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3.1.10
c(x)=1f(x)=2
8 -4 0|y 11 Uy 1 3
Ku=f—>|-4 8 -4 Uz =El—>u2 =E4
0 -4 8|y, 1 U, 3
3.1.11

By —u" = z, u has the form of
u=—1/62+ Ciz + Cs.
By the condition of u(0) and u(1). we have C; = 1/6 and Cy = 0. So we have
u=—1/62*+1/6z.
Then we have ]
Fy = [ r(x)dr = L
Jo 9
and
! 2
Fy = [ ro(x)der = —.
Jo 9

Also we have

1 f
. dipy day
I“ll] — —d —
Jo dr dr
‘| N
didy dibo
K9 = Kqy = - —
12 21 ), dr dz
and
. ddg dirg
Koy = —_ =
= p dr dr

So the equations KU = F becomes

G -3 uq _ 1/9
-3 6 uy )\ 2/9 )
which has the solution w; = 0.049 and us = 0.062.

By Matlab, the largest difference between the exact and approximate solutions happens
at = = 0.84 with an error 0.0116.
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[exact solution ]
1, 1

u=-=x*+=x
6 6

[ approximate solution: V; = ¢, ¢(x) =1 f (x)=x]

g6 S|w]_[ve]  [u]_[ooes

3 6|u, | |2/9] |u, | |0.0617

largest error: 0.0116 @ x=0.84

e T
b L sxact
0.061-—_- o o [ LT _1r‘_‘,___'_| ________ L T approx i
A R B 7 S error
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0.03}----- AN SO S— LN U L WA {
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W T Y
0.02}----- /S S S R S S
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e e A VA B
R I N
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3.1.12. We will use the same ¢; as in the previous ]>1[1]::][*111
1/4
of svmmetry, we only need to compute My = ﬂ“ (dx) rf?: - f

1!12 = JI"I {4:1“? (1—4dz)dr = L1 T'he desired matrix is

Ti40]
KRR

%;3,;1'111 because
(1—4x)%dx =

3.1.14. Integrating %{u:[r]v(:{']] = *u-‘[.t:}% ;""'"{T}?% from 0 to 1. and
setting w(z) = r.‘[.r]ld—“. we obtain [f.'[.'ﬂ:l’-!-‘l{i‘:l%]ﬂ = [y d(c(z ]d“] v(x)dr +

du d: . (e
ﬂ} z:{:rb Sedr, Le. equation L._ll
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The area under ¢ is

2h 4h 3h  h
.-5 .._Lh ,_|_ _'52h-.
|| starde = Goulh) + o) + Gost2n

By the condition that ¢s(h) = ¢5(2h) = 0 and ¢s( 3—;) = 1, we have

2h 4h 2
e (2 )dr = — = —.
ﬁ o5 (z)dr 5 5

325 The dis plrmam nt and slope funetions ce 11#[ red at th are [cf. page 245)
r:.trri |I "'h'| — 1 {ZJ” m|+1 q; = {” nl"| — l |I ih . Doing m![ nlations,
[{.ﬁrd]" = —I|:r —ih|— 37, ({ﬁf = 1|$—1h| — 5. Inonr 1}1(1%!(111 h=1,i=0,1
so (¢d)" = 324|z| — 54, (¢§)" = 324|x — l| — 54, (g8)" = 162|z| — 36, (¢3)" =
162|x — §| — 36

3.2.0. We integrate the 16 pairwise products of ( }" = 324|z| — 54, (6§)" =
324|x — 1| - uul_{{t}‘f']l" = 162|z| — 36, (¢§)" = 162/x — 2| — 36 from 0 to 1 to

nhtain

324 162 —-324 -162
162 108 —-162 —54
—324 162 648 162
-162 -54 162 216

Note that by svmmetry reasons, K, is svmmetric, and its (3.3) entry is twice
the (1.1} entrv, the [4.4) entryv is the same as [2.2), and {1.2) is same as (3.4)
and opposite of [2.3)

