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Topology Optimization: Implementation

• Optimization Process

• Algorithms

• Some Issues

– Checkerboard pattern

– Gray scale

– Mesh dependency

• Matlab codes

– 99 line (2001): top 

– 88 line (2011): top88 

– New 99 line (2020): top99neo, top3D125
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Optimization Process

Fixed design domain(D), Boundary conditions

Converge?

Sensitivity of objective function, volume

Update design variable

STOP

Data Input

Optimization parameters(V, ρmin), Initial design variables(ρ)

Yes

No

Finite Element Discretization and Analysis

Objective function, Volume

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7
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Step 2: Design Variables

• C-1

• Checkerboard pattern

• C0

• No checkerboard pattern

• Easy to extract the shape

• Gray scale
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Step 3~5

Step 3: Finite Element Analysis
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Step 4: Objective Function and Volume
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Step 5: Convergence Check
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1st order element → overestimate shear stress → checkerboard pattern

Need filtering scheme
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Step 6: Sensitivity Analysis
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Need U only related to ρi
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Step 7: Updating Scheme
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I. OC: Optimality Criteria Method
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Good convergence for stiffness maximization Problems:

Λ = 0 (inactive volume constraint)

Positive sensitivity of objective
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II. SLP: Sequential Linear Programming

• Linear approximation of functions at given point

• Solve the LP problem within the move limit
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III. Sequential Convex Programming (1)

• Introduction of the intermediate variable:

• Linear approximation at given point

• Change the intermediate variable depending on the 

sign of sensitivity
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III. Sequential Convex Programming (2)

• Convex approximation → separable → dual problem

– CONLIN（Convex Linearization)

– MMA(Method of Moving Asymptotes)
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III. Sequential Convex Programming (3)
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Dual Methods

• LP

– Dual variables = Lagrange multipliers

• NLP

– Falk’s dual formulation

– Condition: convex optimization problem, functions to be 

twice differentiable, 
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Dual Methods: Separable Problems

– Both objective function and constraints are separable

– Benefit in the dual formulation: series of one-dimensional 

minimizations

• Discrete design variables
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Summary of Optimization Methods

• Optimality Criteria Method (OC)

– Appropriate for the problem where functions are monotone 

such as stiffness maximization

– Difficult for the problem with stationary points

• Sequential Linear Programming (SLP)

– Applicable to any kind of objective function

– Convergence problem?

• Sequential Convex Programming

– Applicable to any kind of objective function

– Good convergence for stiffness maximization

– Many parameters to set (may depend on the problem): MMA
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Difficulties in Topology Optimization

• Numerical instability

– Checkerboard pattern

– Gray scale

– Mesh dependency

– Complex sub-structure

• Reasons for numerical instability

– Independent and constant design variable within a finite element

– Characteristics of finite elements

• Method to overcome

– Filtering, perimeter control

• Difficult to determine parameters

– Improvement of finite elements

• High order element, non-conforming element



Topology Optimization Implementation - 16

Checkerboard Problem (1)

• Remedy

– Higher order elements

– Non-conforming elements

– Nodal projection

– Filtering

– Constraints

• References 

– Diaz and Sigmund (1995)

– Jog and Haber (1996)
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Checkerboard Problem (2)

• Comparison of eigenvalues of stiffness matrix eK  =

Eigenvalue (non-zero) Uniform distribution Checkerboard 

Axial deformation 0.1230 0.0008

x-directional bending 0.1602 0.001

y-directional bending 0.1605 0.001

Shear deformation 0.2478 0.3034

Volumetric deformation 0.3109 0.3711

( )5 1.0 4 0.001 9 =  +  1.0,  0.3E = =
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Eigenmode of Stiffness Matrix
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Method to Prevent Checkerboard Pattern

• Finite element: shear stiffness < other stiffnesses

– Selective reduced integration (SRI)

– nine node element

• Design variable: node

• Filtering
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Filtering Method (1)

• Basically employed to eliminate the mesh 

dependency → can eliminate checkerboard, too

• Weight sum of the value of nearby element when 

constructing stiffness matrix

• Worse convergence

• Unclear boundaries of optimal structure

𝜒Ω𝐄 ≈ 𝜌 ∗ 𝐾 𝐱
𝑝
𝐄

𝜌 ∗ 𝐾 𝐱 = න
Ω

𝜌 𝐲 𝐾 𝐱 − 𝐲 𝑑𝑦

𝐾 𝐱 = ቐ1 −
𝐱

𝑟
if 𝐱 < 𝑟

0 otherwise
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Filtering Methods (2)

Sigmund (1994, 1996)

