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Curves

Hermite Curve
Bezier Curve

B-Spline Cu

Nonuniform Rational B-Spline (NURBS) Curve
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Curve Model: Parametric Polynomial

o ZXEGt=(sin, cos, log, ..) & MX| &1 CiAZ H

o T (-

X(t)=a, +at+at’ +at’+---+at

» Arer=de 720 Heh CAD/CAM A|A-0A 71

e Parametric polynomial curvel| & &%
— Power basis Polynomial Curve
— Ferguson (Hermite) Curve
— Bezier Curve
— B-Spline Curve
- O|&2 BF &= Hot Jts
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Parametric Cubic Curve (3X})

i Scalar fOrm (X(U) :an —I_alxu—l_a?xl"I2 +3.3XU3
y(u) = a,, +a,u+a,u’ +a,u’

-

| Z(u) = &y, +a,u+a,u’ +a,u’

« Vector form r(u)=a, +au+a,u’®+au’

|

|

3 :
:Zu'ai |
|

|

|

|

e Matrix form =0 o
O Vd
a S
r(u):[l u u’ uﬂ Ll2uA e v
a2
[ A3
— M AL HETF 2L
— CHA: A% [a,a,8,,8,]0| 0|0/ Imetstr| Of ALt
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Hermite (Furguson) Curve (1)

. Po|yn0mia| = A Al r(u)=a, +a,u+a,u’+au’ (0<u<1i)

r'(u) =a, +2a,u+3a,u’
o S8 SEHOME E™(Po, P11t HHHEE(to, t1)E O &
r(0) =
rQ) =
|r© -
r@)=

« a, 0f Ciot] & ™ (algebraic coefficients)
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Hermite (Furguson) Curve (2)

r(u)=a, +au+a,u’ +au’ (0<u<i)

geometric coefficients blending functions

(P, =P(0) [ f,(u) =1-3u® +2u°
P, =P(1) f,(u) =3u® - 2u°
< t, =P'(0) < fo(u)=u-2u®+u’
t,=P'(1) f,(u)=-u®+u°
« Matrix form ] -
1 0 0 O0][P
r()=[ u u® u’ _03 2, _12 _01 E = UCS
2 -2 1 1|t
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CAD

Bezier Curves

History of Bezier Curve

— Bezier designed the Bezier curve
* in the early 1960s
- at Renault, French automobile company Vs

* UNISURF: surface modeler used by Renault since 1972 to
design auto-bodies

— de Casteljau at Citroen also designed the Bezier curve
at the same time with Bezier's

Features of Bezier Curve
— Pass through the first and last control points

— Tangent to the lines joining the first two and last two
control points

— No oscillation
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Bezier Curve®| A 9|

N
N
o

O| XFHLZFH FLH = LIEIL= =
=l & St~ (Bernstein Blending function)& 0|25} 0
olLte| Bezier CurveE 49|

L. Bo(u) Ba(u)

1(U Ba(U)

Curves and Surfaces - 8




Cubic Bezier Curve

« ™ 47| 2 8lL}Q| Bezier CurveZ ™ O

r(u) = (@-u)’V, +3u(@-u)*V, +3u’@1-u)V, +u’V, v, -4
=UMR  (0<u<l)

U=[1 u u® u’]

M =

. control points

V3 =P|

S S <K
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Bernstein Basis 0f 2|5t Bezier Curve

« M3 Bezier M Vi
r(t)

r(t) = (L-t)V, +tV, v, % Vv,

« 2K} Bezier 2M
r(u) = (@1-u)’V, +2(1-u)uV, +u?V,

* nX} Bezier curve2| Al

r(u)=Zn:Bi”(u)Vi, 0<u<l

n!

il(n—i)!

(1—u)""'u' : Bernstein basis function

n o
B! (u) =(J(1—u)”'u' -
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Bezier CurveQ| € HIAl

n

B, (u) =(_ ](1—u)“i u' 0<u<1

« Blending function of Cubic Bezier Curve (degree 3)

1

3!
Bolg(u)zﬁ(l—u)s)u0 =(1-u)’ . i

3!
Blyg(u):ﬁ(l—u)2 ut =3u(l-u)’ 5.

