for the eigenvalues generated with
the formula A = 2 — m.‘-;[%}, where k£ = 1,2,...,n and in this case n = 5. These values are generated
with the MATLAE command e_expected = 2%ones(5,1) - Zwcos([1:5]1+pi/6)’. Taking the difference
between e and e_expected in MATLAR, we get a column of zeros (within a tolerance of 1.0 x 10~!%),
indicating that the two are equal.

1.5.4

e = eig (K5) = 2xones(5,1)-2*cos([1:5]*pi/6)’
[Q, E] = eig (Kb)

DST = Qxdiag([-1-11-11D

JK = [1:5]"%[1:5]

sin(JK#pi/6)/sqrt(3)

DST'=DST"!
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1.5.9

9) We now show that Ky = A TA_and By =A_A_T , where A_ is the 4 x 3 backward difference matrix
given by

1 0 0
-1 1 0
A-=1p 1 1
0 0 -1
. 1 -1 0 0 11 [1’ g 2 -1 0
Kiy=ATA -0 1 -1 0 o -1 1=t 2 1
- - - 9
00 1 1|, 0 -1 2
1 0 0 1 -1 0 0
S N B U B BTSN R
Bi=AAT=| " 01 o= 0 5,
0 o 1 L{} 0 1 _1J 0 0 11

The eigenvalues of K are:

0.5858 = 2-2*cos(m/4)
2.0000 = 2-2%cos(2m/4)
3.4142 = 2-2*cos(3m/4)
1.5.18
) . Eet ) . 341 3F -
Diagonalize 4 and compute SA"S™ to prove this formula for 4™: 47 = %|:3k 1 3 +J

2 1 1 1
The matrix 4 = |:1 2:|has eigenvalues A;=1. A;=3 and eigenvectors x; =|: 1:|. Xy = |:1:|

, , , , 0
The eigenvalue matrix. A. has eigenvalues Aq and A» for the diagonal: |:0 3:|

* 1 0
and the kth power of A 1s AF: 1 0 = .
0 3f 0 3

, 11 L T2 —1/2 1 -1
5 has eigenvectors x1 and x3 for columns: L1 and S5 1s: 1/2 =%
k k
SAFs _ 1 11 © Ll -1 1 1-1+1-0 1-0+1-3 1 -1 1 1 3 1 -1
-1 1o 3*|*1 1] *-11+41-0 —1-0+1-3%f1 1] -1 3F[1 1

1-1+1-3*  1.-1+1-3% 3 4+1 3" 1 .
& k k k =4
—1-1+1-3% —1--1+1-3 3F_1 3F41

1=
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1.5.23
du 4 3 e ik
a _[{] I}J u=_Ce"x, + DCe™x,
(4—AT)x=0
4-4 3
det(Ad — AF)x = det -0
= - dl)s c[ 0 14]
(4-a)i-a)=0 - =1 % e
a A=1
{4—1 3] [3 3} [1}
= —r x1=
7 R 0 0 -]
b) A=4

IpEte H B

Su(t)=2e'x, +3e'x,

1.6.16
1.6.16. The eigenvalues of A= Yare the inverses of the eigenvalues of A, hence are
. . . a b |, . i .
also positive. Second proof: 4 = { b e } is positive definite iff a > 0,ac— b > 0.
: c —b
In particular, ¢ > 0. Now 4! =

| _p g ] has determinant —= > 0
and top left entry e > 0, henee is positive definite.
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—
@
Do
W~

[N
—_~
c

4 e\T _ 1 N
K ) K(u-K 1f)—EfTK Lf

0 =(KH) J(Ku- )2 K

WTKu-u" f —(K‘lf) Ku+(K‘1f)T f}—l

ZfTKf
2

.
UTKu-u" £ = [(Ku) (K2 )+ 17 (K2) f - fTK‘lf}

_uT Ku-u'f —(uT KTK™?f )T}

Nk, NP NP NP

=%uT Ku-u'f =P(u)

The long term %(u —K*f )T K (u—K™f) on the right hand side is always positive except when u = K* f

1.6.27

27) We are given that the matrices H (size m x m) and K (size n = n) are positive definite and matrices
M and N are defined in block notation by

o [H 0 . [K K
M= [n K] N= [ﬁ: K]

