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* One-step method: how to estimate the slope?
« Euler’'s (Euler-Cauchy, point-slope) method: first-order

« Improvement of Euler’'s method

— Heun’s method

— Midpoint (improved polygon) method
* Runge-Kutta methods

— Second-order

— Third-order

— Fourth-order

— Higher-order
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Fundamental Laws

In terms of the rate of change of variables (t = time, x = position)

Law Mathematical Expression Variables and Parameters
Newlon's second law av_ F Velocity v}, force (F), and
of motion dt m mass (m)
Fourier's heat low ag=—k ] Heat flux (q], thermal conductivity (k']
' dx
and temperature (T)
Fick's law of diffusion /= —Dj—c Mass flux [ J), diffusion coefficient (D),
" and concentration ()
Faraday's law AV = t%; Voltage drop (A V), inductance (1),
[voltage drop across and current (i)
an induclor)
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Engineering Problem Solving

ma Physical law

v ODE

Analytical Numerical

/N

i (1 — E_Wmh) Vi, =V + (g - }%v.,-)Ar Solution

CAE ODE -3




Ordinary Differential Equation

 Differential Equation
— ODE: # of independent variable = 1
— PDE: # of independent variable > 2

« ODE

— Linear / nonlinear

Dy'=x+1 @y'=y+1 Qy'=x"+1
@y'=(x3+l)y ®y'=y"+1 ®y'=siny
e Definition of linear ODE

a, (x)y(”) +~-+a1(x)y’+a0(x))j:F(x)

linear combination of y,y’,y"... .,y(")
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Higher Order Linear ODE

« Conversion to coupled 15t order ODEs
a, (x)y(”) +---+a,(x)y +a,(x)y=F(x) <« n-th order ODE

Vo=V Yo =W
n=y V=P,

"

V, =Y F >V, = ),

Vo = )/(n_l)) y = F(x)_aoyo —V T4, ),
n—1

a

n

x : independent variable

= vector form: y' = f(x,
y'=r(xy) { y - dependent variable
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Euler's Method

 solve ordinary differential equations of the form

Y

¢ = f(x,,y,) < slope at x,
Vin =Yt f(x,»)h
Ist order Taylor approximation

r-
X

CAE ODE -6




Error Analysis

« Global truncation error: O(h) = # of steps x local error
— Local truncation error: Taylor series, O(h"2)
— Propagated truncation error: ?

 Round-off error

g ()

Vo =y, + h +%h2 +-~+y;—!h” +R

b=y +f(xl.,yl.)h+f,(;"!’y")h2 s f("l)’Sci,y,-)hn +0(hn+1)

E =L ’(;"" ) s (n_l)’gf"y s O(k""): true local truncation error
matr_, p S '(’;’ 2y O(1*): approximate local truncation error
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Example (1)

d 4
Y o 2 +12x% —20x+8.5
dx
y = —0.5x" +4x> —10x* +8.5x +1 e i
0 | 1 |
0 2
Percent Relative Error
x Yiiiea Yeuler Global Local
0.0 1.00000 1.00000
0.5 3.21875 5.25000 63,1 -63. ]
1.0 3.00000 5.87500 -05.8 -28.0
1.5 2.21875 5.12500 131.0 —1.41
2.0 2.00000 4.50000 —-125.0 20.5
2.9 2.71875 4.75000 =y V2.3
3.0 4.00000 5.87500 46.9 4.0
3.5 4.71875 /7. 12500 -51.0 -11.3
4.0 3.00000 7 .00000 =133.3 =53.0
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Example (2)

¥
; h =05

True solution

=

4 3
Estimatad

| LI
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Steps
5 50 500 5000
I I
| |
1 0.1 0.01 0.001
Step size
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Improvements of Euler's method

« A fundamental source of error in Euler's method

— derivative at the beginning of the interval is assumed to
apply across the entire interval