-3I' ) B, g
B,,(u) :zTil(l—u)u2 =3u”(1-u)

| |

By (1) = (1) u* = R — 1

* Normalizing Property
(1-u)’ +3u(l-u) +3u?(1-u)+u® =1
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Bezier Curve?| 0

ié)

Composite Bezier curves

CAD
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Bezier Curvel| 4% (1)

« Convex Hull Property

- s = — =

» Effect of moving control points
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Bezier Curvel| 4%l (2)

« Affine Invariance
— Control point= transformations}™ =AM = ZH0| transform = Cf

I
e
ol
N

» Closed loop : first and last control points are coincide
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= (3)
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Bezier Curve
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Composite Bezier Curve

» Piecewise Bezier curve in case of a large number of
control points

— C' continuity: three control points around the intersection
are colinear

Common control point

CAD Curves and Surfaces - 16




- U Xt 7t > HOHA| e == T
- ol 7je] M Aoz HH > R &9 CAD/CAM
system O| &
« Composite Curve: piecewisely defined continuous
curve

rg(U) \pg- P}

P}
Y

g =0 uq Uy uz =1

{ ry(u), ry(u), ry(u) }: composite curve

ry(u), ry(u), r(u) : curve segment
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Continuity (A= ZX71)

« Parametric Continuity

Co i Cl el C? el
~ d d d? d?
rl(ul) =0 (ul) arl(ul) — Erz (ul) er(ul) = Wrz (ul)

« Geometric Continuity

Go ol

x| o1z EPIRES ;

+ G* A% curveo| KO} 43t0f Qo Cr %O
ihE 4= Ut
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Uniform Cubic B-splines (1)

« Choose blending functions so that ...

— Cubic polynomials " @“a_ g
— C2 continuity o

— Local control pd e

— Points not necessarily interpolated o

 Derivation

— Three continuity conditions for each joint J; ...

» Position, derivatives and second derivatives of two curves are
equal at J,

— Also, local control implies ...
« Each joint is affected by small set of (4) points

CAD Curves and Surfaces - 19



Uniform Cubic B-splines (2)

Q, (u)=by (u)V, +b, (u)V, +b, (u)V, +b, (u)V,

Dy (U) = 8y, + 8gyU + 8% +ag,U° |
Q, (u)=by (U)V, +b, (U)V, +b, (u)V; +b, (u)V, b, (U) = &y, +ayU +a,u’ +a,u’
(15 continuity constraints) b, (U) = 8 + U+ BU7 + Bl f
QD-Q(0)  QM-QGO)  FW-QO) () g rauraiay
b, (1)=0 by (1)=0 by (1)=0 , L1 o1, 1 3’
b(1)=by(0)  |b/(1)=b;(0)  |b/(1)=Db;(0) % (1)=5 2 "
S0 0=5(0) >IBI=b(0) >BD=NO) |y 1y)-2sou_uisly
5, ()-5,(0)  [B@-B0) [B@-b0) | 3 2
0=b,(0) 0=b;(0) 0=b;(0) b, (u) =g H+5utsut—ouw
(1 normality constraint) . ) (u):0+0u+0u2+1u3
b, (0)+b,(0)+b, (0)+b,(0)=1 o3| B  B(u) 3 6

v
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Uniform Cubic B-Spline Curve (3)

r(u)=by(u)V, +b, (u)V, +b, (U)V, +b, (u)V,

:(E_lu +1u2 —lu"’JV0 +(g+0u —u? +£u3j\/1
2 6 3 2

+(1+%u+—u2——u3jvz+(O+Ou+0u2+—u3jv3
1 4 1 o]V,
-3 0 3 0|V
=[1 u u3]1 '|=UNR (0<u<l)
6| 3 -6 3 0|V,
-1 3 -1 1]|V,]

v
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B-Spline Curve?| £

« ZFEEL M2t iAo X7t M2 = E A 0|
~ AR St A4S Y BY 4+ US
— Bezier curveQjj M= =™ A
. IEFOI YA xFO| 7|
- DE S Sl oS uo MA| B B 2T A=
CI2 QX Hoo| MO 2tS ZHE 2 &t