If we denote the upper triangular Gaussian eliminated forms of H and K as Uy and Uy respectively, then
we can perform Gaussian elimination on matriees M and &V and get

M alimination |:UH 0 N alimination |:L'-_;.; Lr_;{
0 Ug 0 0

So the pivots of M are composed of the pivots of H and the pivots of K. Sinee the pivots of hoth H
and K are positive, the pivots of M are all positive and thus M is positive definite. The pivots of N are
composed of the pivots of K and n zeros. Sinee N has positive and zero pivots, it is not positive definite
but rather positive semi-definite.

The eigenvalues of M and N can also be connected to the eigenvalues of H and K. We define v and
A and to be the m eigenvectors and corresponding eigenvalues of H with i = 1,2, ...,m. We also define
v and AF and to be the n eigenvectors and corresponding eigenvalues for K with i = 1,2, .., n. Then the
following observations can be made.

H 0 trf‘r:va:A_va H 0 'D_= 'El_
0 0 | 0 K u{‘ KU{‘

0 K
So the eigenvalues of M are composed of the eigenvalues of H and the eigenvalues of K. Also if we define
e; to be the column vector consisting of (i — 1) zeros followed by a one and then followed by (n — i) zeros,
then we ean use it to find the eigenvalues of N.

K K|| & _ 0 _pol® K K Lt‘;‘ _ 2}'{1-‘1‘-;‘: _9\K Lf‘
R K| |—e 0 —ej K K| |vf 2K v =Mk

i

| 0
— Ak
= X; [U:\
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iz
vectors. This means that zero is an eigenvalue for N with a multiplicity of n. The remaining eigenvalues
come from the eigenvalues of K, but as seen above they are doubled. So the eigenvalues of N are 2 times
the eigenvalues of K, as well as the eigenvalue zero with multiplicity .
Finally, we want to construct the Cholesky of M, chol{M ), from chol(H) and chol{K). We let 4 =
chol(H), so that H = AT A and let B = chol(K), so that K = BT B. We then define a matrix ' that is
given in block notation by

Sinee e; is orthogonal to e; for ¢ # j, it is clear that [ o ] for i = 1,2, ...,n are n linearly independent

C=[A D]=[chc-1|:H:| 0 ]

0 B ] chol(K')
If we multiply the transpose of C with C, we find that it equals

CTC_[AT DHA ﬂ]_ ATA 0

0 BT||0 B 0 B'B 0 K

=[H ﬂ]=M

So, M = €T, which is the Cholesky factorization. Thus, chel(M) = ', where ' was defined ahove in
terms of the chel(H) and chol(K).

1.7.6

. . ) -, :
Us VT ={c05a —smonal 0} {cow sma}z{qcos a-o,sina (o,-0,)sinacosa

sina cosa —-sina  cosa

11 . 11
A= —>ATA=
01 12

det(ATA—A1) = A2=31+1=0

s (8 =28 > [ = L3 48) 2 0445)

0 o, (0, —0,)sinacosa o, sin’a+0o,cos’ a
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1.7.18
110
11 0] 21
A= ATA=|1 2 1],AAT =
011 12
011
3 NE]
det(ATA-Al)=A(1-4)(4-8)=0>A=| 1 |>Z= 1
0 0
210 1 A, 11
V.
=311 -1 1|v,=0->vVv,=——2|>U=""="1
A’l 0 1 _2 1 1 \/E 1 1 Ul \/§|:1:|
010 |t A, 11
A=1:|1 1 1ly,=05v,=—=| 0 auzzl:—{ }
010 2|4 o 2l
110 1 . 1o
A4=0:1 2 1|v,=0>v,=——|-1 —>u3:i:[o}
011 31 s

G T Yz yET
uszzi{l ! 0} 1 ||[2/v6 o -1B| =A
0

211 -1 0
N6 -yN2 Y3
1.7.28
matrix Amax/Amin Eq(19)
Ky 39.8635 40.5285
Ty 142.6689
1.7.30
1 0
DIFF=|-1 1
0 -1

>> [U, sigma, V] = svd(DIFF)
>> null(DIFF?)
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