« Two simple modifications to circumvent this
shortcoming
— Heun’s Method
— Midpoint (or Improved Polygon) Method
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Heun’s Method

* Predictor-corrector approach

p 1
slope: /(%)) =5 £ (5 110) = 5 [/ (o 2)+ (o i)
Predictor: !, = y, + f(x,,y,)h
f(xiﬂyi)+f(xi+1’yi0+l) h
2

Corrector: y,,, = y, +

Vi
S‘IDDE =‘f11|j & = _.II-.?4L i‘b

¥4 Flx ¥) + fx, 30)

2

Slope =

Slope =
I’I‘.l._\'ln _Tf:l

|
|
|
|
1
|
X
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y = _(eo.sx _ o 05 ) 40 05x
1.3
Iterations of Heun’s Method
15
X Ytrue ¥ Heun I'Ef[ {ufﬂ] ¥ Heun I-FI'I [uﬂ"a]
0] 2.0000000 2.0000000 0.00 2.0000000 0.00
] 61946314 67010819 8.18 6.3608655 Z2.68
7 14.8439219 16.3197819 Q.94 15.3022367 3.009
3 33.6771718 37.1992489 10.46 34.743276] 3.17
4 75 3389426 83.33/7/7674 10.62 77 7350962 3.18
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Example (2)

slope: f(x;, ;) = f(x,)
Predictor: no need

/(&)

h < Trapezoidal rule: E, = 0 n

S+ /()
2

Corrector: y,,, = y, +

Euler's method

Heun’s method

True solution
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Midpoint (or Improved Polygon) Method

« Use Euler's method to predict a value of y at the
midpoint of the interval (without iteration for corrector)

h ,
f(xi’yi) = Vi =i +f(xi’yi)5_)yi+l/2 :f(xi+1/2’yi+l/2)

Vi = Vi + X2 Vi)

v Slo pe =_J|"{.'E‘ s Vs 'I.'?} v b

51GF}E E.lr{'r.l s 2 N s 'I.'E}
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Runge-Kutta Methods

Vit = ¥ +0(x;, ¥, h)h
(¢ =ak +ak, +--+a k : increment function

a's : constants

k's : recurrence relationships
< ko= f(x;,)

k,=f(x,+ph,y +q,kh): p'sand q's are constants
ky = f(x;, + pyh, v, + gy kih+q,,k,h)

\kn =f(x,+p, 0y +q, kh+q, kh++q,,, k

n—lh)
How to determine coefficients?
n— (a 's,p's,q's <> Taylor series expansion)

n =1: Euler's method

CAE ODE - 15



2nd-order RK (1)

-

0 0
Vi =¥, +(ak +ak,)h =y, +(a1 +a2)f(xi,yi)h+(a2pl—];+a2q11f(xl.,yl.)£jh2 +O(h3>
k= (x,0)
0 0
k, = f(x; + ph,y, +q,kh) :f(xiayi)"i'plhi+QIlklhl+O(h2)
| ox oy
S (x50 5o Liof ofdy,,
Sy, =y, +f(x,y)h+———=h" =y + f(x,,y)h+— + h
y1+1 yl f(lyl) 2! yl f(lyl) 2! ax aydx
a, :l: Heun's method
a,+a, =1 41— g 2
1 : ? a, =1: Midpoint method
2 GLp =g S B B e )
h=in =5, a, ==: Ralson's method
1 ? 3
a,q,, =—
\ T ) | < minimum bound on truncation error
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2"d-order RK (2)

1 {h::fx%wyﬂ

1
Heun's method(az2 =—j:a1 =—,p,=9q,=1>
2 2 k,=f(x,+h,y +kh)

2

kl :f(xi:yi)
Midpoint method(a, =1):a, =0,p, =¢q,, =——
’ ( 2 ) 1 hrm 2 k, = f(x, +%h’yi +%k1h)

