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Multifreedom Constraints (1)

+ Single freedom constraint examples

u,, =0 (linear, homogeneous)

u,, =0.6 (linear, non-homogeneous )

* Multifreedom constraint examples

_ ! li h
Uy =2ty (linear, homogeneous)

u, —2u,,+u, =025 (linear, non-homogeneous)

2 2 :
(o5 +u =2, +uy) + (y5 +U, s~ Yyt uy3) =0 (nonlinear, homogeneous )
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Multifreedom Constraints (2)

e Sources
— “skew” displacement BCs
— Coupling nonmatched FEM meshes
— Global-local and multiscale analysis
— Incompressibility
— Model reduction

 MFC application methods
— Master-slave elimination
— Penalty function augmentation
— Lagrange multiplier adjunction
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Procedure Summary in Static Analysis

Unmodified master stiffness equations

Ku =1 before applying MFCs

1, (master-slave
Apply MFCs < penalty function

l' | Lagrange multiplier

Modified stiffness equations Ka = f

l

Equation solver gives u

l

Recover u if necessary
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Example: 1D structure

Uy, Jio Uy Sy Uy Sy My fyo Us fs Mg Jgo g,

1 2 3 4 S 6 7

multifreedom constraint: u, =u, or u, —u, =0 (rigid link)

unconstrained master stiffness equations

K, K, O 0 0 0 0 |[u] [f
K, K, K, 0 0 0 0 [u 1
0 K, K, K, 0 0 0 || u, 1
o 0 K, K, K. 0 0 ||u, |=| f, | Ku=f
0 0 0 K, K. K, 0 | u f-
0 0 0 0 K, K, K| u 1.
0 0 0 0 0 K, K,|lu]| |f5]

CAE
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Example: Master-Slave Method

taking u, as master and u, as slave

1

o O O O O O

S = Oo O O = O

0

o O O O = O

0

o o o = O O

0

o O = O O O

_— e O O O O O

<u=Tu

unconstrained master stiffness equations: Ku =f

master-slave transformation: u = Tu

replace u and premultiply both sidesby T' : T'KTa=T'f

modified stiffness equations: K = f

A
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Example: Master-Slave Method

mo dified stiffness equations

S 3 ¥ F 3 3
o~ o~
() K6 o O O K7
Ne) v g
() KS o K4 KS ()
MO X
MO X
8
q |KT Q o s B
SEENCE RV
%%
— I
K K S O O O

=Ta

solve for i
f—————>u

~

= Kua=
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)

0 000 1O
0 0 0O

0

1

0
0

0

1

1

0 0 0
0 0 0O

taking u, as master and u, as slave(u,

B
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Example: Multiple MFCs (1)

uz—u6:O 3 u6_u21
Suppose u, +4u, =0 Tl Uy ==t
2uy +uy, +u; =0 | | |
U, ——(M4+M5):§M1—5M5
| [ 1 0 0 O
u, 0O 1 0 O -
u
1, /8 0 -1/2 0ff '
u
u, |=|-1/4 0 0 0| °|<u=Ti
u
U, o 0 1 of°"
U,
" 0 1 0 o0’
w,| 0 0 0 1]
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Example: Multiple MFCs (2)

N (

U, —Ug = Ug = U,
u, +4u, =0 e s du, = —u, >
2uy +u, +us =0| (2uy +uy = —u;
00 1y [O 1 0|[u]
0 4 Ofju,|=|-1 0 O f|u,|>Au+Au =0->u =-A"'Au =Tu,
12 1 Oflug| [0 O —1]|us

]

U

w, | [u, | [T O]
u=|u, |=lu, (=0 1 {u”}

u; | (ug | |0 T o

Uy,

| U
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Example: Non-homogeneous MFCs

u, —u, =0.2

Pick again u, as slave, put into matrix form:

w7 10000 0. - [0
w | o100 0 0o ]| o
w| oo 1 00 o] ] o
u |=10 001 007+ 0 |=u=Tia+ g
w | 10000 1 of | o =
w | 101 00 0 ol ™| |-02
u, | 100000 157 ] o

premultiply both sides by T'K, replace Ku =f and pass data to RHS
T'Ku = TTK(Tﬁ-l—g) S>T'KTa=T" (Ku—Kg)

N

S T'KTi= T (f-Kg) —=2X_ K =f

f=T" (Ku-Kg)

modified force vector
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mo dified stiffness equations

solve for u

JotJs

(o))

0 0
u=Tu+g

A 4

Example: Non-homogeneous MFCs

/

e

/4
f.—0.2K.,

f,-02K,.