Bruns and Tortorelli (2001), Bourdin (2001)

neighborhood:
𝑁𝑒 = ȁ𝑖 𝑥𝑖 − 𝑥𝑒 ≤ 𝑅
where 𝑅 is the filter radius

𝐻 𝑥𝑖 = 𝑅 − 𝒙𝑗 − 𝒙𝑖

sensitivity filtering:
෪𝜕𝑐

𝜕𝜌𝑒
=
σ𝑖∈𝑁𝑒

𝐻 𝑥𝑖 𝜌𝑖
𝜕𝑐
𝜕𝜌𝑖

𝜌𝑒 σ𝑖∈𝑁𝑒
𝐻 𝑥𝑖

density filtering: 𝐸𝑒 𝜌 = ෤𝜌𝑒
𝑝𝐸0 where ෤𝜌𝑒 =

σ𝑖∈𝑁𝑒
𝐻 𝑥𝑖 𝐴𝑖𝜌𝑖

σ𝑖∈𝑁𝑒
𝐻 𝑥𝑖 𝐴𝑖
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Filtering Methods (3)

෪𝜕𝑓

𝜕𝜌𝑖
=
σ𝑗∈𝑁𝑖

𝑤 𝒙𝑗 𝜌𝑗 ൗ
𝜕𝑓
𝜕𝜌𝑖

𝑣𝑗

𝜌𝑖
𝑣𝑖
σ𝑗∈𝑁𝑖

𝑤 𝒙𝑗
where 𝑤 𝒙𝑗 =

𝑅 − 𝒙𝑗 − 𝒙𝑖

𝑒𝑥𝑝 −
1

2

𝒙𝑗 − 𝒙𝑖

𝜎

2

1

෥𝜌𝑖 =
σ𝑗∈𝑁𝑖

𝑤 𝑥𝑗 𝑣𝑗𝜌𝑗

σ𝑗∈𝑁𝑖
𝑤 𝑥𝑗 𝑣𝑗

→ ෥𝜌𝑖 =
σ𝑗∈𝑁𝑖

𝑤 𝑥𝑗 ෥𝑤 𝜌𝑗 𝑣𝑗𝜌𝑗

σ𝑗∈𝑁𝑖
𝑤 𝑥𝑗 ෥𝑤 𝜌𝑗 𝑣𝑗

(Bi − lateral)

𝑤ℎ𝑒𝑟𝑒 ෥𝑤 𝜌𝑗 = 𝑒𝑥𝑝 −
1

2

𝜌𝑗 − 𝜌𝑖

𝜎𝑟

2

ഥ𝜌𝑖 =

1 − 𝑒𝑥𝑝 −𝛽 ෥𝜌𝑖 + ෥𝜌𝑖𝑒𝑥𝑝 −𝛽

𝑒𝑥𝑝 1 − 𝛽 ෥𝜌𝑖 − 1 − ෥𝜌𝑖 𝑒𝑥𝑝 −𝛽

𝑡𝑎𝑛ℎ 𝛽𝜂 + 𝑡𝑎𝑛ℎ 𝛽 ෥𝜌𝑖 − 𝜂

𝑡𝑎𝑛ℎ 𝛽𝜂 + 𝑡𝑎𝑛ℎ 𝛽 1 − 𝜂

density filter with a Heaviside step function: 0/1 solutions

density filter

sensitivity filter

𝜌 → ෤𝜌 𝜌 → ഥ𝜌𝑖 ෤𝜌 𝜌
design
variable

→
filtered
density

→ projection
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Gray Scale

• Layered microstructure

• Dynamic problem: eigenfrequency

• 3D problem

• Fundamentally difficult to avoid

– physically meaningful, but engineering?

• Remedy

– Change the microstructure

– Increase the penalization parameter

– Good(?) initial design

– Mapping with Heaviside function

– Paradigm change: level set method
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Effect of Penalization Parameter (1)

• Design variable: element

• No filtering vs Filtering

(a) p = 0.5 (c) p = 2.0 (d) p = 3.0(b) p = 1.0
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Effect of Penalization Parameter (2)

• Design variable: node

• No filtering

(a) p = 0.5 (b) p = 1.0 (c) p = 2.0

(d) p = 3.0 (e) p = 4.0 (f) p = 5.0
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Mesh Dependency: Existence of Solutions

Good

Better

Better yet

Best

More details:

better structure

but more

expensive 

to produce

structure with an optimal use of a composite
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Mesh Dependency / Complex Sub-structure