1 1
Yin = Vi +(Ek1 +§kzjh =V

1 1
%H:%+@h;%+ﬂx+§h%+§f@mnmm:%+f@mm%wﬂh
1 3

2 kl :f(xiayi)
Ralson's method| a, =— |:q, =—,p, =¢q,, =— >
( 2 3j 1 3 pl qll 4 kZ :f(xl+%h’yl+%klh)

3 3
f(xi’yi) .\ 2f(xi +Zh,yl- +Zf(xi,yl.)h)
3

h

1 2
Vi :yl.+(§k1 +§k2jh:yl.+

AN RACRELRNACINON _y +f(xioy,-)+;(x,-+1»y?+1)h
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Example

, — Analytical
Y4 @=——@ Euler
Bl Heun
@8 Midpoint
A=A Ralston

o ODE - 18



3-order and 4t"-order RK

[Third-order RK] [Fourth—order RK]
1
Vit = Vi +g(k1 +4k, +h; ) h Vi =V, +é(k1 +2k, + 2k, +k, ) h

rkl:f(xiayi) rklzf(xi’yi)

N

_ 1 1 1 1
k2 _f(xi +§h’yi +§klh) kz :f(xi +§h9yi +5k1h)

k, = f(x, +h,y. —kh+2k,h) )
- R 3 :f(xl.+%h,yl.+%k2h)

eight unknowns
(a19a29a39p19p2>QI19q219q22) *k4 - f(xi +h’yi +k3h)

SIX equations
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Slope Estimates

v

~

'?Ci+‘|

Xis1/2

ODE - 20
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Higher-Order RK

| Fifth-order RK |

Yy =V, +%(7k1 +32k, + 12k, + 32k, + Tk, ) h

(kl :f(xiayi)
1 1
kz :f(xi +Zhayi +Zk1h)

1 1 1
k.= f(x.+—h,y.+—kh+—kh
3 ]f( i 4. )G 8 1 8 2 )

<
k, = f(x, +%h,yi —%k2h+k3h)

3 3 9
k. = +—h,v.+—kh+—Fk,h
5 Lf()% 4 JG 16 1 j16 4 )

3.2 12 12, 8§
ko = FCq+ by =S hh+ ko —kih =kt kh)

L
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Example

Percent relative error

100

102

10

1078

Euler

Heun

RK-3d

RK-4th

Butcher

Effort
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Example: Swinging Pendulum

2
df+§0:0
dt [
linearization | (dyl
sin 9=0 4 — =)
0=y, ) dt
dy,
—= =-16.1
I L Jr )ﬁ_
{Jﬁ = y, =0.1 radian { y, =y, = x/4=0.7854 radian
4 Y, =y,=0 o 4 2=V, =0

N
FTTTTTI
N

o
EEEEEE
|
N

1 S T I B T R S T A o A
0 1 2 3 4 0 1 2 3 4
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Adaptive RK Methods

— Very small step size to accurately capture the impulse
behavior
« Adaptive step-size control
— Adjust the step size automatically?

— Based on the error estimate
« Same order / different step sizes: adaptive RK (step having)
 Different order / same step size: RK Fehlberg (embedded RK)

(1 step size T \

A a A . accuracy
hnew = h present — Where 4 Anew =&y scale
A
present
dy \
=|y|+|h—
\y scale |y | dx

CAE ODE - 24



Adaptive Fourth-Order RK Scheme

Z—y+ 0.6y =10¢ O] g 7(0)=0.5
» §

y, = 0.5¢ "¢

y, + abrupt transitipn in the vicinity of x = 2

10

o
B
o]
==
(%)
=

o
5 R L I P
~""'Illn__
—
o
- P
%
o
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Summary: ODE Integration Scheme

Global Exact Runge-
error Kutta

,Pd ted 5

Euler’s / ’ = O(h) fb:}n;grn 1st order

Heun’s XA
B S Quadratic
O A P O(h?) 2"d order

3«* : il function

Midpoint /!