~0.2K,,
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u=[u, u,

_KUM Kum
K, K,
KT KT

u, ]T

K
K
K

ms

us

SS

General Case

Au +Au =g, >u =—A 1A u +A'g, =Tu, +g

-
|:Kum

L +T'K,

CAE

um u

K

uu

K b, +K ou +K, (Tu,+g)=f ->K, u, +(K,  +K,T)
K'u +K u +K

mm — m

\ (KT +TTKT)u +(K +T'K” +K T+T'K, T

um - fu _KMSg

(Tu, +g)=f, }

T | Ku, +K/ u, +K (Tu,+g)=f |

=f -K, g+f -T'K_g

m

K, +K T

K,g
K,, +T'K! +K, T+T'K TH } {f -K,, g+f ~T'K g}
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Master

uy, fy

Example: Model Reduction

il

3

.“

-ﬂ

Uy ;fJf
(4)

< @ 5
2 master DOFs to be retamed
‘ Uy V \

il 7
L

t

:

s, fs
»

-

(5)

5 slave DOFs to be eliminated

Reduced model

v

(6)

Hﬁjifﬁ

iy, Jr
»

— X

7

}ﬁ}f'ﬁ

/-,' 7
Master
‘”'.-'.- /7
—>» X
7
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Lots of slaves, few masters. Only masters are left.

5 slaves

1
5/6
4/6
3/6
2/6
1/6

0

Example: Model Reduction

0
1/6
2/6
3/6
4/6
5/6

1

=S u=Tu
U,

[W——
2 masters

apply the congruential transformation we get the reduced stiffness equations

Ku=f—>K(Tﬁ)=f—>TTKTﬁ=TTf—>IA(ﬁ=f—>{

N

Kll
K17

K, |:u1
[%77 U

7

H

ﬂ
f;
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Master-Slave Method

* Advantages
— Exact of precaution taken
— Easy to understand
— Retains positive definiteness
— Important applications to model reduction

« Disadvantages

— Requires user decisions
» Larger coefficients = slaves

— Messy implementation for general MFCs

— Hinders sparsity of master stiffness equations
— Sensitive to constraint dependence

— Restricted to linear constraints
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Penalty Function Method: Physical Interpretation

Uy, Jfy Uy Sy Ug, 3 Uy Sy U5, o Ug, fo U

| (1) ‘ (2) ‘ (3) J; (4) ‘ (5) i (6) g

add “penalty element” of axial rigidity w

w[l _1] u, _ () premuliply 1 =1 u, _ 0 KD =0
u6 (1 -] —1] 1 u6 0

w: "penalty weight" assigned to the constraint
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Penalty Function Method

upon merging the penalty element, the modified stiffness equations are

K, K, 0 0 0 0 0 |[u | [f]
K, K,+w K, 0 0 —W 0 ||u, /5
0 K, K, K, 0 0 0 || u, /s
0 0 Ky Ky Ky 0 0 (lu, |=| 1,
0 0 0 K, K. K 0 || us /s
0 —W 0 0 K, K, +w K || u /e
0 0 0 0 0 K, Ko llu, | | f,

This modified system 1s submitted to the equation solver.

Note that u remains the same arrangement of DOFs

CAE MFC - 17
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But which penalty weight to use?

Logl0(of solution error norm)

From IFEM
Exercise 9.1

D i L]
: (Mathematica 4.2 on Mac G4)
" - [ Jsf'?l
i /
-_1 ? ) " : Lf._‘ ‘__‘_,.--'
constraint P a Y P
4 N, / a
gap error — | best /., solution error
dominates | |‘ / ~ “dominates
finite weight w M""-x, i) = i ! ill-conditioned
: ' ' T - — Logl0(W)  jinear denend
Su,—u,=e, #0 4 6 8 [0 12 14 inear dependency
g

(constraint Violation)

‘eg‘ml/w

— singular

[Square Root Rule: w=10*10” = 10k+p/2:|

k . order of the largest stiffness coefficient before adding penalty elements

p: digits of the working machine precison
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Penalty Function Method: General MFCs

3u3+u5—4u6:1—>[3 1 —4] us (=1

9 3 -12][u 3
3 1 -4 Jug |=
-12 4 16 ||u,| |4

T

premultiply both sides by [3 1 —4] :

-~
"penalty element" stiffness equations

scale by w and merge:

K, K, 0 0 0 0 0 [w,| | f |
K, Ky Ky 0 0 0 0 || u, e
0 K,, K,;+%w K, 3w —12w 0 || u, /i +3w
0 0 Ky, Ky Kis 0 0 |lu, |= 1
0 0 3w K, K +w K, ,—4w 0 || ug Js+w
0 O —12w 0 K,—-4w K, +1low K || u, Jfo—4w
0 0 0 0 0 K, Ky llu, | | f;
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Theory behind Penalty Method

set of m linearMFCs—>apu=bp,p:1,...,m—>wpapT(apu—bp):0

Z 1
i i . T T T
Courant quadratic penalty function or penalty energy — P = Zu —wa 'a u-wa'b

p=l

p
K )

augmented potential energy — 1 =TI+ P = %uTKu —u'f+ Z(%uTK(p)u —~ qu(p)j

p=1

o, :Ku—f+i(K(p)u—f(p)) =0 —){K+iK(p)}u _f+ 3
au p=1 p=1 p=1

Au=b - WA’ (Au-b)=0

}—)(K+ATWA)u =f+WA'b
Ku=f
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Penalty Function Method