K. =

3.2.10. By symmetry, we can easily assemble the symmetric 8x8 matrix K
from K. in problem 9:

[ 324 162 —-324 -162 0 0 0
162 108 —162 —54 0 0 0
—324 —-162 648 162 324 -—162 0
—-162 —-54 162 216 —162 —54 0

oo oo

K= 0 0 —324 -162 648 162 324 -162
0 0 —-162 —-54 162 216 —-162 b4
0 0 0 0 —-324 -162 324 162
0 0 0 0 —-162 —54 162 108 |
1
3217 f(x)=r—
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Spline [A] with 10 meshpoints

Spline [B] with 20 meshpaints
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3.3.1 Forv=1(1,0) = w, we solve % =1, g—; = 0to get ulr,y) =r+C and
—% = ﬂ‘j_; = 1to get s(z,y) = y+ €. Thus the equipotentials are vertical

lines (x = C') and the streamlines are horizontal lines [y = C).

3.3.5. For vy = —y, w2 = 0 5toke’s law becomes [ —ydr = [ vidr+vody =
I Ix (%1 - %}) dzdy = [ [ 1dzdy = Area(R). The ellipse is parametrized by

r=acost,y =bsint,0 < ¢ < 27, Henceits area is ff__, —ydxr = ﬁ}z_ —(bsint)(—asint)dt =
mab.

3.3.8

[Divergence Theorem|
Hsdiv grad u dxdy = ”Sdiv (2x,0) dxdy = HS 2 dxdy = 2*area(S)=8

1 1
[.ngraduds= (2x,0)-nds=2[ (2x,0)-(10)dy=2[ 2dy=8

along the top edges of the square where n =(0,1), jc (2x,0)-nds=0
3.3.9

-1
u(x,y)= y—>s(x,y):—x—>(Vu)T (vs)=[0 1]{ 0}:0

u(x,y)=x-y—->s(xy)= x+y—>(Vu)T (Vs)=[1 —1]{1} =0

1
V2 Ly X y X +y?
o) =tog( 37 o s(y)=tan (X o v (ve)=| e XY o
x> +y?
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3.3.10
10) v = (2zy, 2 —y?) =Vu
%=E=er _ﬁ=5u_5?_y2
dy Oz dr dy
u(z,y) = 2% + ily) u(e,y) = 2y — 33 + fola)
s(e,) = 29° + fal@) swy) = =1 — 32 + )

3

Equating the two equations for u(x, y) and s(x, y), and letting arhitrary constants be 0, we find fi(y) = —%y ,

falx) =0, fa(x) = ——_r , and fy(z) = 0. So, |u(z,y) =y — %y and |s(z,y) = zy” — %IS . The

equipotentials (u(r,y) = ¢) and streamlines (s(x, y) = ¢) are shown in the fisure below for flow into a 30°
wedge. To verify that flow does not pass through the upper boundary, we can show that v-n = 0 for y = */va

On the upper houndary, n = (—sin(30°),c08(30°)) = (—1/2,v3/2), and v = (2z(z/v3), £* — (z/vT)?) =
=2(2/v3,2/3).
1,2 3 _2
vnEgt Rt Iy
2 g2
- +—==0
V33
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3.4.4

2

ou . ou .
a—=cos€—r 2cosé’—>F=2r *cosd
U=rcosf+rtcosd—>{ " ' ,

A _ _rsin 9—r*lsin9—>a—g=—rcose—r’lcose
00 06

[Laplace's equation @Jrla_“Jri AL 0
or? ror r? o6

z=x+iy=re’ where x=rcosé,y=rsing
f(z)=z+2" =Re[ f(x+iy)]+Im[ f(x+iy)]=u(x y)+is(xy)
x3+x(y2+l) X