Quartic
function

Classical
Runge-Kutta

O(h%) 4 order

CAE N ey X ODE - 26




Contents

« Stiff ODEs

« Multistep methods

« Boundary Value Problems
* Eigenvalue Problems
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 Stiff ODEs

— ODEs that have both fast and slow components to their
solution

— Remedy: implicit solution technique

* Multistep methods

— Algorithms that retain information of previous steps to more
effectively capture the trajectory of the solution
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Stiffness

« Stiff system

— one involving rapidly changing components together with
slowly changing ones

Vi
% =—1000y +3000—2000¢ " andy(O) =0

y=3-0.998¢"""" —2.002¢™"

dominate
during
t<0.005

— Step size for stability

iy analytic: y = y,e

—=—ayand y(0)=y, > d
dt (0= numerical (Euler's method): y, , =y, + 4

i

dt

Vi =y, —ayh =y, :yl.(l—ah)Lﬂity)‘l—ah‘<l—>0<h<z
a
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Explicit vs. Implicit

« Implicit
— Unknown on both sides of the equation

, "
explicit (forward): y,,, =y, + i,

Euler's method < dtd
implicit (backward): y,., = y, +%h

unconditionally stable regardless of step size

y.
. =V.—Aay. h — V. = L
yl+1 yl yl+1 y1+1 1 Clh

<— q only first-order accurate

— second-order? implicit trapezoidal rule integration scheme

CAE ODE - 30



Example

% =—1000y + 3000 —2000¢ " andy(O) =0

y=3-0.998¢""" —2.002¢”"
(@) explicit (=0~ 0.006):

7 =0.0005, h=0.0015 (i, =0.002)
(5) implicit (¢=0~0.4): h=0.05

CAE

y
15 - ro h = 0.0015
E. S
— / N
== ¥ \/
'C
05
5 | | | |
0 0.002 0.004 0.006 1

0 0.1 0.2 0.3 0.4 1
(b)
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Systems of ODEs

(d

| % =-5y,+3y, and y, (O) =52.29 R {yl — 52 .06e N _ ()67 02010
_ -3.9899¢ -302.0101¢

% ~100y, ~301y, and y, (0)=83.82 (Y2 =17:83¢ 77 +65.9%

(yl,i+1 =V, T (_Syl,i+1 +3Y5,0 )h N {(1 + Sh)yl,i+l - 3hy2,i+l = Wi
| V2,iv1 = V2, + (100y1,i+1 _301)/2,”1 )h _looyl,i+1 + (1 + 301)hy2,i+1 = Vo

« Solve a set of simultaneous equations
* Nonlinear ODEs: difficult to solve

CAE ODE - 32



One-step vs. Multistep

(a) (b)

Xicrop X

* Non-self starting Heun Method

Predictor: Euler's method
Voa =¥+ f(x,y)h—> O(h*)
Viu =Via + f(x,3)2h— O(1')

Corrector: trapezoidal rule

Viqa =V + 5

CAE

f(xi’yi)+f(xi+l’yi0+l)h N O(h3)

Slope = f{x,,;, %)

¥V

Slope =

F

Fix ¥ + X M)

ODE - 33



Step-Size Control

« Constant Step Size

— A value for h must be chosen prior to Interpolation
computation.

— It must be small enough to yield a sufficiently
small truncation error.

— It should also be as large as possible to minimize
run time cost and round-off error.
« Variable Step Size

— |If the corrector error is greater than some
specified error, the step size is decreased.