* Advantages
— General application including nonlinear MFCs
— Easy to implement using FE library and standard assembler
— No change in vector of unknowns
— Retains positive definiteness
— Insensitive to constraint dependence

« Disadvantages
— Selection of weights left to users: big burden
— Accuracy limited by ill-conditioning
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Lagrange Multiplier Method:
Physical Interpretation

| wy, fi My fo 3 f3o Uy, fyo U5, fs Ug, fs o Ug, J7

K, K, 0 0 0 0 0 ||y /i
K, K, K, 0 0 0 0 ||u, fo—=A
0 K, K,; K,, O 0 0 || u /s
0 0 K, K, K, 0 0 ||u, |=| f,

0 0 0 K, K, K, 0 ||u /s
0 0 0 0 K, K, K|l u fo+ A
0 0 0 0 0 K, K,|lu| | f; |
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Lagrange Multiplier Method

Because A 1s unknown, it 1s passed to the LHS

and appended to the node-displacement vector:

K, K, 0 0 0 0 0 0] Zl T
K, K, K, 0 0 0 0 1 u2 1,
0 K, K, K, 0 0 0 0 u?’ 1,
o 0 K, K, K, 0 0 0 u“ = f,
o 0 0 K, K. K, 0 0 uS f-
o 0 o0 0 K, K, K, -1 u6 1.
0 0 0 0 0 K, K, 0] /17 A

This 1s now a system of 7 equations and 8 unknowns.

Need an extra equation: MFC

CAE MFC - 23
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Lagrange Multiplier Method

Appended MFC as an additional equation (adjunction):

This 1s the multiplier - augmented system.

The new coefficient matrix 1s called the bordered stiffness.

I Kl 1 Kl 2
K12 K22
0 K,

0 0

0 0

0 0

0 0

0 1

0

~

2

~

98]

3

~

3

0 0
0 0
K, O
Ky K,
Ky K
0 K,
0 0
0 0

0

0

0

o o o =

/i
/>
/5
fa
Js
Js

f;
0

MFC - 24



CAE

Lagrange Multiplier Method: Multiple MFCs

Three MFCs: u, —u, =0, 5Su,—8u, =3, 3u, +u, —4u, =1
Step#1: append the 3 constraints (adjoin)

I Kl 1 Kl 2

Kl 2 K22
O K23
0 0
0 0
0 0
0 0
0 1
0 5
0 0

0

~

2

~

W

3

~

3

w o O O O O

3

4

0

OOOOOLWLNUJKO

S

=

(V)]

0

NLNOO

N
N

~

(92
(@)}

_— o O O

()]

0

NgNOOO

N
N

~

0

0
0
0
0
K

(o))
3

K
0

3
J

/
/>
J5
fa
Js
Js
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Lagrange Multiplier Method: Multiple MFCs
Three MFCs: u, —u, =0, Su,—8u, =3, 3u,+u;—4u,=0

Step#2: append multipliers, symmetrize and fill

_Kll K12
K12 K22
O K23

0 0

0 0

0 0

0 0

0 1

0 5

0 0

%/_J

0

~

2

~

[98)

3

A

~

w o O O O O

3

A

0

~ XN o

AN
~

AN o o

9]

A

(V)]

S O O O O

S

0

~

(9]

e D O

=
0 0

0 0

0 0

. 0 0
5 K56 0
6 K66 K67
K67 K77

1 0

0 -8

4 0

- = S =

e e e

'

%

_o W O O

e O
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Theory behind Lagrange Multiplier

set of m MFCs —> Au=b

: : 1
potential energy of the unconstrained FE model - IT=—u'Ku—u’f

L(u,d)=TT+2" (Au—b):%uTKu—qu+kT (Au—b)

oL

K T _
—=Ku-f+AR=0| gy
oL (1A 0 ||a] |b
—=Au-b=0

Oh

K A’ ||u f
— 0 = _ia P
A &S A b+&S A

{Au +&SA=b+eSTh T 53 =" + wS(b - Au)
%

Ku"'AT}-:f_)Ku+AT|:}VP+WS(b_Au)]:f_)(K—WATSA)u:f_WATSb_ATkp
W=-—wS (K+ATWA)uk :f‘|‘ATWb—AT}\‘k
> kk+1::kk__‘hl(b__z&uk)
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Lagrange Multiplier Method

* Advantages
— General application
— Exact
— No user decisions: black-box

« Disadvantages
— Difficult implementation
— Additional unknowns

— Loses positive definiteness
— Sensitive to constraint dependence
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MFC Application Methods: Summary

Master-slave Penalty Lagrange
Elimination function multiplier

CAE

Physical interpretation

Generality
Ease of implementation

Sensitivity to user decisions

Accuracy

Sensitivity as regards
constraint dependence

Retains positive definiteness

Modifies unknown vector

Model Penalty element Rigid link
reduction (flexible link)  (reaction force)
fair Excellent Excellent

Poor to fair Good Fair
High High Small to none
Variable Mediocre Excellent
High None High
Yes Yes No
Yes No Yes
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