Topology Optimization: Implementation

* Optimization Process
» Algorithms

« Some Issues
— Checkerboard pattern
— Gray scale
— Mesh dependency

« Matlab codes
— 99 line (2001): top
— 88 line (2011): top88
— New 99 line (2020): top99neo, top3D125
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Optimization Process

(Data Input>
v

Step 1 Fixed design domain(D), Boundary conditions
v

Step 2 Optimization parameters(V, p,,i,), Initial design variables(p)
v

Step 3 —® Finite Element Discretization and Analysis
v

Step 4 Objective function, Volume

Step 5 Converge?
Step 6 Sensitivity of objective function, volume
Step 7 Update design variable
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Step 2: Design Variables

Node, p; &
/ Element, p .’/ p=2N/p,
O *—o—90—9
o|d|e
. *—9o—9o ¢
I N
. *—9o—9o9
oo |0
O o—o—0—o
. C . CO

« Checkerboard pattern * No checkerboard pattern
« Easy to extract the shape

« Gray scale
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Step 3~5

Step 3: Finite Element Analysis Step 4: Objective Function and Volume
= 1 1 1
KU=F F(U):—Elm‘c_ :—EFTU:—EUTKU

-

(v T
K = erB EBJQ n
element: 2 = Z P,

< e=l1

-

F,=[ N'bdQ+[ N'tdl

B =0N node: Q = ID pdQ

1st order element = overestimate shear stress - checkerboard pattern
Need filtering scheme

Step 5: Convergence Check

lP(U)*" -F(U)")] <2
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Step 6: Sensitivity Analysis

Obejctive function

F(U)= —%lm = —%FTU = —%{FTU—U*T (KU-F)|
() L] QU _yr[ Ky QUL (F"-U"K )a—U—U*T Ky
op; 2| op op, op; 2 op; op;

F' —-U"K =0 < U = U(self-adjoint)

oK.
OF(U) 1 .0 clement ?{ B =] BTS—EBdQ
— p = EU*T a—KU where < K P P P
Pi Pi node: — =7
op;
Volume No need to solve the adjoint equation
o0 Need U only related to p;
element: — =Q,
op,
<
node: 8_(2 =7?
op,
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Topology Optimization

Step 7. Updating Scheme

minimize f(x)
subject to g(x)<0
x'<x <x” (i
L= (x)+Ag(x)+ 2 A (~x +x4)+ 4, (x,—x"))
i=1
oL af(x)+Aag(X)—/1,.+/1+,.
ox, Ox, Ox
oL
— = =0
= ¢(%)
6_L:_x +x <0 (l=1, ,n)
04,
<;i =x,—x" <0 (i=1....n)
Ag(x)=0
l_l.(—xl.+xf)=0 (i=1...,n)
iﬂ.(xl.—xl.U):O (i=1L...,n)
(A20,4,20,4,20 (i=1,...,n)
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|. OC: Optimality Criteria Method

o (x)

n
L _1 (i =1,...,n) _)xi(k+1) _x(k) /@x (%) —xi(k) (A.(k))n
A% (%) A ag (x)/ox®

Ox;

under the assumption that side constraints are inactive (possibility to be out of range)

(¥ (X,-(k) (4 )’7 <xt" )

x % = Min {Max{ Lt ,xi(k) (A,(k) )n },xl.U(k) } = xl.(k) (A,(") )" (xl.L(k) < xi(k) (A,(k) )n < in(k) )

l

Good convergence for stiffness maximization Problems:
N\ = 0 (inactive volume constraint)
Positive sensitivity of objective
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Il. SLP: Sequential Linear Programming

« Linear approximation of functions at given point

rE~7()+ 2L (x-a)
i=1 [xi:x,
N - 08 _
g(X) - g<xo)+zz=1:axi x,=x0 (Xi XZO)

« Solve the LP problem within the move limit

(I-¢)x, <x, <(1+¢)x,
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lll. Sequential Convex Programming (1)

