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Introduction

PDE order linearity
2 2
g—g+2xy2—lj+u=1 2 linear
X y
3 2
8522y+xayl'2J +8u=5y 3 linear
X
2.\ 3
8—2 +6 0 u2 =X 3 nonlinear
OX oXoy
o°u ou .
—+XU—=Y 2 nonlinear
OX?

CAE

linear second-order PDES
with two independent variable:

A@+ B o +C@+ D=0
OX OXoy
A, B,C : functions of x and y
D : functions of x, v, u’a_u’a_u
OX oY
depending on the values of the coefficients of
the second-derivative terms
<0: elliptic
— B*—4AC<=0: parabolic
> 0: hyperbolic

PDE -2



CAE

Classification of PDE

o°u o°u o°u

A— +B +C—+D=0
OX OXoy oy
B°—4AC category example
o 2T o&°T |0 (Laplace equation)
<0 elliptic —t— = _ _
ox° oy f (x,y) (Poisson equation)

2
=0 parabolic o =k’ g 12- (heat conduction equation)
ot OX
o’y 1 0%

>0 hyperbolic (wave equation)

ox> ¢ ot’
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Elliptic Equations

« Characterize steady-state systems
— Steady-state distribution of an unknown in two spatial
dimensions (no time derivative)
» (a) temperature distribution on a heated plate
» (b) seepage of water under a dam
* (c) electric field near the point of a conductor

Hot
/ ] Dam
e, v_____
............. 7 S——
Hot Cool —yp—73 31 btr—7—T71T—"—
¢
Flow line go“do
Equipotential
line
Cool Z

Impermeable rock
(a) (b) ()
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Comparison of Analogous Properties

_ Discipline
Generic Term
Elasticity Heat Conduction Magnetostatics

Potential function {u} u {A}
“Strain” {c} —{Vu} {B}
“Stress” {c} {q} {H}
Load Density {p} {Q} {J}
Boundary Load {t} {q®} Hxn
Definition of Strain {e} = [L] {u} —{Vu} {B} =V x {A}
Constitutive Relationship {c} = [D] {&} {q} = —-[K] {Vu} {H} = [u] " [B]
Potential Energy Y2 {c}' {&} Y2 {H}T {B}
Equilibrium 2 ojjj=—P; Vee{q}=Q V x {H} = {J}
Inertia Loading {P} = —p{u,} Qs = - pcu,

CAE

R. H. MacNeal, Finite Elements: Their Design and Performance, Marcel Dekker, 1994
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Parabolic Equations

 Determine how an unknown varies in both space
and time

* Propagation problems: solution changes in time
— Long, thin rod insulated everywhere but at its end

Hot Cool
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Hyperbolic Equations

* Propagation problems
— Unknown is characterized by a second derivative w.r.t. time

— Solution oscillates
« Taut string vibrating at a low amplitude

m
N
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COMSOL: Coefficient Form PDE

Convection

Damping/ Convection
Mass Mass S
o ource
Diffusion Source
0 ; d |
u u
ea—2+da—t—V (cVu+oau-y)+B-Vu+au = f
Conservative Flux Absorption
82 82
V= (Gi ..... aa j (vector differential operator, gradient ) A= 8—xf+ o o (Laplace operator)
X, Xy
Vu:grad(u) v.(cvu)zi Ca_u et 0 Ca“
: ox, \ 0%, ox, | OX,
V-u=div(u) Ny N
Vxu =curl(u) ,B-Vu=,6'1a+---+ﬁn o
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COMSOL: Classical PDEs

EQUATION COMPACT NOTATION STANDARD NOTATION (2D)
Laplace’s -V-(Vu) =0 odéu 0O du
equation C Pxox Oy Oy =0
Poisson’s -V.-(cVu) =f c( c‘;‘u) o( \
. —_le— |-l e— =
Helmholtz _V.(cVu)+au = f 5( cu 6( cu
equation - 5x\caxJ - 5ykca) tau
Heat ou ou O éu\, 0O éu
- d —-V.-(cVu) = - ( __'(_=
equation agg " (VW) =1 a3t 7 ax) Gy éyJ !
Wave 2 2 . A/ oA
equation ¢ 2% . (cVu) = f A e P e
~ ot2 Ox\ ox/ 0oy\ Oy
Convection- ou ou o ouy & ouw
diffusion Aoz =V (CVu)+B-Vu =f d— - a( ax)‘@( )
equation
cu ou
+ —_— —_— =
Bz * Puzy = 1
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Elliptic: Laplace Equation