U(X’y)= x2+y2 =X+x2+y2

2

X4y -2x2  =2xy
(x2 + yz)2 ’(xz + yz)2

)1}—>v-n=(2—2x2,—2xy)~(x, y)=0

3.4.5

5) u = In(r) and I = In(r?) hoth satisfy Laplace’s equation. In fact, I/ = In(r?) = 2In(r) = 2u. So, it is
enogh to show that u satisfies Laplace’s equation, becanse then U7 automatically will as well. This is shown

below.
Fu  18u lﬂ'lu_{i 1 11 0— | 1_{].
tror TR o \r) Tr\F) T T et E S
u and 7 would have been obtained by selecting the complex funetions f(z) = In(z) = u + is and F(z) =
In(z?) = U + i8 where z = re. f(z) = |u +is = (In(r)) +i(@) | and F(z) = |U +i8 = (In(r?)) + i(26) |

The Cauchy-Riemann equations require that ™ /ar = 95 /sy and 9V sy = —5 /a2, This is verified below.
. . avr 2z aur 2y

U(z,y) = In(z? + 3 = .

(z,y) =In(z" +y7) or (2 +y7) By (= +y*)

a7 —1 —1
— otan—! (¥ 95 _, EAN I 95 o1+ (¥Y] (-
Slr,y) = 2tan (r) dy _2[1+(:) ] (I fdr l+(u?) ( L’z)
B 2z Iy
(= + ) (22 +y7)
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3.4.17

17) We want to verify that uy(z, y) = sin{=kx) sinh{xky) / sinh(=k) for k= 1, 2, ... solves Laplace’s equation
and satisfies the boundary conditions on a unit square w(x, 1) = sin(wkx) and u(z, 0) = u(0, y) = w(1,y) = 0.
First, we check if wp(x, y) satisfies Laplace’s equation:

[i _ sin{mkx)
8y?  sinh(xk)

Py _ sinh{wky)

2,2
522 ~ sinh(zk) (m°k" sinh(mkx))

(—m*k* sin(mkz))

Py 0% w2k
5T+ 5% ~ smb(ah) sin(wkr) sinh(rky) + sin(~kr) sinh(zkr)] = 0 v

Then, we check if wg(x, y) satisfies the boundary conditions:

sin(0) sinh{7ky) oy sin(wk) sinh(=ky) _ov

wel0:¥) = — G ue(l¥) = — R
i ‘I.L!T h i -}rk;
Uk[I:.D:'=Eln[T::::1I;} 0V wp(z, 1) = 2! IJE*H"’E % _ sin(rkz) v

Extra Problem) Solutions to Laplace’s Equation V2% = 0 come in pairs ; and &;. Four of these pairs are
listed below for both 2D Cartesian coordinates and 2D Polar coordmateﬁ
In 2D Cartesian coordinates, w;(x, y) and =;(x, y) both satistying —z— + M— =0

wy(z,y) == silx,y) =y

us(z,y) =2° —y° sa(r,y) = 2ry

uy(z,y) = =° — dry? sa(z,y) = dz?y — y*

ug(z,y) = = — 67" + 3 sa(z,y) = 4z'y — dxy®

In 2D Polar coordinates, u;(r,#) and s;(r, @) both satisfying ‘;—-,r + 12k ;'-_r%? =0

uy(r, #) = rcos(d) sq1(r, @) = rsin(d)
us(r, @) = v cos(24) sa(r, @) = r¥ sin(29)
uz(r, ) = r° cos(34) s3(r, @) = r sin(38)
ug(r, 0) = v cos(48) s4(r, @) = r'sin(48)
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3.4.19
o 0 b . .
u(x,y)=>.> =" (sin mzax)(sin nzy)
m=1 n=1 ﬂ‘mn
20-Praoblerm
0.08 -
0.06 -
- 004
0.0z -
D =
1 1
- 0.e
0.5 04 .
02
0 0
¥ it
20-Problem