* Introduction of the intermediate variable: v =».(x)
« Linear approximation at given point

f(x°)+zn:z% [yl.(xl.)—yl.(xl.o)]

i=1 axi dyi

~

—_~~
>

N——
u

_0
X;=x;

i1 OX; dy,

g(x)zg(xo)+z”:3_g%

_0
X;=X;

« Change the intermediate variable depending on the
sign of sensitivity

0L O dx,
)= () E o

(3 ()= (+))

_0
X; =X;

+ + 0 a di
(yi ('xi>_yi (xi ))—'—Zé;x_

_.0
X;=X;
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lll. Sequential Convex Programming (2)

« Convex approximation - separable - dual problem
— CONLIN (Convex Linearization)

|y =x if offox, >0
& y. =1/x, if of /ox, <0

for i=1,....n

— MMA(Method of Moving Asymptotes)

for i=1,....,n

yi=1/(U,—x,) if of Jox, >0

- {yl. =1/(x,—L,) if of /ox, <0

L. — —oo and U, — +o0: linear approximation
L —0and U, = +00: CONLIN
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lll. Sequential Convex Programming (3)

R
ox, _{f(x )+,Z:1:5xl. dy,

|:yi (%)=, (x?)]J+A{g(x°)+Zn:§—ij—;

i=1

_0
X; =X;

SLa (o eat oo

i=1

:[f(x°)+Ag(x°)]+Zn:{§—£Z—;

i=1

_.0
X; =X;

+Zn:[/1_i (_xi +x ) + A (x,. - )]
i=1

. of dx, Og d.
minimize [, = a_iid_;i:xix? [ (x,)-» (xlo )] A@—id—; . [ (x,)-, (xlo )]
subjectto x," <x, <x"” (i=L...,n)
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. LP

Dual Methods

— Dual variables = Lagrange multipliers

 NLP

— Falk’s dual formulation

— Condition: convex optimization problem, functions to be
twice differentiable, 6°L(x,4)/dx” to be nonsingula r @ x’

Topology Optimization

< primal >

. T
mmc¢ X

x>0

st. Ax—b=0

N

J

- <> 1

(< dual >
min A’b

st. 'A—¢>0

4220

< primal >

min £ (x)

s.t. gj(x)ZO j=1L..

7

N

g )

(< dual >

> <> qmax Lm(i)

s.t. A,20 j=1,....n

g
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Dual Methods: Separable Problems
— Both objective function and constraints are separable
x)=>/(x)
x):an:gji(xi) j=1,...,l’lg

— Benefit in the dual formulation: series of one-dimensional
minimizations
» Discrete design variables

xl.eX.:{d.,...}, i=1,....n

L(x,2) z{ zzgﬂ }z (x,2)

i=1

2)= Zg}el)r(l L(x)—L (dl.j)z L (dl.( j+1)): boundaries in A -space
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Summary of Optimization Methods

* Optimality Criteria Method (OC)

— Appropriate for the problem where functions are monotone
such as stiffness maximization

— Difficult for the problem with stationary points
* Sequential Linear Programming (SLP)

— Applicable to any kind of objective function

— Convergence problem?
« Sequential Convex Programming

— Applicable to any kind of objective function

— Good convergence for stiffness maximization
— Many parameters to set (may depend on the problem): MMA
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Difficulties in Topology Optimization

* Numerical instability
— Checkerboard pattern
— Gray scale
— Mesh dependency
— Complex sub-structure

« Reasons for numerical instability
— Independent and constant design variable within a finite element
— Characteristics of finite elements

* Method to overcome

— Filtering, perimeter control
« Difficult to determine parameters
— Improvement of finite elements
» High order element, non-conforming element
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Checkerboard Problem (1)

 Remedy * References
— Higher order elements — Diaz and Sigmund (1995)
— Non-conforming elements — Jog and Haber (1996)
— Nodal projection
— Filtering

— Constraints
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Checkerboard Problem (2)

« Comparison of eigenvalues of stiffness matrix K,¢=1¢

W T

4 l

p=(5x1.0+4%0.001)/9 E=1.0, v=0.3

Eigenvalue (non-zero) | Uniform distribution Checkerboard

Axial deformation 0.1230 0.0008
x-directional bending 0.1602 0.001
y-directional bending 0.1605 0.001

Shear deformation 0.2478 0.3034

Volumetric deformation 0.3109 0.3711
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Eigenmode of Stiffness Matrix

8 .