— Bezier curve M= S8l H ST ul| MHHEHLAAM 4S

te 2> 0| MM = HHE

« Degree”} 3X} O|&f(order= 4X}0|&H)O|H 2X} O|& &
40| g
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B-spline Curve?| 49|

Pu)=> PN, (u) (t,<u<t,) v, v,
i=0

{P,,P,, ---,P.}: control point
N, (u): blending function of degree (k —1) \

(u-t) (t, —U) Yo" Vs
N (U) = Tt N (U) + T ot Ni.1ka(U)

i+k-1 i i+k i+1 \
Cox-de Boor (blending) function

1 t <uc<t
Ni,l(u) = :

0 otherwise
t o ue] He Wl EAs= w5 %k (knot value)
k : order (degree =k —1)

i+1 Vg Vv

B-spline of order k in the iI-th span is the weighted average of the

B-splines of order (k-1) in the i-th and (i+1)-th spans
Z Ni,k (U) =1
i=0

- Convex hull property
- Normalizing property

Curves and Surfaces - 23



B-spline Curve?| Blending Functions

L= Linear
k=2
)) |
(( ¢
1 Quadratic
k=3
))
7¢ "
1 —
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Knot Vector

« Relationship of parameters

(m+1)= (n+1) + k
[
] order of curve
# of knots # of control points
m=n+Kk

Ny (0) € (ot

(n+k+1) I<,not values

\NQk(u)p“

(n+1) blending functions

Classification of knot vectors
— Uniform / periodic

— Nonperiodic
— Nonuniform

Niyp—> Niy3

o

/
L

Niks1, k

Niks2, k-1 = Ni2. &

Ni23
/ Nig,k-1i— N1k

Ni3e o o — Nijoj Z—s N;y
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Uniform/Periodic (1)

 Uniform knot vector has equispaced t, values

—[01234]witha="1
~[-0.5 0.0 0.5 1.0 1.5]witha=0.5 {”=5 |
# of control points=n+1=06

Degree Order Knot Vector Parameter Range
(k—1 (k) (m=mn+k k—D=t=n+1

1 2 O 1 2 3 4 5 6 7 1=t=0

2 3 O 12 3 45 6 7 8 2=1t=6

3 4 O 1 2 3 45 6 7 8 9 3=t=6

m Normalized in the range of [0 to 1]
—[0% % % 1]
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Uniform/Periodic (2)

* Uniform B-splines of various degrees

Linear v

V3 /
Cubic

Quadratic

CAD Curves and Surfaces - 27



Nonperiodic (1)

* Nonperiodic or Open Knot Vector

— Has repeated knot values at the ends with multiplicity equal
to the order of the function k and internal knots equally spaced

Order No. of knots Nonperiodic
(k) (m = n+ R) knot vector R
2 6 k=3 (Quadratic)
, 0 o1 2 3 3 k=4 (Cubic)
k k
3 7 [O 0O 1 2 2]
k
4 8 O o0 0 0o 1 1 1 1J
k k {n _3
- # of control points=n+1=4
 General expression P
(periodic: t =i—k, 0<i<n+k
0 0<i<k
t,....t,., — . i .
— nonperiodic: t =qi—k+1 k<i<n
(n+k+1) knot values .
n-k+2 n<i<n+k
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Nonperiodic (2)

* No loss of parameter range
— Curve interpolates the first and last control points
— 0<usn-k+2

« Bezier curve: special case of nonperiodic B-spline

— If no. of control points (n+1) = order (k) and a nonperiodic
uniform knot vector is used

— Cubic B-spline with 4 control points and a knot vector [0 0 O
01111] = Cubic Bezier curve

© 0 --- 0 1 1 --- 1

L
W W

k k

CAD Curves and Surfaces - 29



Nonperiodic (3)

« Multiple interior knot -« Effect of multiplicity of control points

values or unequal — Generate a span of zero length
spacing — Ckm2 continuity at t,

[012334] — m (= k-2) is the multiplicity of interior
1[0.00.20 0.55 0.75 1.0] knot value

v,

V0 V2
— No multiplicity
—— k=4,KNOTI000037777] S
———%k=4,KNOT[00008101010 10] — -~ Multiplicity 2 at V,