P q0.08

o 10.04

F 10.03
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351

The 7-point Laplace difference equation in 3D has +6 along the diagonal and six -1’s on interior row.
Thus, K3D=-A%-A2-AZ has size of N°,

Create K3D by the kron command from K2D and 12D = kron(l, 1) in the xy plane using K and I of size N
in the z direction.
K = toeplitz([2 -1 zeros(1,5)])

1 = eye(7)

K2D = kron(l,K) + kron(K,1I)

12D = kron(l, )

K3D = kron(l,K2D) + kron(K, I12D)

35.2
- S
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h

3.0.8

3.5.8. The ij block of C = kron(A, B) is the n by n matrix A;; B. Hence the ij block of ctis
A;BT ie. C7 = kron( AT, BT). We now check that kren(A, B)kron(4=', B~} =TI
The 5 block of the pabove product is

Allgl:fi_l}lljB 1 i z’linB[ﬁ_]}njB 1= {.4.11(4"1 1}]3 + e + A (A 'lj]”j) BB 1 = tigjxrﬂ

Thus the diagonal blocks are I, and the off-diagonal blocks are 0, i.e. kron(A4, Blkron(A~!, B~1) =
.

Chapter 3. Boundary Value Problems 10



Computational Science and Engineering

3.6.4
K,=| —C +C - with ¢, = ——
e 3 G 3 G i 2tam9i
- -G G+6
Cy+C; —Cg —C, || Uy
Uy U, Ug]l ¢ g+e - ||U,
) - G +C || Us
=63 (U —201U, +U3 ) +.¢, (Uf —~2U,U; +U3 )+ ¢ (U3 —2U,U5 + U3 |
2 2 2
_11(Uy-Uy) +“%—U0 +ﬂh—Uﬁ
2| tané, tan 6, tan g,
1 2 -1 -1
23 -1 -1 2
i-1 i i+1
o -1 -2 0.0 -16 -10.:--0 -1 -10
NW NE W E SW SE
NW NE

i+1: E

SW SE

3.6.5

m=3;

n=3;
[p,t,b]=squaregrid(m,n);
[K,F]=assemble(p,t);
[Kb,Fb]=dirichlet(K,F,b) ;

b:12347698
Kb:(5,5) 4
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3.6.7

3.6/7 Let us first find the function IV in the lower triangle. U(x,0) = a+br+dc”
is a quadratic in © which is supposed to vanish for « = D,%.. 1. This
happens only when a = b = d = (. Similarly,

U(l,y)=a+b+d+ (c+e)y+ fiy
is a quadratic that vanishes for y = 0, %.. 1. 5o,
a+b+d=0 c+e=0 f=0
Thus, Uz, y) = ey(l — ). From U7(1/2,1/2) =1 we find ¢ = 4:
Ulr,y) = 4y(l — =) in the lower triangle.
Using the reflection svinmetry about the diagonal r = y, one easily obtains

Ulz,y) = 4=(1 — y) in the upper triangle.

3.6.11

3.6/11 (a) If vy = (1,1), vo = (—1,1), va = (-1, 1) and vy = (1,—1) and we
want Ufwv;) = Uj, then

Uiz.g) — Us [;17+1:I4|:y H1) L e 1iy+ 1)
G 1}:;3;—1) +Ll_i{z+1_}l[4y— 1)

|
=3 (U + U+ Us +Ug) + (U —Us - Uz + Uy)x
+ (Ur +Up — Uz - Ugly + (Uy — Uz + Uz — Ug)zy)
(b) From (a) we know

b=0U, U —-Uz+ 174 c=0U1+Us -0 -U,.

Thus,
U,
o /6 By (1 -1 11 Uy
(&[f;ay)(ﬂ1u}—(c)—(1 1 -1 —1) Us
Us

(c) It’s a straightforward check to see that (1,1,1,1)" and (1, -1, 1, -1)T
are in the nullspace of &.
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