Axial deformation x-directional bending y-directional bending
Shear deformation Volumetric deformation
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Method to Prevent Checkerboard Pattern

* Finite element: shear stiffness < other stiffnesses
— Selective reduced integration (SRI)
— nine node element

* Design variable: node
 Filtering
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Filtering Method (1)

« Basically employed to eliminate the mesh
dependency - can eliminate checkerboard, too

xaE ~ ((p * K)(%))"E
(p * K)(X) = f p(y) K(x — y)dy

0
. [1x]] "
K ={1-—if lxll <r

0 otherwise

« Weight sum of the value of nearby element when
constructing stiffness matrix

« Worse convergence
« Unclear boundaries of optimal structure
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Filtering Methods (2)

neighborhood:

N, = {illlx; — x|l < R}
where R is the filter radius ‘
H(x) = R — ||x; — x|

1

dc
dc ZieNe H(x;)p; ap;

sensitivity filtering: =
0pe

Pe ZiENe H(x;) Sigmund (1994, 1996)

Lien, H(x)A;p;
density filtering: E,(p) = p.’E, where g, = ¢
’ I Pe o © = Tien, HODA,

Bruns and Tortorelli (2001), Bourdin (2001)
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Filtering Methods (3)

sensitivity filter

,
9 R = |lx; — x|
o7 Zienw(%))p; 0_,51-/ Yj 2
e where w(x) =1 [_1<nx,- - xiu) ]
Pi U_iZjENiW(xj) p 2 o N o
density filter Vil VN
~ _ ZjENi W(x])vjp] . ﬁ‘ _ ZjENi W(x])vT/(p])v]p] (Bl B 1atera1) " .'...‘ . ’ .. y .‘ y f.’,‘f
l ZjENiW(xj)vj ' ZjeNiW(xj)W(pj)vj /[ 1/

2
1 . — )
where vT/(pj) = exp [_§<P10 pl) ]
r

density filter with a Heaviside step function: 0/1 solutions

(1 — exp(—Bp;) + piexp(—B) = |
e = pp) — (1= pexp(=p) 7 e
Pi= tanh(Bn) + tanh[B(p; — n)] "

| tanh(Bn) + tanh[B(1 — )] G g

p - plp) - p(p) | e W

{ design } . {filtered
variable density
Topology Optimization

— {projection} ‘ N | N | _ ,
The regularized Heaviside step function for various magnitudes of f: (a) f = 0 (linear);
(b)y f=1;(c) f=5; and (d) f =25.
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Gray Scale

« Layered microstructure
« Dynamic problem: eigenfrequency
« 3D problem

« Fundamentally difficult to avoid
— physically meaningful, but engineering?

« Remedy
— Change the microstructure
— Increase the penalization parameter
— Good(?) initial design
— Mapping with Heaviside function
— Paradigm change: level set method
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Effect of Penalization Parameter (1)

* Design variable: element
* No filtering vs Filtering

-
F
.
(a)p=0.5
i
.