CAD Curves and Surfaces - 30



B-spline Curve?2| 0| (1)

Po, P1, P2o| =™ A S 411 order (k)7f 391 H|Z=7|A B-spline =4
H| 37| 5t ti= Cha1t €5
t,=0,t,=0,t,=0,t, =1t, =1t =1
k=10 S S &= k=20] 3{2te|=
SaD S Nig §E 2D BE NS SE
1t,<u<t
°1710 otherwise . (U—1,) Ny, +(t2_u)N1,1 UN,, +(_U)N1,1 ~0
0,2 — - -
N 1t <u<t, L-1 L, -4 0 0
e O otherwise (u_tl)Nl,l (t3_u)N2,1 uN, , (1_U)N2,1
12 = + = + =(1-u)
1 t <U<t tz_tl t3_t2 O 1
21710 otherwise N (U—t,)N,, N (t,—u)N;, UuN,, . @-u)N,;,
{1 t,<u<t, 22t -, t,-t, 1 0o
31710 otherwise ~(U=t)Ng, N (t, —U)N,, (U-DN,, .\ 1-u)N,,
1t <u<t 27y, t,—t, 0 o
** 710 otherwise

CAD
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B-spline Curve?2| 0| (2)

CAD

=30 BLElE 2HY B4 N RE

_ (U—1t,)N,, N (t; —u)N,, UNg, N (1-u)N,,

N =— =(1-u)®
R A t,—t, 0 1 d-u)
u—t,)N t,—U)N
N13=( ) 1’2+(4 N, =u(l-u)+(@1-uu=2u(l-u)
' t, —t, t, —t,
= (U-1,)N,, +('[5_u)Ns,2 — 2
' t, —t, t, —t,

Ch= A= el &k 0|8otd §2|ot ttsa 2Lt

PW=Y PN, (4 =)0<usl(=t,)

P(u)=(@1-u)’P, +2u(l-u)P, +u’P,
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Rational Curves

* General Meaning
— Functions are obtained by the “ratio” of two polynomials

— This representation makes use of the concept of
homogeneous coordinates

- B RX|YO| T 0K Yo Y¥S W

e General Form

Bezier B-Spline

Nonrational - -
D= 2 B,V P(D) = >, NV,

(Integral) QL Z’o DV, 0 Z‘o &

E B,(Dw,V, ‘ N Dw,V,
Rational o = = P = =2

2 B, (Dw; z N Dw;

i=0 i=0

CAD 3s and Surfaces - 33



Rational Polynomial Curve

it ~i Half Angle Formula
 Unit circle [ g ]
— Implicit form:  x* + y* =1 an A _, [1-C0sSA _ sinA
: 2 1+cosA 1+cosA
— Parametric form

* r(u) = (cos(u),sin(u),0)
 rational polynomial form

2t 1-t°
+t2 7 1+t%

t=tan(u/2) > r(t) = (1 0)

» polynomial form in homogeneous coordinates

R(t) = (xw, yw, zw, w)
= (2t,1-t*,0,1+1t%)

« Homogeneous coordinates| A| polynomial £ H<=}7]
#H3 7ts

CAD Curves and Surfaces - 34




Quadratic Rational Polynomial Curve

e nX} polynomial curve
- KI£=Z OFR 2| 50 & conic curveE ZAIE Q2 4ol &

ro

StA| &t
« Rational polynomial curve
— 2XHquadratic))2 2= ZF 9| conic curveE H=25| gt
Mol 0|

— NURB(Non-Uniform Rational B-spline)7| 22|

w,=w, =1 parabola
W, = cos @ eIIipse
hyperbola

Curves and Surfaces - 35
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NURBS Curve

* Non-Uniform Rational B-spline Curve
« J&F HtA AER Q| B-spline curve
 NURB curve data (in IGES)
p: degree
n: highest index of control points (= number —1)
P,,P,,---,P, : Euclidean control points
W,, W, -+, W weights
ty,t,--,t, : knotvector (m=n+p+1)

Sy, S, : start and end parameter values (t, <s, <s, <t,)

[ planar or nonplanar
open or closed
rational or nonrational
| nonperiodic(clamped) or periodic(unclamped)