* Model a variety of problems involving the potential of
an unknown variable

— Heated thin rectangular plate
* Insulated everywhere but at its edges
* Heat balance at steady state: (In) - (Out) =0

q(x)(AyAz)At+q(y)(AxAz)At = q(x+Ax)(AyAz)At+q(y+Ay)(AxAz)At

—28 51 q(x)—a(x+Ax) |Ay+[ a(y)—a(y+Ay) [Ax=0 y
X)—q( X+ Ax — A
_)q( ) q( i )AxAy+q(y) q(y+ y)AxAy:O
AX Ay
aq 8(] gly + Ay)
e v 0( <« need heat fluxes at the plate's edges) |
- o) —=[ = i &0y
k'=kpC q =—kpC L :t: i
,OT Ol N
heat flux — temperature |q. = —k'— ) qly)
- - Ol H=pCVT k" oH o
Fourier's law of heat conduction —>(, =— — -
pCV 0 . 1 | _
ZT ZT h : I &
4. a_y OT OT RN
ox oy ox~ oy
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Analytic Solution

Dirichlet: T(0,y)=T(a,y)=0,T(x,0)=0,T(x,b)= f (x)

2 2
ﬂ ﬂ—0 and BC < Neumann: oT/on
ox>  oy?

Mixed: T and dT /on
d’F d°G . 1 d*F 1 d°G

T(xy)=F(x)G G+Fo - , 22— 22> _

(X y) (X) (y) dXZ + dy F dXZ G dyZ
T(0,y)=F(0)G =

(0.9)=F(0)6(y) }—)G(y);«tO,F(O):OandF(a):O
T(a,y)=F(a)G(y)=
T(x,0)=F(x)G(0)=0-G(0)=0

o F(0)=0—A=0

+kF =0 — F = Acos+/kx+ Bsinvkx — 2

<dx2 F(a)=0= Bsinvka— B=0,vka=nz >k = (n;rj

de—kG:OadZG—K””jG 0-G,(y)= ﬁenzy+BenZy—>{G(O):0—>A1+B =0
| dy? dy? a y "

T (xy)=F, (x)G, (y):(asin”_”xj%[emﬁy _en,;yﬂ: Asin"Xsinh 7Y 7 (1) = 37T, (x,y)

a

T(x,b)=f( Z/%Sln VX ginh 1 Z(Aﬁlnhibjsi n 7%

a

a

(Ah sin hn—wj:EJ‘:f(x)sinTxdx—)A] =2[’ f(x)singxdx/asinhm

a a a
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Solution Technique (1)

y
— PDE - algebraic difference equation O,MI : oL el
[ L 4
o°T . Ti+1,j _2Ti,j +Ti—1,j s %
o°T . oT 0 ox* AX?
_ = ® L 4
aXZ ayZ aZT :Ti,j+1_2Tiuj +Ti,j—1 ]
ayz Ay2 i-1,j i+1,j
N Ti+1,j _2Ti,j +Ti—1,j +Ti,j+l _2Ti,j +Ti,j—l —0 Gnl
AX? Ay® !
AX=A
—y)Ti+1,j +Ti—l,j +Ti,j+l +Ti,j—1 _4Ti,j =0
apply boundary conditions (fixed/Dirihlet) o
@(L1): T, + Ty + Ty + Ty 4T, =05 4T, ~T,, - T, =75 iRl
—— —— 100°C
75°C 0°C
@(21): Ty, + T, +T, +I%3_4T21 =0—>-T,+4T, -T, -T, =0 A o
0°C L] L] ®
@ (3,1) Ty AT +T, + 1, —4T,, =0—> —T,, +4T,, - T,, =50
—— —— (1, 2) (2, 2) (3, 2)
50°C 0°C 75°C . (] o 50°C
9 equations an en e
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Solution Technique (2)