\
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Effect of Penalization Parameter (2)

* Design variable: node
* No filtering

(a)p=0.5 b)p=1.0

(dp=3.0 (e)p=4.0 Hp=5.0

Topology Optimization Implementation - 25




Mesh Dependency: Existence of Solutions

More details:
better structure

but more
expensive

to produce
Best ‘ \
e e

structure with an optimal use of a composite
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Mesh Dependency / Complex Sub-structure

120 x 80 150 x 100

m-amwu .

| [ i | IE&.!‘.
J‘ui g
Fir T milili
of i r i rEEEE
] ST
i =
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Elimination of Mesh Dependency

Mesh refinement

-
=
)
5 Mesh-independency
®
§’ perimeter control
D
= p= wplan+ [Kpar <P
g O\T r
- gradient control
v dp .
—|<C i=1,d
axl-
Mesh-dependency low—pass filtering
5 = H(o) a¢ H(Gc)
p=H(p),-——=
ape ape
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Perimeter Control

16a oo o0 o
r=2a o O o o r=035a
16a O P=1x4m P=16xm
V=(256-4m)a’ O O o O V=(256—-4m)a’
o O o 0O

Haber et al. (1996)
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Perimeter Control (1)

« Perimeter = total length of the lines that form a shape

« Simple or complex structure by controlling the value
of P: small ~ large

»

A

V=1- 7z =~ 0.65

P= 27z—~209

 In practice, total variation of density is used

— Small P* - gray scale

1 2
V=1—47z(—j ~ (.65
6

P=4.27—~=4.19

v I HV,ode<P where P = Zl (\/( ,0]) +&’ —gj

Topology Optimization
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Perimeter Control (2)

S\

(8) Ty = 300 (b) Ty = 400
(€) Typay = 500
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Gradient Control

Refining the mesh

Tightening the slope constraint

Niordson (1983) Petersson and Sigmund (1998)
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99 Lines of Matlab Code (2001)
Struct Multidisc Optim 21, 120-127 @ Springer-Verlag 2001

A 99 line topology optimization code written in Matlab

0. Sigmund

top(nelx,nely,volfrac,penal,rmin)

— nelx and nely: number of elements in the horizontal and
vertical directions

— volfrac: volume fraction
— penal: penalization power
— rmin: filter size(divided by element size)
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* Index order of the * Displacements of a

density matrix single finite element
u(2(nely+1)j+2i-2nely-2) u(2(nely+1)j+2i)
nl u(2(nely+1)j+2i-2nely-3) n2 u(2(nely+1)j+2i-1)
X(1,])
u(2(nely+1)j+2i-2nely) u(2(nely+1)j+2i+2)
u(2(nely+1)j+2i-2nely-1) u(2(nely+1)j+2i+1)
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000 =~ D A ok W kD

[ e e e
[ L T e T =

15
16
17
18
19
20

21
22

23
24

Topology Optimization

Main program (lines 1-36)

%hh% A 99 LINE TOPOLOGY OPTIMIZATION CODE BY OLE 25

% FILTERING OF SENSITIVITIES

SIGMUND, OCTOBER 1999 %%% 26 [dc] = check(nelx,nely,rmin,x dc);
function top(nelx,nely,volfrac,penal,rmin); 27 % DESIGN UPDATE BY THE OPTIMALITY CRITERIA METHOD
% INITIALIZE 28 [x] = 0C(nelx, nely, x,volfrac,dc);
x(1:nely,1:nelx) = volfrac; 29 % PRINT RESULTS
loop = 0; 30 change = max(max(abs(x-xo0ld)));
change = 1.; 31 disp([’” It.: ’ sprintf(’}4i’,loop) ’ Obj.: ’
% START ITERATION sprintf (’%10.4£f°,c)
while change > 0.01 32 > Vol.: ’ sprintf(’}6.3f’,sum(sum(x))/
loop = loop + 1; (nelx*nely))
xold = x; 33 > ch.: ’ sprintf(’}6.3f°,change )])
% FE-ANALYSIS 34 7, PLOT DENSITIES
[Ul=FE(nelx,nely,x,penal); 35 colormap(gray); imagesc(-x); axis equal; axis
% OBJECTIVE FUNCTION AND SENSITIVITY ANALYSIS tight; axis off;pause(le-6);
[KE] = 1k; 36 end
c=0.; N 3
tox a1y = Ly i )~ UTKU =3 (o o o
ni = (nely+1)*(elx-1)+ely; V(x e=1
n2 = (nely+1i)* elx +ely; E;u]jject, to = f ,
Ue = U([2%n1-1;2%nl; 2%n2-1;2#%n2; 2+%n2+1; o
2#n2+2; 2+ni+1;2+*ni1+2],1); KU=F
¢ = ¢ + x(ely,elx) penal*lUe’*KE*Ue;
dc(ely,elx) = -penal*x(ely,elx)” (penal-1)=* 0<xpn<x<l )
Ue'+KE#Ue ;
end 5
. — = —p(zc)~" ul ko u.
Oz,
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Optimality criteria based optimizer (lines 37—-48)