— A step size is chosen so that the convergence
criterion of the corrector is satisfied in two

2

()

Z

iterations. ()

— A more efficient strategy is to increase and
decrease by doubling and halving the step size.
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Integration Formulas

* Predictor step

— Open formula (midpoint method):
initial estimate

— Closed formula (trapezoidal rule):
improve the solution

« Higher-order integration formula ‘

— Newton-Cotes formula

» Use a series of points to obtain an
integral estimate over a number of
segment

* Project across the entire range

— Adams formula

» Use a series of points to obtain an
integral estimate for a single segment -

* Project across the segment C®

CAE ODE - 35



Newton-Cotes Formulas

/. (x) is an n-th order interpolating polynomial

open formula: y, , =y,  + _‘- S, (x)dx

)

n=1:y.,=y_ +2hf —>m1dp01nt method

n=2:y..,=Y, + (f+f)
sm=3:y. =y _,+ 3 (Zf, fia+2f,)

closed formula: y, , =y, . + I f, (x)dx

et

o

=

[ %]

-

2
e R
Il A
= =
il =
; ;
b R

n=1:y. , =y +— (f+f ) — trapezoidal rule

n=2:y, =y +— (f +4f, + f,,,) > Simpson's 1/3 rule



Adams Formulas

(open formula (Adams — Bashforth): forward Taylor series around x,

' " ) - ()
Yinn = Vi §| h2+%h3+. +h(f+ fz +h_f +] ;
fi~fia 7 >
fr=B e I o) f-f. f, h
back]ivarddiszerence >yi+1 yl + h|:f t 2{ h : h + O(hz) 3| f o

3. 1 < nt
Vi :yi+h(§ﬁ_§fi—lj f"‘O(h ) > Vi = yi"'hzlgkfi—k"'o(h 1)
k=0
closed formula(Adams — Moulton): backward Taylor series around x;, .2 X & M A

(h)
_ i 2 Sl s h ., h? "
yi_yi+l_ﬁ+1h+ X h™— Y h _Efz“+l+3!fi+l+

o
-
o
-

-

T Vi =Y +h(fz“+l

fin—fi L )
=t S gof W fouf S -
back]\izvarddigference >yi+1 =i +h|:f;+l _5{ lh : h+0(h2) +§fi+l +ee

1 Lo pn N e
+5f,-]—§h3f,-+l ~O(1*) > 3 =3+ DL B froy + O™
k=0

1
\yi+1 =V +h(§ﬁ+l
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Summary

! . —
Heun's corrector: y,,, = y, +

Fe)+f G,
2

f($)
12

h3

—>FE =-

<> trapezoidal rule: J.xm f(x)dx = /(%) +2f(xi+1) h

midpoint method: y,,; = y; + f (X.,125 Vi1 )P

.

<> Newton — Cotes open integration formula (midpoint method):

\J.jf(x)dx =(b—a)f(x)—> le f(x)dx = hf (x,,,,,)

third-order RK: y,,, = y, + é(k1 +4k, +ky ) h

N\

< Simpson's 1/3 rule: Ibf(x)dx =(b—a)f,(x)

=L () ar ()0 £ (5)]= (- L LA CIIR) g
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Numerical Solution of ODEs

Starting  lterations  Global Ease of Changing  Programming

Method Values Required Error Step Size Effort Comments

One slep
Euler's 1 No Olh| Easy Eosy Good for quick estimates
Heun's 1 Yes Ol Easy Moderate —
Midpoint | No Oth?) Eosy Moderate —
Second-order Ralston ] No Ol Easy Moderate The second-order RK

