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Bar Member

e Characteristics

— One preferred (longitudinal dimension or axial) dimension
* much larger than the other two (transverse) dimensions
e Cross section: intersection of a plane normal to the longitudinal

dimension and the bar

— Resist an internal axial force along its longitudinal dimension

 Modeling (truss)
— cable, chain, rope

— fictitious elements in penalty function method
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Tonti Diagram of Governing Equations

o Straight bar: cross section may vary
* Linearly elastic material: Hooke’s law
 Infinitesimal displacements and strains
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end
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unknown
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Kinematic

Axial
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Axial
strains
elx)

Distributed

axial load
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F=FEde|
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Potential Energy of the Bar Member

Internal energy (=strain energy):

U ——_[ oedV ——f oe Adx { f Fedx} ;j (EAu’)u’dx:%joLu'EAu’dx

External work: W = fo quax
Total Potential Energy: IT=U -W

Minimum Total Potential Energy(MTPE) Principle:

actual displacement solution u” (x) that satisfies the governing equations Is
that which renders the TPE function IT|u] stationary

A =06U-6W =0 iff u=u’

with respect to admissible variations u =u” + Su of

the exact displacement solution u” (x)
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Concept of Kinematically Admissible Variation

- Ou(l)
u(L)
X

u(0)=0
? X

Y

su(x) is kinematically admissible if u(x) and u(x)+du(x)
(i) are continuous over bar length, i.e. u(x)eC® inx [0, L]
(ii) satisfy exactly displacement BC, in the figure, u(0) =0
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FEM Discretization and
Displacement Trial Function
Uy fi Uy, fro Uy, fy o |Ugs fao |Uss S5

(1) (2) 3) (4)

HW

End node 1 assumed fixed

oIl =6U —6W =0 iff u=u"(exact solution)
H:H(l) —I—H(Z) _|_,,,_|_H(Ne)
oI = 1Y + 611? + -+ + STT™) =0
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Element Shape Functions

(b1) (b2)
25 U,
;1‘\_{_
(b3) V
= g X l\_'_/‘ X Uy
1 (e) 2
M
- (=L »‘ u (x)~u’(x)=Nu +Nsu;
X=X-X e
S o e
- uZ
I 1-x/¢ _ _
e _ e e X
x/0 S W
\ N I I
0 dimensionless (natural) coordinate
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Finite Element Equation

[M°=U°-W?® «« 2
we () £

e e e 1 e e, ,e 1 e e e e e
SIT® = SU® — SW :E(§u ) Ku +§(u ) Kesu® —(sut) =0

uez(ue)T ,6ue=(5ue)T

»(ou°) [Keu —f°]=0
(ou) | ]

since su® is arbitrary, [...]=0

Ku® =f° (element stiffness equations)
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Bar Element Stiffness and Nodal Force Vector

[strain-displacement]e:Olu =(ue)'= dn, - dN; |4, :l[—l 1] Yoo Bue
dx dx  dx |ju;| | u,

- e 1 e) e\ 1 e) e)
[internal energy U :E.[O(u ) EA(u?) dx:zj‘o(u ) EA(u°) 1d¢

1 1 e T T e 1 e T 1 T [S] 1 [S] T e e
:Ejo(u ) B'EABU |d§=§(u ) UO EAB Bldg}(u )=§(u ) Ke(u)

o v

Vo

Ke

Ke . 1E|: 1 —1:|Idé, if EA is constant N Ke :E|: 1 —1:|

0 |2 _1 1 over the element | _1 1

[external work|W ¢ = _[(: qudx = IoquTueldg = (ue)T I:q{l_g}ldg = (ue)T fe

e ! 1_4/ if g is constan e 1 1_4/ 1/2 ]
f :joq{ ; }Idg o =qu{ ; }Idg:ql{l/ }—EbE load lumping
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Example: Fixed-Free, Prismatic Bar (1)

