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 Plane stress problem

« Linear elasticity equations
* Finite element equations

« Triangular coordinates
« Turner triangle (3-node plane stress triangle)
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Plate in Plane Stress

Plate: flat thin sheet of material

Thickness: distance between the plate faces
Midplane: lies halfway between the two faces (z=0)
Transverse (thickness) direction: normal to the midplane

» +z (top surface) / -z (bottom surface)
In-plane direction: parallel to the midplane

Top surface

Midplane
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Plane Stress Physical Assumptions

Plate is flat and has a symmetry plane (the midplane)

All loads and support conditions are midplane
symmetric

Thickness dimension is much smaller than inplane
dimensions (10% or less)

In-plane displacements, strains and stresses uniform
through thickness

Transverse stresses 0,,, 0,, and o,, negligible, set to 0

Plate fabricated of homogeneous material through
thickness: transversely homogeneous
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Notation for Stresses, Strains, Forces, Displacements

(also called membrane forces)

In-plane internal forces y T + 51 conventions
for mtelnal for ces,

L W stresses and strains

y 4 x
/pu : 13 T - Ai?dx-—F)_’
N

In-plane stresses In-plane body forces

Thin plate in plane stress
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Iu—plané strains In-plane displacements
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In-plane forces are obtained by stress integration through thickness.
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Plane Stress Problem

« Given
— Domain geometry
— Thickness: constant, varying
— Material data: linearly elastic but not necessarily isotropic
— Specified interior forces: body (volume), face
— Specified surface forces: surface traction

— Displacement boundary conditions: fixed, allowed to move in
one direction, or subject to multipoint constraints

* Find:
— In-plane displacements

— In-plane strains
— In-plane stresses and/or internal forces
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Governing Plane Stress Elasticity
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Moduli for Isotropic Linear Elastic Material (1)
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Moduli for Isotropic Linear Elastic Material (2)

near incompressible isopropic materials (as well as plasticity and viscoelasticity)
Lame constants (4, u) instead of (E,v)

_ vE
(T+v)(1-2v)
E

A

b > 3

/L[:G:

-

2(l+ v)
K : bulk modulus

E:y(3/1+2,u)
A+
ot
2(/1+,u)

M : P-wave modulus used in seismology
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E = Eyie 9K3K—k 344 5 2p(l+v) 3K(1-2v)
A = 1 E—l}l K_:_,ll 2uv Et" 3K 3K(3K—E)
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== ) AIE—x £y €T yI7 ary K.
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Tonti Diagram of Governing Equations
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Plane Stress Boundary Conditions

(displacementBConT,: u=u

boundary traction: o, =t

<
force BConT,: {

\

boundary force: p, =q <> o,h=th n (it

)t\ext/erii)r normal)

7
+
L S 7
nn
Z — Stress BC details
‘_‘_g' (decomposition of forces
7u=0 q would be similar)
Boundary displacements u Boundary tractions t or
are prescribed on I, boundary forces q

(figure depicts fixity condition)  are prescribed on I
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EXERCISE 14 .4

v A n(ny =dx/ds, ny =dy/ds)
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[ Cauchy stress to traction equations|

tds=o,dy+o,dx—>t, =0, ﬂ+axﬁ—a n +o,n,
ds "ds
ds—o d d dy dx
tds=o,0y+0,0X—>t =0, E+GWE—G n,+o,n,
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O'n = = = O
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Discretization into Finite Elements

n=23 n=4 n==~6 n=12
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Displacement Assumed Element

1 . e
node displacement vector: u =[uX1 u,

displacement interpolation over element:

“(Ky)={wxxdo}:{Nf 0 N; 0

u, (X, y)

strain-displacement relation:

[ ON¢ N
OX OX
e(x,y)=| O 821; 0 821;
ON: NS ON:  ON:
oy X oy o

stress-strain relation: ¢ = Ee = EBu®

0 N 0 N

uxn uyn:|
Nr? O e e
L 5 u
O N n shape function
(2><2n)
oN:
OX
Ne
O a n ue — E ue
8y strain-disglacement
ON°  ON; (o)
oy  OX |
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Element Energy and Stiffness Equations

Internal energy: U =£le oedV* :ljge ho'edQ° =£I he' EedQ°

b : body forces

External work: W*® = J' hu bdQe+J' hu'tdI™® where
. boundary tractions

(u = Nu®

Total Potential Energy: T1° =U° -W* «<—< e =Bu°
G:Ee

_ %J‘Qe h(ue )T B"EBudO® _|:J'Qe h(ue) N bd Q¢ +J NTtdFe:|

:%(ue)T [..h(u*) B'EBAQ* (u*)-(u®) [ Jou ANTBAO" + | hNdeFe}
(Ke =| hB'EBdQ®
:_(ue)T K*u® —(ue)T ¢ where - '[Qe

£°=[ hN"bdQ+| hN"tdr®
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« Triangles are still popular because of geometric

versatility and ease of automated mesh generation
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VAVAVAVAVAN
RPN
W ISR
VAVA AV,
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3-Node Plane Stress Triangles

* Turner triangle
— both the isoparametric and subparametric element families

— closed form derivations for the stiffness matrix and
consistent force vector without need for numerical integration

— cannot be improved by the addition of internal degrees of
freedom

* Veubeke equilibrium triangle

3 (.\As ,_1'3) ‘ (a) 3 (-\-3 :,‘ '3) (C)

2 (x2,)2)

1 (.\_1 ,_1-'])
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Turner Triangle Geometry / Nodal Configuration

CAE

@ (v)