* How to solve linear algebraic equations (T;)?
— Gauss-Seidel (Liebmann in PDE) method

X, —0.25x, —0.25x, = 50
-0.25x,  +X, —-0.25x, = 950
<
—0.25%, +X,  —0.25x, = 25
—0.25%x, —0.25x, X, = 25
(x@ = 0.25x,”  +0.25x, +50
x," = 0.25x" +0.25x,"” 450
—> 1
x,” = 0.25x" +0.25x,%  +25
XY = 0.25x,"  +0.25x," +25
T, = Ti+1,j +Ti—1,j +Ti,j+l+Ti,j—l overrelaxationﬁ\-l-injew :/I-I-injew +(1_/»L)Tiojld
' 4 ) ’ ’
new old
Ty -

i,]
new
i,J

stopping criterion

’(ga)i,j‘:

100%
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Example

* Primary variable (T;) - secondary variable (q; ),

((q ) e ey (5), :\/(q"i)x2 +(9),
__kraT central difference " 2AX N t n—l for 0
=57 > (q ) :_kyTi,j+1_Ti.j—l . a ((qi,j)y/(qi,j)x) orq, >
S 27y L N tanl((qi‘j )y/(qi‘j)x)wz forg, <0
100°C 100°C
78.59 76.06 69.71 * \ \
75°C 63.21 56.11 52.34 50°C 75°C \ \ \ 50°C
43.00 33.30 33.89 \ \ /
0°C 0°C
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Derivative Boundary Conditions

 Neumann boundary condition
« For the heated plate problem

— heat flux is specified at the boundary
— If the edge is insulated, this derivative becomes zero

Tl,j +T—1,j +T0,j+1 +T0,j—1 _4T0,j =0 TO.J'+ 1
or.. T .-T.. ol. .
Py b LT =T - 28X
OX 2AX ’ ’ OX
2T1aj — 2AX axl +T0,j+1 +T0,j—1 _4T0,j = 0 T—1,j To,j T1,_}
9] TO,J 1
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Example

0Ty, T,-T T
@(L0):T, g+ T+ T +T, , 4T, =0¢ | ——=—2 T, =T, —2Ay—
Toa= ' ’ oy 2Ay ’ ’
75°C T
ol
TZ,0 +T0’0 +T1’1 + T1,1 — 2Aya— - 4le0 =0— 4le0 —TZ’O — 2le1 =75
e y
0
@ (l’ l) :T2,1 +To,1 +T1,2 +T1,o - 4T1,1 =0— _Tl,O + 4T1,1 _T2,1 _T1,2 =0 100 100 100
7“5\5—6 ® o o o Q
12 equations 758 8344 82.6\ 74.& ® 50
75¢ 76.0 Q 72.8%  64.4% ® 50
750 728w 68.3we. 60.6e. ® 50
71.9 67.0 59.5
W Al
/

Insulated
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Irregular Boundaries

CAE

oT " Ti,j _Ti—l,j
x i1 ) o AX
oT " Ti+1,j _Ti,j
x i,i+1: a, AX
(o), 5]
O°T 0 (GTJ_ X Jia X )y,
ox>  ox\ ox o, AX + o, AX
2

ﬂj_ﬂ&j_ﬂﬂj_ﬂj
o°T 5 o, AX a,AX
OX? o, AX + o, AX
52T . 2 | Ti—l,j_Ti,j n Ti+1,j_Ti,j ]
X A | o +a,) a(a+ay)
T 2| Tu-T, L Ta T ]
o A B(B+B) BB+ B)

100°C

83.93’ 83.48‘ 75.0N

75°C 77.23* 75.00 » 66.52 e

74.98 72.76
[ ] -

66.07
"

50°C

150
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Derivative for Irregular Boundaries

(aT] T, o X EaTj o Axtan9+T8(l_Axtan9]
3

on), L, ~cosd\ o7 Ay Ay
AX
b = osd
(T, -T;):(T, —T;) = Axtan 0: Ay

Axtan @

—>T, :T8+(T6—T8) Ay

(when 0 < z/4)

Ax
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Volume-integral approach

Control-Volume Approach

points are determined across the domain

approximation is applied to a volume surrounding the

point rather than approximating the PDE at a point

— Heated plate with unequal grid spacing, two materials, and
mixed boundary conditions

CAE

Insulated

T

Convection

!