(b) Load case I: point load P at x=L

N\ 0 :2 EP
(a) N
—— (¢) Load case II: q(x) varies linearly
N 48’ N from gy at x=0 through g at x=L
§ X ] D - »1) -——I—gz
N\ | N
- L -
|

(d) Load case III: q(x)=q, (constant)
Sfrom x=0 through x=L/2, else 0
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Example: Fixed-Free, Prismatic Bar (2)

E 1 —1 Ul _ fl U =0 fHIL 1 2 S U = 2
L|-1 1 |u, f, 6|0, +2q ? 6EA
3 2
L 8 |1 8EA

[analytical solution]

(EAU') +q =0 with u(0) =0 and

X|:3(q1+q2) L_BQ1X+(Q1_Q2)X2/L:|
6EA

JF"(L)=EAU'(L)=0, q:ql(l—fjw%%(XF

F"(L)=EAU'(L)=0, q=0, {<X>O —<X‘%'—>O} _’”(X):zqﬁ("x_xz +<X_%L>2J
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Weak Forms

-

(EAU,(X))’-FQ(X):O EAisconstant% EAU”(X)-Fq(X):O

[Strong Form |3 r(x):(EAu’(x))'+q(x) FAlonsEt sy r(x) = EAU"(X)+q(X)

r(x)=0: at each point over the member span, x €[0, L]

relax the condition (r(x) =0 everywhere) — satisfy in an average sense

| Weak Form|< J = _[OL r(x)v(x)dx=0

y ( ) test function in a genenral mathematical context
~ | weight(ing) function in the approximation method
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Example (1)

J = [ [EAU"(x)+ v(x)dx=0 withu(0)=0, F(L)=EAu'(L)=0
[method 1]

Same

—" 3 Galerkin method

bases

u(x)=a,+ax+a,x* — trial function
V(x)=b, +b,x+b,x* — weight function

(apply BCs a posteri)

L
3= [ [EA(28,)+ 0 |(by +bx+b,x" ) dx < (6, +30.L+20,1°) (2EAa, +,) =

_ 9 2 (=0 | _ 4 _
—>u(x)_a0+a1x—2E°Ax FOSEAT D ,u(x)_zé’Ax(ZL X)

(apply BCs a priori)

c

u(0)=0

U(X)=a,+a,x+a,x’ TEETTe (x)=a,x(x—2L)

3= [ [EA(28,) 40, (B, +bx b’ )ik =0 > 2, = -
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Example (2)

[method 2] balanced-derivative

L /4 4 L L ! / L
J =_[O | EAU"(X)v(X)+0ov(x) [dx = EAu"(x)v(x) ] —_[0 EAU'(X)V (x)dx+_"O goV(x)dx =0
(i) same smoothness requirements for assumed u and v

(i) BC appear explicitly in the non-integral term

L

R g = [TEAU ()00 (x) ok~ [ g,0u () dx—[ EAU'(x)u(x) ], =aT1

[I=U-W ZEILU'(X) EAu’(x)dx—jOquu(x)dx

2 J0

J=0d1=00U =56W

if the residual is
the Euler-Lagrange equation of a functional

Galerkin method « > variational formulation
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What is a Beam?

é..  Terminology

« Straight (longitudinal axis)
* Prismatic (const cross-sec)
« Configuration

| o e Spatial

Resist primarily transverse loads e Plane

General beam > beam-column >beam ,  \15de| (heam theory)
\ | « Bernoulli-Euler

Neutral surface

Compressive stress

e Hermitian beam element
e Clelement

e Timoshenko
e CYelement

z
J Tensile stress A

transverse loads - (flexural action) - supports
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Assumptions of Classical Beam Theory

e Planar symmetry

e Cross section variation

 Normality

e Strain energy: only for bending moment deformations

e Linearization
— So small transverse deflections, rotations and deformations

« Material model. elastic and isotropic

v, v .
; T q(x)
V:VA
A ’; z Neutral axis
£ '

Ze Beam B\ "