60ⅹ40 120ⅹ80 150ⅹ100
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Elimination of Mesh Dependency

perimeter control

𝑃 = න
𝛺\𝛤

𝛻𝜌 𝑑𝛺 + න
𝛤

𝜌 𝑑𝛤 ≤ 𝑃∗

gradient control
𝜕𝜌

𝜕𝑥𝑖
≤ 𝐶 𝑖 = 1, 𝑑

low−pass filtering

෤𝜌 = 𝐻 𝜌 ,
𝜕 ǁ𝑐

𝜕𝜌𝑒
= 𝐻

𝜕𝑐

𝜕𝜌𝑒
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Perimeter Control

Haber et al. (1996)
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Perimeter Control (1)

• Perimeter = total length of the lines that form a shape

• Simple or complex structure by controlling the value 

of P: small ~ large

• In practice, total variation of density is used

– Small P* → gray scale

1

1

3
1

1

62
1

1 0.65
3

1
2 2.09

3

V

P





 
= −  

 

= 

2
1

1 4 0.65
6

1
4 2 4.19

6

V

P





 
= −  

 

=  

( ) ( )
2

* 2

1

  where  
n

k i j

k

TV dx P P l     


=

 
=   = − + − 

 

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Perimeter Control (2)

(a) Tmax = 300 (b) Tmax = 400

(c) Tmax = 500
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Gradient Control

Niordson (1983) Petersson and Sigmund (1998)

Refining the mesh

Tightening the slope constraint
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99 Lines of Matlab Code (2001)

– nelx and nely: number of elements in the horizontal and 

vertical directions 

– volfrac: volume fraction 

– penal: penalization power 

– rmin: filter size(divided by element size)
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• Index order of the 

density matrix

• Displacements of a 

single finite element

n1 n2
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Main program (lines 1–36)
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Optimality criteria based optimizer (lines 37–48)

bi-sectioning algorithm to 

find the Lagrangian multiplier

Heuristic design updates: Adjusted until volume constraint fulfilled
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Mesh-independency filtering (lines 49–64)

nearest integers
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Finite element code (lines 65–99)

alldofs - fixeddofs
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Plotting Displacements
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A Matlab threshold code
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Checkerboard Pattern (1)

• top(40,20,0.5,3,1.0)

– Obj: 80.4086 

• top(40,20,0.5,3,1.5)

– Obj: 82.7562

• top(40,20,0.5,3,3.0)

– Obj: 99.1929
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Checkerboard Pattern (2)

• top(60,30,0.5,3,1.0)

– Obj: 83.0834 

• top(60,30,0.5,3,1.5)

– Obj: 81.3491

• top(60,30,0.5,3,2.25)

– Obj: 83.5963  
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Extensions

• Investigations 

– Filter size: rmin

– Penalization power: penal

• Other boundary conditions

• Multiple load cases

• Passive elements

• Alternative optimizer

– Optimality Criteria (OC) methods

– Sequential Linear Programming (SLP) methods

– Method of Moving Asymptotes (MMA)
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Other boundary conditions
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Multiple load cases
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Passive elements
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Mathematical Programming (1)

• Solve smooth, non-linear optimization problems

– Sequence of simpler approximate subproblems

– SLP, SQP

• Method of Moving Asymptotes (MMA)  CONLIN

– Convex and separable approximations

– Sensitivity information at a current iteration point as well as 

some iteration history

– Subproblem solution: dual method, interior point (primal-

dual) algorithm

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0

1

2
0 0 0

2
0 0 0

0   and  0

0 0  and  

, :  vertical asymptotes for the approximation  to control the range
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i i

i i i i i

i i i i

i i

i i i i

i i

i i

r s
F F

U x x L

F F
r U x s
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U L F

=
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
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i
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Mathematical Programming (2)

• MMA approximation of the compliance

• Solve this problem by dual method ↔ OC

– (1) minimize the Lagrange functional ↔ update scheme

– (2) maximize the resulting functional with respect to  ↔
adjust the value to satisfy the volume constraint

( )
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min min
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  
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
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 −  
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
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2

1 1

for  1,  1, ,

0 and  optimality criteria update scheme
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Updating Design Variables (1)

( )

( )

 

0

min max

min

s.t.  0,   1, ,

      ,

x

i

n

j j j

f x

f x i m

x x x x x

 =

 =   

 

( ) ( ) ( )

( ) ( ) ( )

 

0 0

min max

SLP subproblem at iteration 
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      ,

T
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T
k k k
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j j j j
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SQP subproblem at iteration 
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k

f x f x x x x x H x x x

f x f x x x i m

x x x x x

+  − + − −
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 =   
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Updating Design Variables (2)