O

'Y
N

5 SR P )

pod
(4,2)
" - fi/%
@
(1, 1)
Material A Material B

Insulated
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Example

steady-state heat balance for the volume: 0 = (In) — (Out)

lower lower

left-side _ _ right-side upper

_ +| conduction |+| conduction |= _ + _

conduction _ _ conduction convection
Material A Material B

SRS PR NP NI A L

h 2 h 2 h 4
T,.,—T h h

=| ki —2—2 || —=Az |-h | =Az |(T,-T

EaC A TREN .
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Parabolic: Heat Conduction Equation

« Conservation of energy can be used to develop an
unsteady-state energy balance for the differential
element in a long, thin insulated rod

heat stored in the element over a unit time period At =(In)—(Out)
q(x)(AyAz) At—q(x +Ax)(AyAz) At = pC(AXAYAZ) AT
A(X)=a(X+AX) AT wagreim . 09 _ 0T ekl T 4T

AX P At OX P ot ox* ot

Hot 1 Cool

CAE PDE - 21




Analytic Solution (1)

T oT o BC:T(0,t)=T,and T(L,t)=T, (t>0)
— = Wi
ox> ot IC: T(x,0)=f(x)=0

X
Ts(x):T1+(T2—T1)I

T(x,t)=Tg(X)+T; (x,t) > T (X,0)=0
T, (0,t)=T; (L,t)=0 (t>0) since T, (x) satisfies BCs

T, (x,t)=F(X)G(t) > kF'G = FG —=— '|:: = kcé =(constant) =—p?(why not 0 or positive?)

F(O)zO—)A:O

F”+ p’F =0— F(x)= Acos px+ Bsin px —

P (x) P P F(L)=0=BsinpL—>B=0,pL=nz — p=nTﬂ

2_2

G+kp’G=0->G(t)= exp(—kpzt) = exp(— knl_f tj

F(0)G(t)=0

(0)6() —G(t)#0,F(0)=0and F(L)=0
F(L)G(t)=0

\

CAE PDE - 22



Analytic Solution (2)

=2 OL[f (x)_Tl_(Tz_Tl)ﬂsin”LLde:% C1 ()sin "X g Z (T, cosnrT,)
T,=0T,=T,f(x)=0

I x 2&(-1)" . nxx kn®7z°t
T(Xt):T{EJr;nZ;( n) sin - eXp(— . ﬂ
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CAE

Explicit Methods

e approximations for the second derivative in space

and the first derivative in time

« Time-variable: open-ended, stability problem

[

O°T _ T —2T'+T, 2\ ]
- - 0((ax) )> I
I+1_ _I @
o _TM-T L 0(at)
ot At ] ¢
T —2T'+T', Ti'”—Ti' I
—> k- =10l
(Ax)’ At I
i 1=1T
T =T '+ A(T) - 2T + T, ) where 4 = kAU !
(&
for all interior nodes 0,06



Convergence and Stability

%(errors do not grow, but oscillate) — At S%

KAt

/.

