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Introduction 

• Technical difficulties: linear triangle  quadrilateral as 
well as higher order triangles
– The construction of shape functions that satisfy consistency 

requirements for higher order elements with curved boundaries 
becomes increasingly complicated: isoparametric elements

– Integrals that appear in the expressions of the element stiffness 
matrix and consistent nodal force vector can no longer be 
evaluated in simple closed form: numerical quadrature

• Element geometry and displacements are represented 
by same set of shape functions (iso = equal)

• Before isoparametric concept was discovered, FEM 
developers did "SuperParametric" Elems
– Element shape functions refined, more nodes and DOFs added
– But element geometry was kept simple with straight sides
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Isoparametric Formulations for 
Structural Mechanics

• Advantages
– Unification: same steps for all iso-P elements
– No need to distinguish straight vs. curved side elements
– Quick construction of shape functions

• Disadvantages
– Low-order iso-P elements may be poor performers (overstiff)
– Method does not extend to problems with variational index 

higher than 1 (e.g., plate bending and shells)
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Triangular Elements

• Superparametric representation

• Isoparametric representation

for any 2D element
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Three Node Linear Triangle
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Iso-P Representation of 2D
Plane Stress Elements with n Nodes
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Triangular Elements
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Quadrilateral Coordinates (ξ, η)

• Natural coordinate system

• Reference plane
– quadrilateral coordinates plotted as Cartesian coordinates in 

the {ξ, η} plane

• Reference element: square of side 2
• Isoparametric mapping: {ξ, η} ↔ {x, y}
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4-Node Bilinear Quadrilateral
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These functions vary linearly on quadrilateral coordinate lines ξ = const and η = const, but 
are not linear polynomials as in the case of the three-node triangle.
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9 Node Biquadratic Quadrilateral
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These functions vary quadratically along the coordinate lines ξ = const and η = 
const. The shape function associated with the internal node 9 is called a bubble 
function because of its geometric shape.

Lagrangian quadrilateral
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Isoparametric Quadrilaterals

• Implementation steps for element stiffness matrix
– Construct shape functions in Quad coordinates
– Compute x-y derivatives of shape functions and build strain-

displacement matrix B
– Integrate h BT E B over element

• Quadrilateral Coordinates (ξ, η)
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Partial Derivative Computation

• Shape functions are written in terms of ξ and η
• But Cartesian partials (with respect to x, y ) are 

required to get strains & stresses
• Jacobian and Inverse Jacobian
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Shape Function Partial Derivatives
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Partial Derivative Computation Sequence 
Summary

• At a specific point of quad coordinates ξ and η:
– Compute from node coordinates and S.F.s
– Form J and invert to get J-1 and J = det J
– Apply the chain rule to get the x, y partials of the S.F.s
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Strain Displacement Matrix B

• Use those S.F.s partials to build the strain-
displacement matrix B

• Unlike the 3-node triangle, here B = B(ξ,η) varies 
over quad
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One Dimensional Gauss Integration Rules
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Graphical Representation of
One-Dimensional Gauss Integration Rules

     

 

       

1 1

1 1

1
2

0 1, 1 ?

1 1 1 1 2 11 1   or  
2 2 2 2 2

1
2

b

a
F Jd F ld

l b a

x a b a b l x a b
l

xJ l

F x dx    

   



 

 
 

     

            


 


 



CAE Isoparametric Representation - 18



CAE Isoparametric Representation - 19

     

 
 

 

 

 

1

1 1 2 21

1 2 1 2

1 2

1 1 2 2

2 2 2
1 1 2 2

3 3 3
1 1 2 2

1 2

1 2

1

1

unknown: , , ,

1 2

0
2
3
0

1 1,  
3 3

1

1 11 1
3 3

F d w F w F

w w

F w w

F w w

F w w

F w w

w w

F d F F

   

 



   

   

   

 

 





 

    


   


   

    

    
  

   
       

   







CAE Isoparametric Representation - 20



CAE Isoparametric Representation - 21

Two Dimensional Product Gauss Rules
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Stiffness Matrix
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