/ cross <= Centroid
Neutral surface |- L - section S ymmetry plane
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Bernoulli-Euler Beam Theory

 Kinematics|

o] [0 o

[t S I A e
d?v/dx? o’V

K =

[1+ (dv/ dx)ZT/2 S

[Strains, Stresses, Bending Moments]

o
M :jA—yo-dA: Eyhy dA = Elx

} .\ ,’ V

v(x)

Cross section

P'(x+u,y+v) \

O=dv/dx = v'
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Moment of Inertia

e Mass moment of inertia (28 2 8l E)
n
_ 2 2 _ [r2qm = 2 _ 2
| =kmr _iz_llm,r, jr dm jjjvr p(r)dv - I =1y, +md

« Area moment of inertia
— Second moment of area (&tH 0| Xt 2 8l £): bending

— Polar moment of inertia (= 2t& 2 8l E): torsion ‘Y

— Product of inertia: unsymmetric geometry
IXX::Aysz—>IXX:IXX_C+Y2AWhereYA:ijdA d "
Iy = [ o 4 i
J(= |Z)=jAp2dA=jA(x2 +y2)dA=ij2dA+jAy2dA= o + 1y '
'y =JAxydA
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Curvature

— Rate of change of the slope angle of the curve w.r.t. distance

along the curve

%z lim A—¢=: lim i_i

ds As—0 AS As—-00'B  p

o . radius of curvature @B

2

ﬂ:tan¢—>d—y%=sec2 d¢

dx dx? ds ds

CoS¢
cosg= X dx B 1
ds /dx? + dy? d ]2
14+ ==

CAE

AY
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Tonti Diagram of the Bernoulli-Euler beam model

Prescribed | D7SP Ig‘g;’ nent [ o sverse Distributed
- end ' displacements transverse loa
chsplacementsJ l v(x) q(x)
Kinematic | x = v"' | M'"=q " Equilibrium

Curvature ] M=EI K‘ Bending ] Force BCs [ Prescribed

moment A

s end loads
K(x) J Constitutive l Mi(x) l

[Internal energy due to bending]
1 1 1 L 1 oL
U ZEJ.V oedV ZEIV (—EyK‘)(—yK‘)dV =§IO EK‘ZdXJ.A ysz=§j0 Elx*dx

1L (g " 1L " "
ZEJ.OMKdXZEIo El(v )ZdXZELVEIVdX

[External energy due to transverse load q] W = IOL qvdx

IM=U-wW
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Beam Finite Elements

P'(x+u,y+v) 0,
%
ue — 91
V2 . RS X, U
05 1 - o2 —>
o _ | X — )_wj\\
C' continuity requirement: - 4 - P(x,y)

dv( x . .
v(x) and @ = v’(x) = L must be continuous over the entire member and between elements

dx

linterpenetration

(a) (b)

v(x)
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Hermitian Cubic Shape Functions (1)

Vl
e e e e 01 e, e
:[Nvl N; N; Ngz] v =N°u
_02_
introduce the natural (isoparametric) coordinate
0~ =ax+b
x:0-1 } £(x) = ax+ bog2ey
Ei-1~+1 £(0)=-1and &(1)=+ I
] dNe dN°®
N (1) (1) N(+1) (+)
N, 1 0 0 0
N 0 1 0 0
\M 0 0 1 0
N’ 0 0 0 1

CAE
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Hermitian Cubic Shape Functions (2)

N =8, +a& +a,E2 + 2,8 (N2 ) = +2a,8 + 3,87
N{ (-1)=a,—a +a,-a,=1 \

Vi

2a, +2a, =1
N; (+1)=a,+a +a,+a, =0

(N:)
(N

e —
N, =

=a,—2a,+33,=0
>281+6613=O

:) ()

Vel)’(+1):a1+2a2+3a3 =0
1
4
Ng ==1(1-&)" (1+¢)

(2—3§+§3):%(1—(§)Z(2+§)
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Curvatures from Displacements