method that minimizes
fruncation enor

Fourth-order RK 1 No O(h?) Eosy Moderate Widely used
Adaptive fourth-order
RK or RK-Fehlberg 1 No Ol Easy Moderate 1o Error estimate allows
diHicult steprsize adjustment
Multistep
Non-saitstarting 2 Yes on’* Difficult Moderate to Simple multistep method
Heun difficult!
Milne's 4 Yes Oh)* Difficult Moderate to Sometimes unsioble
difficult!
Fourth-order Adams 4 Yes Clh)* Difficul Moderate 1o
difficult!
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Method Formulation Interpretation Errors
¥
Euler [Firsk Yiel =y + hKj / local emor = OJ)
ordar RE) ki = fix, y) ] I I Global emor = ClH)
i-3 i-2 i=1 i i+
Rolston's second yirl = ¥+ hliki+ Skl f Locol emor >~ Ol
arcler RK ki = fix, vl Global eror = O[]
ky = e + h, v + 1bky] _ , - | |
i-3 i-2 i=-1 i i+1 .
Classic fourth yio! =yi+ ik + ko + ks + ko) Y local emar = OF)
oider BE ki = fix, y Global emar = O
by = |'|;x‘,+ 'h, W+ k)
".3 - h:.ﬂ.. + fi"?,_ ¥ + —.]I*:r} T | | |
h=f|:)!.‘|'.l'l,y_‘|'h*:4} i-3 i-2 i-1 i f+1 .
¥
Nor-selfstorfing Predictor: |midpoint method] Predictor modifier:
i i1 =y + 2hfx, yTl I Eom 3yl + U
i-3 i-2 i=1 i i+1
¥
Cotneclor. (rapezoidal ruks) Conicior mackfes
: o B v+ R, viei) o= ¥
rl_‘lﬂvl.-l-h 2 T J EI:_ f 5 i
i=3 i=-2 i=1 i i+ 1
¥i
Fourthrorder Adoms Predictor: [fourth AdomsBashforth) Predicior modifier:
0 =M RSB T =S, o B lyT =yl
Y1 =¥ H,'l i .1 1 g Pz 3i Fr=a) A | l ¥ ¥y
i-3 i-2 i=1 i i+1
¥
Coneclor: (fourtth AdemstMoulion] Conector modifier: '
b1 =yT +HERSN + B =& + 5 T Ee 2= =wo lyTi, = vl
yle1 = y7 + hs L T e T = I l
i-3 i-2 i=1 i i+

-40



IVP vs. BVP

 ODE (n-th order) + auxiliary conditions (n)

« Initial-value problem (IVP)
— All the conditions are specified at the same value of the

independent variable

« Boundary-value problem (BVP)

— All the conditions are specified at different values of the

"

_“fr’"

Initial conditions

CAE

¥
] \
¥i o ¥y
Boundary "
- o condition ~——. ,
L]

Ya g
¥ao L e -

independent variable (extreme points or boundaries of a system)
a5

v ]
—I=F|IJ‘,I.|,'.'_.} — = i, v

alt P
¥y whereatx =0, v = v,

— = -l ¥, V)

r x= Ly =y Boundary

where atr=(k v, = v, sand ¥s = ¥ 5 condition

0 f 0 [



BVP

« Shooting method

Converts the boundary value problem to initial-value problem

— A trial-and-error approach is then implemented to solve the

initial value approach

* Finite-difference method

CAE

Most common alternatives to the shooting method

Finite differences are substituted for the derivatives in the
original equation

Finite differences equation applies for each of the interior
nodes

first and last interior nodes, T, , and T,,,, respectively, are
specified by the boundary conditions

linear equation transformed into a set of simultaneous
algebraic equations can be solved efficiently

ODE - 42



1-D Heat Equation (1)

* Uniform rod of length L with non-uniform temperature
— Heat (or thermal) energy of a body with uniform properties:

heat energy = cmT (: pC,T )
¢ : specific heat (capacity) [J / (kg - K )]

N\

energy required to raise a unit mass of the substance 1 unit in temperature

m : body mass [kg]

— Fourier's law of heat transfer: Rate of heat transfer I or
area Ox

k : thermal conductivity [J / (kg - K )]

I,

. ~
| LLLLLLLLL L
W 777777777/77777777777.