L
I
>
oo
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Quadratic Rational B-Spline

k =3 (order) ¢
n =2 (# of control points(=n+1)=3)
m=n+k=5

knot vector :{0,0,0,1,1,1}

weight : {1, w,,1}

ALY (U)+W,V;N, (u)+w,V,N, , (u)

w =[1,4,1] (Hyperbola)
w =1[1,1,1] (Parabola)

w = [1,.7,11 {Ellipse)

P(u v v,
( ) WoNos (U)JrWlNl’?’ (u)+W2N2,3 (u) 0 \w-[l,O,I](StraightIine)
_ VoNgs (U)+W,V,N,; (u)+V,N,,(u) (
No (U)+WN, 5 (u)+N,,(u) w, =0 straight line

0<w, <1 ellipse segment
Jw, =cosd circle

w, =1 parabola segment
w, >1 hyperbola segment
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Example (1)

« Derive a NURB representation of a half circle of
radius 1 in the xy plane.

 Expand the NURBS equation of arc 1 and show that
it represents the circular arc exactly.

» X

CAD Curves and Surfaces - 38



Example (2)

degree = 2,order k =3
half circle — two circular arcs (less than 180°)

(Po 2(1’0)’ P 2(1’1)’ P Z(O’l)

arcl sw, =1 w, =cos45°=i, w, =1

J2 (P, =(1,0), P, =(11), P, =(0,1), P, =(-11), P, =(~1,0)
knot:0,0,0,1,1,1 . 1 . 1 .
—Sw, =L w="sow =1L W=""su,W,=
P, =(0,), P, =(-11), P, =(-1,0) N A
knot:0,0,0,1,1,2,2,2

arc 2 {w, =1, w, =cos45°=i, w, =1

V2

knot:1,1,1,2,2,2

wW.P.N
_Z Nik( WOPONO’E’(U)+W1P1N1’3(U)+W2P2N2’3(U)

ZW'N'k 0) WoNg 5 (U)+WN, ; (u)+w,N,,(u)
i-0 '

P(u)=

CAD Curves and Surfaces - 39



How to Choose a Spline

« Hermite curves are good for single segments where
you know the parametric derivative or want easy
control of it

« Bezier curves are good for single segments or
patches where a user controls the points

« B-splines are good for large continuous curves and
surfaces

« NURBS are the most general, and are good when
that generality is useful, or when conic sections must
be accurately represented (CAD)

CAD Curves and Surfaces - 40
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Surfaces

Bilinear Surface
Coon’s Patch
Bicubic Patch
Bezier Surface
B-Spline Surface
NURBS Surface

Curves and Surfaces - 41



Bilinear Surface

« A bilinear surface is derived by interpolating the four
data points with the linear equations in the
parameters u and v such that the resulting surface
has the four points at its corners P

PO.l
1-v
..... P,

P,, =(L—V)P,, +VP,, )

Pl,v =(1-v) Pl,O + VP1,1

P(u,v)=(@1-u)P,, +uP, f
Vv

P(u,v)=(1-u)[ (1-V)Py, +VPy, [+u[ (1-V)P,, +VP,, | ,

PO,O )
P O<u<l
=[(1-u)(1- 1- 1- L0
[au)a) vy @oo w] | pe| (0505
_Pl'l_
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Ruled Surface

r(u,v) =1-v)r,(u)+vr.(u),

O0<v<l

es and Surfaces

- 43



Coon’s Patch: 4 boundary curves

". o
Sl AT
e, '

o :y’:@
=

P, (uv)=(1-u)(1-v)Py, +u(l-v) Py +(1—u)VvP,, +uvP,
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Bicubic Patch (1)

- Bicubic Patch
— Extension of the parametric cubic curve formulation
— Boundary curves are parametric cubics or Hermites
— The Interior is defined by blending functions

- Algebraic form

3
P(u,v)=>>a,u'v’ 0<u<10<v<i
j=0

 Matric form

gy Ay Ay g | 1
1a a a a V
P(U,V)z[l uou? u] o 11 12 13 :
18y Ay 8y 8y ||V
3
|83y Az dg Agg ||V
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Bicubic Patch (2)

e Geometric Form

— 16 vector equations are required for 16 algebraic coefficient vectors
— 16 Boundary conditions
« 4 corner points: P(0,0), P(0,1), P(1,0), P(1,1)