Vl

K:dZV(ZX)ZdZNzeue+Ned2L;e:dZNzeue:{dzle d2|\i;1 d2Nj2 dZNzgz} 6, _BU*
dx dx dx dx dx dx dx dx v,

_92_
B:%[alé 361 —6|§ 3§+1}
df(x)_df(f)dg_df(g)g_)dzf(x)_d df (&) g+df(§)i(gj_id2f(§)
dx  dé dx  d& | x> dx| d& )1 de dx\1) 12 de?
. 1. Lo d°Ny 4f1d (. e\ |41
L-0-of e > S - A 2 2002 e a-e)) |- 3o
e 1 2 d2N21_4|d 2 4 (1
N = 3100-£) (1) > S =t S (2- 04 £)+0-) -4 5(66-2)
e 1 2 dZN\Z 411 d 4 (1
N =0 (2-8) S S 20 ) (2-0)-(1.2)) |- 380)
21oey 3N, _4f 1 d 4 ee
N =318 (1) > 2 = | o (204 £)(1-0)- o)) | -4 (-6¢-2)
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Element Stiffness and Consistent Nodal Forces

1

SI1-8) (1+8) e (2-¢) -3

N-| -0 (2+4) 106 (1-6)

B =%[6|§ 36-1 —6% 3¢ +1}
vi =Nu®* - v"=N"u® =BuU°®
| Internal energy due to bending]

e 1 " " 1 e e 1 e e
U :EIOLV Elv dx=§jOL(u ) B'EIBU dx=§(u ) UOLBTEIde}u

| External energy due to transverse load q] W*® = _[OL qvdx = _[OLqNTuedx = (u‘*)T IOLqNde
[ =U°—W° =%(u6)T UOL BTEIde}ue ~(u®)’ [ aNdx

o _J %K_J

Vo

Ke

e (L T o _—
K®= [ EIB'Bdx=|[ EIB B 1d¢

e (L niTau [ 1
f —IO gN dX—I_qu E|d§
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Prismatic Beam and Uniform Load

6
|
e +1 T 1 _l +1 T _1 +11 35—11 é B _ é

K _LElB ledg_zEuLB Bdcf_ZEIILI e I[ﬁl 35-1 -6 3§+1}d§

|

35+1]
13657 6&(3£-1)! —36¢2 6&(3E+1)1 | 19 6 -12 6l
_iElrl (3&-1)°17 -6&(3¢-1)1  (9&2-1)1° de =2l 42 -6l 21°
2 3657 —6E(3E+1)l| I 12 -6l
| sym (35+117 | sym 4
- 2 _
S8 (2+8) e
1 2 1 1
. . . —1(1-&)" (1+¢) =1 two transverse nodal loads: =ql
fe:'[_quT%Idg?:%qu_l Nng:%qu_l i dg:%ql 61 R . 2
—(1+§)2(2—§) . two nodal moments: J_rEqI2
—=|
—%|(1+§)2(1—§) L 6
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TJ"“

MIXTITYIXERNEY

Example 1:

(@)

EI constant

W

y (b) Load case Il

1?—>x ) o2

(¢) Load case IT
@

(d) Load case III

Ap
1

g uniform

0] P2

2
Load case I V=M—X, Q:w
2El El

Px?
== (3L-
Y 6EI( X)
Px
0=——> (2L-
2El ( X)

Load case II:

El
L3

El

El

12

6L
-12
6L

12

6L
-12
6L

12

6L
-12
6L

Cantilever Beam

6L

417
—6L
217

6L

417
—6L
217

6L

417
—6L
217

-12
—6L
12
—6L
-12
—6L
12
—6L

-12
—6L
12
—6L

£ =1: energy consistent load lumping
£ =0: EDE (here same as NbN) load lumping
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O _MLZ_
0 v
N R 2El
0| 1G] | ML
M =
_O_ _PL3_
0 V
BN R 3El
P o, PL?
1 0] | 2E1 |
SRR
1
_ﬁL
\Y;
lqL 6 —| ?
2 1 o,
1
——pfL
i Gﬂ ]

