8. Singular Value Decomposition (SVD)

* Columns of V are orthogonal eigenvectors of;/: Y
Av=cu gives orthonormal eigenvectors u ou

c? = eigenvalue of@= eigenvalue of AT 0O >0

A= (roEa_ti_czn)(stretching)(rotation)?y;\/_T for every A

————

Why is the @so important?
— It separates the matrix into rank one pieces like the other
factorizations A=LU, A=QR, S=QAQ" V' ke )
— Those pieces come in order of importance @ > &, 7 )9,
— First piecis the closest rank one matrix to A
— Sum of the first k pieces is best possible for rank kK
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AX = XX AV=0d u- m
by W = X(YXD = AX N v

A= |‘ox§ $d, = I\ﬂ\l\lx\\ | 7S f"\ﬂ AL\T AR
& sh‘l}g"“" \
. Examglaé‘waﬁld the matni?sU 2, Vior A F 0 ][ l [Z\_,?ﬂ

1 |1 =3 1 AT =T
U=— Y= — V=—\0ro = u(
m& 1}’ { ,\5} f@@ "
e G ol vome D

« IfS=QAQ"is symmetric positive definite, what is |£ S)VD’? Uu=V= &7—‘

« If S=QAQT has a negative elgenvalue(Sx—-ocx) wh:aids the ¢- O=tT D0
singular value and what are the vectors v and u? UorV

« |If A=Q is an orthogonal matrix, why does every singular value

equal 1?7 R Q=1:=AA- RN
 Why are all eigenvalues of a square matrix A less than or equal

too,? (IA=(usviy = vaﬂ £, Wil = ot x| | A EPIMIss, )
{- If A=xy" has rank 1, what are u\v?,c(? Check that | A{|s 0o, \\l <6,

T_ \( \
QH\MD\\‘J\\ g (x*j\;»« i(%x\ =2 A%
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+ If Aisqn by and B is @ then AB and BA have

the same nonzero eigenvalues
ABF B

« Geometry of SVD .y
_,_.f!.i_uz\l‘; @\/

4 parameters: two angles, two numbers
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« First singular vector@

||< Maximize the ratio =——* — The maximum s o, at the vector x = v
1Al 1 1
Mﬂn —
o A () A
= Find the maximum value A of = = 2Sx =2x _
W xx -

o X . T : :
Maximize H H under the conditon v,” x =0 — The maximumis o, atx=v,

x| —

» Polar decomposition: A= UZVT'= (UVT)(VEVT)
B re orthogonal matrix
polar form r > () : positive semideinite matrix
1
5
NN
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11. Norms of Vectors and Matrices

— The norm of a nonzero vector v is a positive number ||v||
— That number measures the “length” of the vector

S»y1ER
every norm for yectors or functions or matrice must share these two properties
S

of the absolute value ‘c‘ of a number

multiply v by ¢ (rescaling) — HCVH . ‘C‘HVH 4
Allnorms
add v to w (Triangle inequality) — HV + WH < HVH + HWH v’
I” norm = Euclidean norm : HVH@: \/‘vl‘z +e Y, i
</' norm=1-norm: HV%): v+ 4|y,
[* norm = max norm : HV _ = maximumof |v|,...,|v,

p)/p

vl’l

v\b: qu\p+---+
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* Important vector norms and a failure

b=

2 (1,1) s
£°° norm 2 norm i)
o] € 1,]vz| €1 Vvl + v/lv2| €1 (1,0)
square not convex

P=) 0o blow-up
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PCF)/
«  Minimum of ||v||, on the Iin@ az\E -

Minimize ||v||, among vectors (vq, vz) on the line v, + 4vz = 1\

o ¢ .
0, 1) has |[v*||; = (X, E ) has ||v*||lz = 5 2. 2) has [[v*]|ee = 7

<> (/-z—

* |nner products and S=norm

Inner product = length squared ;. v-v=v'v = HvH2 } . {Cauchy- Schwarz\ ‘VTW‘ <|[v|w]
S <

Angle @ between vector vand w: v’ w = HVHHWH cosf

N

Triangle Inequality : HV + WH < HVH + HWH

Choose any symmetric positive definite matrix S

@gives a norm for v in R" (called the S - norm) },

T . . .
(v,w)s = v''Sw gives the S - inner product for v, w in R"
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Norm of Matrices

* Frobenius Norm
» Matrix Norm ||A]| from vector norm ||v|| \,o o

* Nuclear Norm

Al =lay[ +--+]a,,
5, .6, (sv) <A\meTHF=H>:VTHF=HEHF=Jaf+---+of

2 .
AQ = trace of A" A =sum of eigenvalues (o} +---+0,

| el

= largest growth factor = 7,
M

[> norm: HAH , = largest singular value o, of A

J\

[' norm: HAH | = largest/ ' norm of the columns of A

\l°° norm: HAHOO = largest /' norm of the rows of A

AHN =0, +---+0, = tracenorm
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9. Principal Components

n understanding a matrix of' data )

- oun low rank approximation theorem
— The norm ofA A, is below the norm of all other A-B,
— A =ouv, T+ L+ ouy T
* Frobenius norm squared = sum of squares of all entries

Eckart- Young : If B has rank £, thenHA BH HA AkH '\/
A 9@ Gl“lvl + +O'k“ka <—Sup T\

Spectral norm : HAH , =Mmax—— =0,

%

Frobenius norm : HAHF = \/0'1 e

N

Nuclear norm: HAHN =0, ++0,

\
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Eckart-Young Theorem ez

» Best approximation by(AD gia! 1 O

2.
@Eckart-Young in@ O
—> If rank(B)< £, then |A — B| = max i~ B)XH_G,HI \A- Ak\

0

Eckart - Young in th@ ;

If Bis closest to A, then U' BV is ¢ osest toU'AV

D 0
B=U|ia VI A=
0 0

The matrix D must be the sameas E = dzag O, k)

The singular values of H must be the smallest ( k) singular values of A

The smallest error | A —B| must be |[H]|| . = \/0',f+1 +ot ol

-
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4 L—&Oﬂ‘l
Principal Component Analysis

. Understand@ample points ir@dimensional space
« Dat trix(A,: I iabl A
ata ma nx@n samples, m variables o

— Find the average (the sample mean) along each row of A,
— Subtract that mean from m entries in the row

— Centered matrix@=A0-(mean2

— How will linear algebra find that closest line through (0,0)? It
is in the direction of the first singular vector@ofA

! A is 2 x n (large nullspace)

AAT is 2 x 2 (small matrix)

AT A is n x n (large matrix)

Two singular values o1 > 032 > 0
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Leoxﬁ‘z/b > ?C‘f‘\
|| - A O high ) M

o  Statisticg’behind PCA

— Variances: diagonal entries of the matrix AAT
—
— Covariances: off- diagonal entries of the matrix AAT ~

— Sample covariance matrix: S=AAT/(n-1)
| G
: behind PCA -
— Sum of rom the data points to the line is

a minimum Sepade Lah el S of A
. . - — T 2
.+ (Linear algebra behind PCA - 3 (Fure S (Gl

— Singular values o; and singular vectersAu;, of A \:ﬁﬂ) \/v\
. A W
— Total variance: Al 5 5 U, :

F Jl +...+JI" Vv\l\%

AR
n—1 n—1
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