CAE ODE - 43




1-D Heat Equation (2)

— Conservation of energy:

change of

(heat in from j (heat out from j (heat out along]
heat energy of = — —

left boundary right boundary its length

segment in time Af

c(pAAx)T(x,t+At)—c(pAAx)T(x,t):AtA(—kz—Tj —AtA(—ki—T) + AhAY(T, ~T)
X X X xX+Ax

(o) to
T(x,t+Al‘)—T(X,l‘): k Oox tAx Oox x |y h (Ta_T)
At cp Ax CpA

wan 0T _ OT b

T —-T
ot K8x2 cpA( ¢ )
steady state, ﬁ:() 82T h d 2T '
= >0="—73 +%(]—;_T)_)dx2+h(7;_T):O

CAE ODE - 44



1-D Heat Equation (3)

Convection

heat balance around a differential element of thickness Ax
0=g(x)A4. —q(x+Ax)A4, +hA (T, -T)

Ax r
Ax—*o>0:—a—q+%(TOO—T)
ox r
L T
o 50="""+#(T,-T)

CAE dx ODE - 45




Example

« Heat balance for a long, thin rod
— Not insulated along its length
— Steady state

d’T

2

+h' (T -T)=0
y (T,-T)

7(0)=1, =40°C L
boundary conditions

T(L)=T,=200°C

T, =20°C (temperature of the surrounding air)

L=10m

h'=0.01m™ (heat transfer coefficient)

rate of heat dissipation to the surrounding air

analytic solution: 7' = 73.4523e""" —53.4523¢ ™" + 20

CAE ODE - 46



CAE

<
dz

Shooting Method

- =1'(T —T,)|linear] % =h"(T —T,)" [nonlinear|

4th RK, h=2, T(10) =200

guess / linear: {

2(0)=10 - T(10) =168.3797
(0)=20 - 7(10) = 285.8980

linear ( ) 12 6907

interpolation

non-linear: 7'(10)

—2(2(0)) = f(2(0))-200

/(=(0)) e

200 —

100

Linear

Nonlinear
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Finite Difference Method

d*T T, -2T+T_
d’T - T, —-2T+T

= (I, -T)=0—f—="— |
I, +(2+ hAx® )L =T, = h,szTa
| fixed / Dirichlet boundary condition |

(i=1:-T, + 2+ AT -T, = AT,

i=n:-T_ +Q+WA-T,, =hAXT,
| natural / Neumann boundary condition |

eg. insulation = zero heat flux

d_T(()):Ta'_>dT _h-T >T, :TI—ZAxd—T
dx dx  2Ax dx

i=0:-T,+Q2+hAT, T, = h'AX'T,

— Q+WNMT, - T, = ' AX°T, +(T1 —2Axfl—Tj
X

ODE - 48



Eigenvalue Problems

« Special class of boundary-value problems that are
common in engineering involving vibrations,
elasticity, and other oscillating systems

[A)X} = 20X} = ()= A[1]) () =0 det([4]-2[1]) =0

A :eigenvalue or characteristic value

{ X} : eigenvector

CAE ODE - 49
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Mass-Spring System: Oscillation

......
]

-.( _I I’ I‘JI:_ -[1:]_-‘.-.-__/ ?ETI—\E
|
|
|
|
|
| 5
|
_.rrxl"“:jl’i "‘._ ;Ir-ljﬁﬂ \
|

Y

o Z[Z[[{[Z[[Zz
—
?J
|
N
<
= {

X
g
]

|

|
JAII
|
A

’
o

' X
0 X 0
d*x d*x
<—kxl—i-k(xz—xl):m1 dtzl — m, d121+2kx1—kx2:
d*x d*x
—k(x2 —xl)—kx2 =m, dt22 — m, dtzz kox, + 2kx, =
2 (%_COZJAI -
m m
x;, = A, sin ot — d ;Ci = -’ A4, sin wt — 1 :
dt k 2k
_____/$7+_ - _
m, m,

