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Classification of PDE
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Elliptic Equations

• Characterize steady-state systems
– Steady-state distribution of an unknown in two spatial 

dimensions (no time derivative)
• (a) temperature distribution on a heated plate
• (b) seepage of water under a dam
• (c) electric field near the point of a conductor
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Comparison of Analogous Properties

R. H. MacNeal, Finite Elements: Their Design and Performance, Marcel Dekker, 1994
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Parabolic Equations

• Determine how  an unknown varies in both space 
and time

• Propagation problems: solution changes in time
– Long, thin rod insulated everywhere but at its end
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Hyperbolic Equations

• Propagation problems
– Unknown is characterized by a second derivative w.r.t. time
– Solution oscillates

• Taut string vibrating at a low amplitude
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COMSOL: Coefficient Form PDE

 

 
 
 

 

 

2 2

2 2
1

1

1 1

1
1

 Laplace operator
, ,   vector differential operator, gradient

div

curl

n
n

n n

n
n

x x
x x

u uu grad u c u c c
x x x x
u uu
x x

  

       
      

                       
 

      

u u

u u










CAE PDE - 9

COMSOL: Classical PDEs
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Elliptic: Laplace Equation

• Model a variety of problems involving the potential of 
an unknown variable
– Heated thin rectangular plate

• Insulated everywhere but at its edges
• Heat balance at steady state: (In) - (Out) = 0
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Analytic Solution
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Solution Technique (1)

– PDE  algebraic difference equation
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Solution Technique (2)

• How to solve linear algebraic equations (Tij)?
– Gauss-Seidel (Liebmann in PDE) method
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Example 

• Primary variable (Tij)  secondary variable (qi,j)l
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Derivative Boundary Conditions

• Neumann boundary condition
• For the heated plate problem

– heat flux is specified at the boundary
– If the edge is insulated, this derivative becomes zero
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Example 
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Irregular Boundaries
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Derivative for Irregular Boundaries
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Control-Volume Approach

• Volume-integral approach
• points are determined across the domain
• approximation is applied to a volume surrounding the 

point rather than approximating the PDE at a point
– Heated plate with unequal grid spacing, two materials, and 

mixed boundary conditions
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Example

steady-state heat balance for the volume: 0 (In) (Out)
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Parabolic: Heat Conduction Equation

• Conservation of energy can  be used to develop an 
unsteady-state energy balance for the differential 
element in a long, thin insulated rod

   
        
    2

taking the limit
2

heat stored in the element over a unit time period 

Tq k C
x

t In Out

q x y z t q x x y z t C x y z T

q x q x x T q T T TC C k
x t x t x t





 





  

             

       
    

     



CAE PDE - 22

Analytic Solution (1)
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Analytic Solution (2)
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Explicit Methods

• approximations for the second derivative in space 
and the first derivative in time

• Time-variable: open-ended, stability problem
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Convergence and Stability

• Derivative boundary conditions
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Example 

 2 0.020875k t
x

 
 


0.735 
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Explicit vs. Implicit
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Simple Implicit Method

• overcome difficulties associated with explicit methods at 
the expense of somewhat more complicated algorithms

• spatial derivative is approximated at an advanced time 
interval l+1

• Unconditionally stable ↔ accuracy limit
• Steady-state results in an efficient manner

 

 

 
     

1 1 12
1 1

2 2
2 1 1 1 12

1 1
22

1 1 1
1 1

1 1 1 1
1 2

1 1
1 1 2 10 0

2

2, , 1: 1 2

1: 1 2 1 2

:

l l l
i i i

l

T T TT l l l l l
x x i i i i i

l l l l
i i i i

l l l l ll l

T T T T TT Tk k
x t tx

i m T T T T

i TT T T T T T

i m T

f t

  

     



  
  

   
   

  
 

   

   
  

  

      

          

 



     1 1 1 1
1 1

1 1
1 11 2 1 2

 equations /  unknowns

l l l l l l
m m m mm

l l
m m mT TT f tT T T

m m

        
  






         



CAE PDE - 29

Crank-Nicolson Method

– alternative implicit scheme that is second order accurate 
both in space and time @tl+1/2

– difference approximations are developed at the midpoint of 
the time increment
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Parabolic Equations in 2-D

• alternating-direction implicit(ADI) scheme
– solve parabolic equations in two spatial dimensions using 

tridiagonal matrices
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ADI scheme
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FDM vs. FEM

• FDM
– Solution domain is divided into a grid of discrete points or nodes 

(pointwise approximation)
– Shortcomings: irregular geometry, unusual boundary conditions, 

heterogeneous composition

• FEM
– Solution domain is divided into simply shaped regions or elements