(4 p)

24El|

gL’ (3-4)

12EI




: - gx
Analytic Solut =
[Analytic Solution] v =2
[FEM]
—eY (2+8)/8 |
2 1 8
Vi=NUu®*>v= ( )(+§/
(1+£)"(2-¢)/
-L(1+&) (1-¢)/8]
g0 _ oy H(6-B)-3x
dx 12El
ETv(x)(qL*)
02} Materal deflection
— Analytical s

0.15¢

= = =FEM, B=0

Example 1: Lode case Il

2

CAE

I (x2+6I2—4Ix), 6=

ETO(x)(qL3)

0.3}
0.25§
0.2¢
0.15}
0.1}
0.05}

Section rotation

— Analytical
— —-FEM.B=0
Emm-- PE._\I_ ﬁ = 1

_1(2)2(3_2]@“(4—@_3
4l L L) 24El 8

2X

TMZZT]%

0.4

0.2

0.6

%(x2 +3I? —3Ix), M :%(x2 —1? —2Ix)

qL2x? L(6—ﬂ)— 2X
24E|

M (x)..f"(qu )

Bending moment
Analytical
— = =FEM, =0
===== FEM. =1

0.5
0.4
0.3
0.2
0.1
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Example 2:

(a)

A"

EI constant

q (uniform)
STSYYYY (TYYYY

-

SS Beam

LW
+1-,1-
$4144144

—7/1 =71/l
‘ ; N L LerG+o | Lord-o)
. > e il >
[ 12 6L ~12 6L
3 2 3 2 O 0
a a a a
(12+a) (Y2+a) (12+a) (1V2+a)
6L 4° 6L 2l? 0 0 Y2+a
(V2+a)  V2+a (V2+a) V2+a L 2+ af
-2 6L 12 12 6L 6L 12 6L || g 6
Bl (L2+a)  (V2+a) (Y2+a) (Y2-a)  (Y2+a) (V2-a) (Y2-a) (V2-a) ||y, ] Y2+a+lf2-a
| sl 2> 6L 6L 40 av 6L 22 6| 2" —%L(1/2+a)2+%L(]/2—a)2
(V2+a)  Y2+a V2+a) (Y2-a) V2+a Y2-«a (V2-a)  Y2-a |v, 12—«
0 0 -12 -6L 12 —6L  |[¢:] 1 ,
(V2-ay W2-af  (V2-a) (V2-a) gtWza)
0 0 6L 212 ~6L 412
_ (V2-ay V2-a (V2-a) V2-a
oL* (5-24a” +16a")
>V, =
384E
L*(¢-28°+¢" xly=L{ Lea L*(5-24a” +16a"
v(x):q (4245 +¢) where g:% bl syper =2 ( 384aE|+ <) (v and @ inside elements will NOT agree with the exact one.)

Variational Formulation - 29



Example 3: Continuum Beam

Optimal location by @

o g(x)=—w constant
of supports * AEEEEEE LS EEEREEEREERRRARRRR
ApP—»x B (& D E
A A A
<L=1Lowle— L,=1L(1-0) —s+— L;=11(1-0) —+|=L,=1Lo~
- L2 |- L2
- g >
*\1 (b) e o5 (c)
BEAARAEARARREE T
1—=x (D 92 ), x I
A RN 0.75
\:L1=%La>|<—f-g=%f-(l—01) = 002: o
| L2 - 0T 02 030303

‘Minimum external energy: W (¢)=f'u—dW/da=0—>a~0.27

Equal reactions: Rz = R. — a = 0.30546
best a? >« _ _ e
Minimum relative deflection: vii™ (a) = max‘vj —Vi‘ — a =0.26681

Minimum absolute moment: M ™ (&) = max‘M (x,a)‘ 5 a = 0.25540
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