ODE - 50



Example

m, =m, =40kg,k =200N / m

(10-@*)4,-54,=0 2 {15 {3.873 2" {1.625
>0 =1 So= —I
—54,+(10- ") 4, =0 5 2.815

%

2.236

1 0 o o B, 011 O I M sl 1 1 s 0. 11y

T.r' =
1.625 —

|
I
I
|
I
I
I
|
I
I

(a) First mode (bh) Second mode
CAE ODE - 51
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Column Buckling

dzy _ M M=—Py,p2=g
dx> EI
2

d y+p2y:O B.C.y(O)zy(L)zo

2
X

N
Id

y = Asin px + Bcos px

y(O)zOzB

y(L):O:Asian—>pL:n7z—>p:%

J\

n’*El

—> P= — Euler's formula
L

(L, 0) p=TH

ohn

(a)n=1

P P
¥
(0, 0) |
. |
|
S |
M

(byn=2

(c)n=3

(d)yn=4
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Polynomial Method

 Develop the set of equations ([4]-4[7]){x} =0

« Expand the determinant of [4]-4[7], which will be a
polynomial whose roots are A

« Solve for the roots with either Muller's or Bairstow’s
method, deflating in order to find all of the
eigenvalues/eigenvectors

CAE ODE - 53
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Power Method (1)

Write the system as AX = AX

For an initial guess, assume that X ={1,...,1}",
substitute and solve for a new set of X

Normalize with respect to the largest value of X.
Iterate until convergence

Upon convergence, the normalization factor will be
the largest eigenvalue, with eigenvector equal to X

If matrix A is symmetric, it can then be deflated using
Hotelling’s method 4, = 4, -4 X,X," where A, is the
original matrix and A ; X, are the largest
eigenvalue/eigenvector pair

ODE - 54



Power Method (2)

* Proceed in this manner to find the largest several
eigenvalues. This method cannot usually be used to
find all of the eigenvalues due to the accumulation of
significant round-off errors

« To find the smallest eigenvalue/eigenvector pairs,
perform the power method on the inverse of A,
deflating in order to eliminate those already found

CAE ODE - 55



CAE

Example: Polynomial Method

G —2). V.
dy+p2y20_)yl+l h)z;z y1—1+p2yi20

Vi =(2-2 P )y, + 3., =0
»(0)=y(L=3)=0->y,=y,,=0
one node (h=3/2):-(2-225p7)y, =0—> p=:+0.9428

2-p* -1
two nodes (h=3/3):{ P Hyl}=0—>p=il,il.73205

-1 2_192 b
2-0.5625p° —1 0 Y,
three nodes (h = 3/4) : —1 2-0.5625p° -1 Y, =0
0 -1 2-0.5625p° Vs

Polynomial Method

Eigenvalue True h=3/2 h=3/3 h=3/4 h=3/5
] 1.0472 0.9428 1.0000 1.0205 1.0301
(10%) (4.5%) (2.5%) {1.6%)

2 2.0944 1.7321 1.8856 1.9593
(21%) (10%] [65%)

3 3.1416 2.4637 2.6967
(22%) (14%)

4 4.1888 3.1702
(24%)

ODE - 56



Example: Power Method

—— e —————————
2
ccilx); +p’y=0—> i _2}? iy =p’y,
three nodes (4 =3/4):
highest eigenvalue: Ax = Ax lowest eigenvalue: A'x = 17'x
3556 -1.778 0 (x| X, (0.422 0281 0.141](x, X,
~1.778 3.556 -1.778 |{x,t=A1 x2} 0281 0.562 0.281|3x,r=4"4x,
| 0 -1.778 3.556 ||x, X, 1 0.141 -1.778 0.422||x, X,
[ 3.556 —1.778 0 |1 1 (0.422  0.281 0.141](1 0.751)
~-1.778 3.556 —1.778 |{1;=1.778<0 0.281 0.562 0281 |¢1:=1.1243 1 ¢
0 -1.778 3.556 ||1 1 10.141 -1.778 0.422 |1 0.751
[ 3.556 —1.778 0 (1 1] [0422 0281 0.141](0.751 1
~-1.778 3.556 —1.778 |10;=3.5569—1¢ |0.281 0.562 0281 |1 1 +=0.984<-1
| 0 -1.778 3.556 ||1 1] 10.141 -1.778 0.422][0.751 1

CAE ODE - 57