1 .
< Z(ensure no oscnlatlon)

1, .. . :
E(mlnlmlze trucation error)

(Ax —>£Ax = (At —>£At)
2 4

« Derivative boundary conditions

T =T 4 A(T -2 + T

i+1

i=0:T)" =Ty +A(T) - 2T, +T})

CAE PDE - 25




s ré-ﬁ
Example |
A= kAt2 =0.020875 A=0.735
(Ax)

...... ".09.
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[+ 1

CAE

Explicit vs. Implicit

Boundary condition

Initial condition

0

N AR

1/ @ @/

=i i G
(a) Explicit

[+ 1

/R
\V
R
N
1/

i—1 I I+ 1
(b) Implicit

PDE - 27



Simple Implicit Method

« overcome difficulties associated with explicit methods at
the expense of somewhat more complicated algorithms

« spatial derivative is approximated at an advanced time
interval |+1

« Unconditionally stable < accuracy limit
« Steady-state results in an efficient manner

2 e 1 1+1 1+1 1+1 1+1 |
a T _ aT aXZ (AX)Z N k Tl':]-. - 2T| - + T|—-']-. . Tl - _Tl

ox> ot (AX)’ At

k

(=2, M1 AT/ + (14 22) T - AT =T

| =1:-AT) "+ (L 20) T = AT =T > (1+22) T - AT =T + A1, (1)
i =m:=AT )+ (L4 22) T = AT =T) » AT+ (L 24) T, =T+ 21 (1)

N

m+1

m equations / m unknowns

CAE PDE - 28




Crank-Nicolson Method

— alternative implicit scheme that is second order accurate

both in space and time @t"*1/2

— difference approximations are developed at the midpoint of

the time increment
(o7 _ T -T,
k—2:—<—< 2 | | | 141 141 141
OX ot ﬂNE Ti+1_2Ti +Ti—1+Ti+1 _2Ti +Ti—1
x> 2 (Ax)2

(Ax)

k E Tii-l - 2Ti| +Ti|—1 Ti:_-il — 2Ti|+1 +Ti|—4il B Ti|+1 _-I—i|
2 (AX)2 (AX)2 At
ﬂ,(TI — 2Ti| +Til—1 +T|+1 . 2Ti|+1 +Ti|_;1) _ 2(-I-i|+1 _Ti| )

i+1 i+1

ATV 2(14 A) T+ AT = AT —2(1- )T - 4T,

i i+1 i+1
i =1 AT " =2(1+ )T+ AT, =-AT, -2(1-2)T, - 4T,
i =m:AT, N —2(1+ )T, + AT, =—AT, , —2(1-4)T, — AT,

m+l —
CAE

m+1

) D .
N R NEam
K z
Xi_1 X Xit1
D D .
N R o'
i A+
D D
N @ o 7
Xi-1 X Xi+1
PDE - 29
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Parabolic Equations in 2-D

tridiagonal matrices

a _
ot

ox> oy

14172 I
L -T

first step: — =k

At/ 2

T_l—_i—l_T_H_-l/Z
second step: ——~=!

At/ 2

T

i+1,j

2 2 2 2
k(a L sz—>stability: At s%(AX) +(4Y)

I I
2T Ty T

i,j+1

1+1/2 .

* alternating-direction implicit(ADI) scheme
— solve parabolic equations in two spatial dimensions using

2T 1+1/2 +T 1+1/2
i J

i, j-1

(ax)

(Ay)’

T|+1

i+1, ]

N
explicit

—2T "+

T 1+1/2 . 2T 1+1/2 _I_T 1+1/2
i, ]

v
implicit

i,j+1

(ax)°

(Ay)

- V. -
implicit

AN
explicit

PDE - 30



ADI| scheme

® Explicit
O Implicit

o '\

‘I+1 Xi-1 Xie1
/ / / ------------------------- /
Xi-1
(a) First half-step (b) Second half-step
i=1 i=2 =3 i=]1 i=2 =3

¢ D r\l
I

I I

j=3 I |

| I

I I

Y= | I

j=2 I I

| I

| I

| = | |

el I I
\ s\

(a) First direction
CAE

(b) Second direction
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FDM vs. FEM

 FDM

— Solution domain is divided into a grid of discrete points or nodes
(pointwise approximation)

— Shortcomings: irregular geometry, unusual boundary conditions,
heterogeneous composition

- FEM

— Solution domain is divided into simply shaped regions or elements

Material A

Material B

Material C

( \
- \
.
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