Convex linearization (CONLIN) subproblem at iteration 𝑘

min
𝑥
𝑓0
𝐶,𝑘 𝑥

s.t. 𝑓𝑖
𝐶,𝑘 𝑥 ≤ 0, 𝑖 = 1,… ,𝑚

𝑥 ∈ 𝜒 = 𝑥 ∈ ℜ𝑛, 𝑥𝑗
𝑚𝑖𝑛 ≤ 𝑥𝑗 ≤ 𝑥𝑗

𝑚𝑎𝑥

where

𝑓𝑖
𝐶,𝑘 𝑥 ≐ 𝑓𝑖 𝑥

𝑘 + ෍

𝑗∈𝛺+

𝑓𝑖𝑗
𝐿,𝑘 𝑥 + ෍

𝑗∈𝛺−

𝑓𝑖𝑗
𝑅,𝑘 𝑥

𝛺+ ≐ 𝑗:
𝜕𝑓𝑖 𝑥

𝑘

𝜕𝑥𝑗
> 0 and 𝛺− ≐ 𝑗:

𝜕𝑓𝑖 𝑥
𝑘

𝜕𝑥𝑗
≤ 0

𝑓𝑖𝑗
𝐿,𝑘 𝑥 =

𝜕𝑓𝑖 𝑥
𝑘

𝜕𝑥𝑗
𝑥𝑗 − 𝑥𝑗

𝑘 and 𝑓𝑖𝑗
𝑅,𝑘 𝑥 =

𝜕𝑓𝑖 𝑥
𝑘

𝜕𝑥𝑗

𝑥𝑗
𝑘 𝑥𝑗 − 𝑥𝑗

𝑘

𝑥𝑗
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Updating Design Variables (3)

Method of Moving Asymptotes (MMA) subproblem at iteration 𝑘

min
𝑥
𝑓0
𝑀,𝑘 𝑥

s.t. 𝑓𝑖
𝑀,𝑘 𝑥 ≤ 0, 𝑖 = 1,… ,𝑚

𝛼𝑗
𝑘 ≤ 𝑥𝑗 ≤ 𝛽𝑗

𝑘 , 𝑗 = 1,… , 𝑛

𝑥 ∈ 𝜒 = 𝑥 ∈ ℜ𝑛, 𝑥𝑗
𝑚𝑖𝑛 ≤ 𝑥𝑗 ≤ 𝑥𝑗

𝑚𝑎𝑥

where

𝑓𝑖
𝑀,𝑘 𝑥 ≐ 𝑓𝑖 𝑥

𝑘 −෍

𝑗=1

𝑛
𝑝𝑖𝑗
𝑘

𝑈𝑗
𝑘 − 𝑥𝑗

𝑘
+

𝑞𝑖𝑗
𝑘

𝑥𝑗
𝑘 − 𝐿𝑗

𝑘
+෍

𝑗=1

𝑛
𝑝𝑖𝑗
𝑘

𝑈𝑗
𝑘 − 𝑥𝑗

+
𝑞𝑖𝑗
𝑘

𝑥𝑗 − 𝐿𝑗
𝑘

𝑝𝑖𝑗
𝑘 = ൞ 𝑈𝑗

𝑘 − 𝑥𝑗
𝑘 2 𝜕𝑓𝑖 𝑥

𝑘

𝜕𝑥𝑗
if
𝜕𝑓𝑖 𝑥

𝑘

𝜕𝑥𝑗
> 0

0 otherwise

𝑞𝑖𝑗
𝑘 =

0 if
𝜕𝑓𝑖 𝑥

𝑘

𝜕𝑥𝑗
≥ 0

− 𝑥𝑗
𝑘 − 𝐿𝑗

𝑘 2 𝜕𝑓𝑖 𝑥
𝑘

𝜕𝑥𝑗
otherwise
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Alternative ‘88 line Matlab code’ (2011)

• for experienced FE/Matlab people

• Usage:
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88 line vs. 99 line

• Advantages

– Dramatically faster for large problems (speed quick-fix for 

99-line code will be provided)

– Access to a density filter in addition to the sensitivity filter

• ft =1: sensitivity filter, spatial smoothing of sensitivities to avoid 

checkerboards and mesh dependency – mathematically 

inconsistent but works well in practice

• ft =2: density filter, spatial smoothing of design variables + 

consistent update of sensitivities

• Disadvantages

– More difficult to read

– More difficult to modify
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99-Line Code Speed Quick-Fix

• Main: assembly of sparse matrix
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New 99 line Matlab code (2020)
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Educational computer programs for 

structural topology optimization