.“

2 (x5,))
J>—' 5 1 (xy,y)

Z up, towards you

1 ) 1 1(X, X 1
Aozs:E‘LozHLw‘S'ne:ELozXLos :E yz yz :E(X2Y3_X3Y2)
A123:A023_Ab21_'6b13

1 1 1]
2A =det XX X =(x2y3—x3y2)+(x3y1—x1y3)+(x1y2—xzyl)
i Y, Y5
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First Berkeley and Engineering FEM paper

JOURNAL OF THE
~ AERONAUTICAL SCIENCES

VOLUME 23 ' SEPTEMBER, 1956 NUMBER 9

Stiffness and Deflection Analysis of Compl(,x
Structures

M. J. TURNER,* R. W. C-LOUGH," H. C. MARTIN,{ anp L. J. TOPP**
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Triangular Coordinates ((;, (,, (3)

3 {1=0

“Ha=1
Name Applicable to
natural coordinates all elements
1soparametric coordinates 1soparametric elements
shape function coordinates 1soparametric elements
barycentric coordinates sumplices (triangles. tetrahedra, ...)
Mobius coordinates triangles
tniangular coordinates all trnangles
area (also written “areal’) coordinates straight-sided triangles

Trniangular coordinates normalized as per {; + {» + {3 = 1 are often

qualified as “homogeneous in the mathematical literature.
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Triangular and Cartesian Coordinates

Consider a function f (x, y) that varies linearly over the triangle domain.
Cartesian form: f (x,y)=a, +a,x+a,y
nodal values taken by f at the corners: f,, f,, f,

-
linear interpolant: f (4/11 4/214/3) = flé/l + fzgz + f34/3 = [ f1 fz fs] élz = [4/1 éVz 4/3]
Cs
171 1 17¢
triangular ~ — Cartesian | X |=|X X, X || &,
Quantities that are linked with quantities such as é’
the element geometry gésap!s??ggggts' strains y Yo Yo Y5 3
gl XY =X, Yo=Ys X=X 1 2A23 Ya3
. : 1
Cartesian — triangular: | &, | = oA XY, =XYs Ya—¥, X=X || X|= Y 2A, Yy
4/3 XY, = XY Yi=Y, X=X Y 2A12 Yio

Xic =X =X Y =Y — Y
A, . area subtended by corners j, k and the origin of the x - y system
If this origin is taken at the centroid of the triangle, A,, = A, = A, = A/3

Xy || 1
X3 || X
Xn LY
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Partial Derivatives

XKy, Y_y
o¢; o¢;
(1=1,2,3
A% _y op%i_y lj=231
ox X oy 9
k=312
f = f(é’vgz’é/s)
Th
A _gdtog rfet, o, +iyj o o,
ox Fog ax 2M\ag TG, g | e :i{yzg Vi ylz} o
o Gof o 1 8fx+i +ix A | 2A1X, X5 Xy || 0F,
oy Goc oy 2Alag = e, <l ag, )| Loy of
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Displacement Interpolation over Turner Triangle

Uy b 1 ar
P(CI,CQ,C3)< } Yy lmnear

iy J 1nterpolation

”'1'2 ux - uxlgl + ux2§2 + ux3§3
Uy u, :uy1§1+uy2§2+uy3§3

_u -
1111 x1
u
yl
l ux é/l O 4’2 0 4/3 O ux2 e
II_\'l = — HNf-‘ u
u y O é/l O CZ 0 §3 u y2 shape functions
N;=¢;, i=1,2,3
ux3
_uy3 _
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Displacement-Strain-Stress

strain-displacement relation:

uxl
i 0 0 07| M
o 1 y 1 y23 y31 y12 u
oy 2
& 28 ye=DNu‘=—| 0 X, 0 x; 0 X,| *|=Bu
ﬁ:ﬁ ki 2A uy2
B X32 y23 X13 y31 X21 y12 ]
ux3

* strains are constant over the element — constant strain triangle (CST)
stress-strain relation:

o)

XX Ell E12 E13

o=|o, |=|E, E, E;l| e, |[=Ee
o |E; Ex Esi|2e

Xy
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Element Stiffness Matrix

K® :J' e hBTEBdQe B and E are constant SKE = BTEBJ" e hdO°
Q Q

over the triangle area

I Yas 0 X ]
1 y031 XSZ 2;2: i E, Eg, E13_ _y23 O v, 0 vy, O ] e
4N 0 X3 Ya Elz EZZ EZ?’ XO o 0 K 0 X .[Qe hd €
Vo, 0 X, |- 13 Boz BEgz [ X Yoz Xz Yo X Yo |
0 Xy Vi
| y23 0 X32 ]
if h is constant e h y031 XSZ 2:1233 I E11 E12 E13 1 Yo3 0 Va1 0 Yio 0 |
e ﬂ 0 X3 VY B Bp B 0 % 0 % 0 Xy
| E13 E23 E33 L X Yoz X3 Y Xy Yoo |
y12 0 X21
0 Xy Vi
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Consistent Node Force Vector for Body Forces

é/ 1 0 bx
0 & by
0 |[b _ b
fe — J. hNde Qe — j h 4/2 X dQe if body forces and h are constantﬁ\ fe _ l Ah X
o o° 0 4’2 by over the element 3 by
¢ 0 b,
L 0 é/ 3 _by ]

~
same as "load limping"

instances of the general formula (intergrating triangular coordinate monomials):

(S i!jk!
= dQ° =
2Ajﬂe§1§2§3 (i+j+k+2)!

|valid for triangles with straight sides and constant metric

(i20,j=0, k>0)
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