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Bar Member

• Characteristics
– One preferred (longitudinal dimension or axial) dimension

• much larger than the other two (transverse) dimensions
• cross section: intersection of a plane normal to the longitudinal 

dimension and the bar
– Resist an internal axial force along its longitudinal dimension

• Modeling (truss)
– cable, chain, rope
– fictitious elements in penalty function method
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Tonti Diagram of Governing Equations

• Straight bar: cross section may vary
• Linearly elastic material: Hooke’s law
• Infinitesimal displacements and strains
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Potential Energy of the Bar Member
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Concept of Kinematically Admissible Variation
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FEM Discretization and 
Displacement Trial Function
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Element Shape Functions

   *
1 1 2 2

1
1 2

2

1 2

1

                      

1 1 ,  

dimensionless (natural) coordinate

e e e e e

e
e e e

e

e e

u x u x N u N u

u
N N

u
x xN N
l l

x x x
l l

 



  

 
    

 

     


 

Nu



CAE Variational Formulation - 8

Finite Element Equation
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Bar Element Stiffness and Nodal Force Vector
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Example: Fixed-Free, Prismatic Bar (1)
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Example: Fixed-Free, Prismatic Bar (2)
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Weak Forms

 

        

            
   

 

  

 is constant

 is constant

0 0

0 at each poi:   over the

Strong Form

Weak F

 member span, 0,

relax the con

o

dition 0 every

nt

where sa

rm

EA

EA

EAu x q x EAu x q x

r x EAu x q x r x EAu x q x

r x x L

r x

      
      


 


 

   

 

0

tisfy in an 

0

 in a genenral mathem

average sense

test function
weight(ing) functio

atical context
 in the approximation methn od

L
J r x v x dx

v x




  


   





CAE Variational Formulation - 13

Example (1)
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Example (2)
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What is a Beam?

Resist primarily transverse loads
General beam > beam-column > beam

transverse loads  (flexural action)  supports

• Terminology
• Straight (longitudinal axis)
• Prismatic (const cross-sec) 

• Configuration
• Spatial
• Plane

• Model (beam theory)
• Bernoulli-Euler

• Hermitian beam element
• C1 element

• Timoshenko
• C0 element
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Assumptions of Classical Beam Theory

• Planar symmetry
• Cross section variation
• Normality
• Strain energy: only for bending moment deformations
• Linearization

– So small transverse deflections, rotations and deformations

• Material model: elastic and isotropic
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Bernoulli-Euler Beam Theory
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Moment of Inertia

• Mass moment of inertia (관성모멘트)

• Area moment of inertia
– Second moment of area (단면이차모멘트): bending
– Polar moment of inertia (극관성모멘트): torsion
– Product of inertia: unsymmetric geometry
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Curvature 

– Rate of change of the slope angle of the curve w.r.t. distance 
along the curve
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Tonti Diagram of the Bernoulli-Euler beam model
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Beam Finite Elements
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Hermitian Cubic Shape Functions (1)
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Hermitian Cubic Shape Functions (2)
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Curvatures from Displacements
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Element Stiffness and Consistent Nodal Forces
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Prismatic Beam and Uniform Load
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Example 1: Cantilever Beam
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Example 1: Lode case III
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Example 2: SS Beam
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Example 3: Continuum Beam 
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