« 8 tangent vectors at corner points: P (0,0), P, (0,1), P, (1,0), P, (1,1),
P, (0,0), P,(0,1), P,(1,0), P, (1,1)

* 4 twist vectors at corner points: P, (0,0), P, (0,1), P, (1,0), P,, (1,1)

Twist
vector

Tangent
CAD

vectors Curves and Surfaces - 46



Bicubic Patch (3)

O<u<l 0<v<il

« Blending Functions (Hermite Curve Eqgns)

- 47

and Surfaces

P(1,1)

P(0,1)

CAD



Bicubic Patch (4)
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Ferguson Patch (F-Patch)

 Definition
— Setting all twist vector to zero
+ P,(0,0)=P,(0,1)=P,(1,0)=P,(1,1)=0
— Not commonly used in practice because they force the
surface to flatten at the corners

« Disadvantage

— No intuitive feel for the values of the tangent and twist
vectors is available to the user

CAD Curves and Surfaces - 49



P(0,v)= Z Po,iBim (V)
j=0

CAD

Bezier Surface

izmlpu |n(u)BJm(V) 0<u<l 0<v<l
= 3 [PuoBa (¥)+ Py (V) -+ Py (V)] By, ()

P, ; 1 control points

B,,(u),B,, (v): Bernstein blending functions in the u and v directions

P(u,v)

o

Note: n does not have to be the same as m

Pl,O’ PZ,O’ P1,3’ P2,3

& P,(0,0),P,(1,0),P, (0,1),P, (1,1)
PO,l’ PO,Z' P3,1’ P3,2

< P,(0,0),P,(0,1),P,(1,0),P, (11)
Pll’ P21’ I:)1,2’ P2,2

<> twisting vectors (internal shape)
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Bicubic Bezier Surface

1 0 0 0 Voo Voo Voo Vg
vl T3 3 0 0 o Ve Ve
3 -6 3 0 Vy, V, V,, V,

_ -1 3 -3 1_ _Vso Va Vs V33_
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Effect of Moving Control Points

— (a) At the boundary curves
— (b) On the interior part of the surface

CAD Curves and Surfaces - 52




Continuity of Bicubic Bezier Surfaces

— First degree parametric continuity is enforced along the
common edge between two patches

Collinear
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B-Spline Surface

P(u,v)= ZZm:P,JN N, (V)  (scasus<s,, t,<v<t )

P, ; - control points
Ni (u),N;, (v): B—spline blending functions in the u and v directions
Note: k does not have to be the same as |

P (0)= 31| PN ()] Ny ()= SR N ()| SR )]

j=0L i=0
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Bicubic B-spline Surface (Uniform)

3
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B-Spline Surface

 When one control point is moved
— only a small portion of the B-spline surface is affected
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NURBS Surface (1)

\QMNNO)OM L
PR
“t// /

:wa..,,/

j m o
a«s@&

e

&
§

Curves and Surfaces - 57

|

\
328
R B
/
7
i
7
;
s
J

@. .

N
a
) n i
o /»a
Lo

fffff
Ly K
Vo

\\\\\\\\\\\\\\\\

4 SUSS,,
L Svst

S

(9p]
=)
=
«n O
c =
o ©O
o =
—_— (e
o O
NV 5 © |
N c fab) .
= | 2 8 = W
\}j - S O o 0%
P — % cﬂlOA_l
- i o
= o m SbH_._._
= hyt @ aL
3 e S Sr|r
BRI 2 g
AN o 10
] : ~ c ._Lp._n
el = n__u. n_nb aS_.AO
(e} .|d © l
c I c = de_._.__._._
.\l/ S E an_
L 25 g gu
,v ol @C,m
S S =
= = 253
} * e O c o
z< 8
> >
OO
_

CAD



NURBS Surface (2)

« Effect of Weights

— The weights provide an additional degree of freedom for the
shape of surface

— Larger values of weights at the interior — Lower values of weights at the top
control points interior control points
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