3T WARAAAA LAY OPTIMALITY CRITERIA UPDATE %A%AAVIAA

38 function [xnew]=0C(nelx,nely,x,volfrac,dc)

39 11 = 0; 12 = 100000; move = 0.2;

40 while (12-11 > 1e-4) R

41 Imid 0.5%(12+11);

42 xnew = max(0.001,max(x-move,min(1i.,min(x+move,x.
*sqrt(-dc./1mid))))); ) . )

43 if sum(sum(xmew)) - volfrac*melx*nely > 0; > bi-sectioning algorithm to

44 11 = 1mid; find the Lagrangian multiplier

45 else
46 12 = 1mid;
47 end
48 end J
Heuristic design updates: — Adjusted until volume constraint fulfilled
S o
(Max(Zmin, Te — M) B dx.
it BT < max(Tmin,Te—m), KDSV
\Vfire
x.BY

if max(zgin,ze—m) < z.B7 < min(l,z. + m),

min(1, z. + m)

( if min(l,z. + m)<z.B7,
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Mesh-independency filtering (lines 49-64)

49 YNLASLAA LAY MESH-INDEPENDENCY FILTER %UAAAAKA LA
50 function [dcn]l=check(nelx,nely,rmin,x,dc)

51 dcn=zeros(nely,nelx);

b2 for i = 1:nelx

53 for j = i:mely nearest integers
54 sum=0.0; Adﬂ,///’
55 for k = max(i-round(rmin) H

min(i+round(rmin) ,nelx)

56 for 1 = max(j-round(rmin),1): e N 5

min(j+round(rmin), nely) € _ 1 EE: }?} x§ c
57 fac = rmin-sqrt((i-k)"2+(j-1)"2); oz, N e Ox ¢
58 sum = sum+max(0,fac); :rgjiz.fff 7=
59 den(j,i) = den(j,i) + max(0,fac)*x(1,k) f=1

*dc(1,k); .

60 end Hf = Tmin — (1151:'{'&! f) 1
61 end
62 den(j,i) = den(j,i)/(x(j,1i)*sum);
63 end {fEN |d]~5t{€1f) Ermin}: €= 1* :-N
64 end
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65
66
67
68

69

Finite element code (lines 65-99)

BARBAAAAGT FE-ANALYSIS SUhAAAAALARY

function [U]=FE(nelx,nely,x,penal)

[KE] = 1k;

K = sparse(2*(nelx+1)*(nely+1), 2*(nelx+1)*
(nely+1));

F = sparse(2*(nely+1)*(nelx+1),1); U =
sparse (2*(nely+1)*(nelx+1) ,1);

86 UAALA%LYLAYL ELEMENT STIFFNESS MATRIX %A% A%%Y

87 function [KE]l=1k

8B E=1.;

89 nu = 0.3;

90 k=[ 1/2-nu/6 1/8+nu/8 -1/4-nu/12 -1/8+3*nu/8 ...
91 -1/4+nu/12 -1/8-nu/8 nu/6 1/8-3*nu/8]1;

92 KE = E/(1-nu"2)*

[ k(1) k(2) k(3) k(4) k(5) k(6) k(7) k(8)
93 k(2) k(1) k(8) k(7) k(6) k(5) k(4) k(3)
94 k(3) k(8) k(1) k(6) k(7)) k(4) k(5) k(2)
95 k(4) k(7) k(6) k(1) k(8) k(3) k(2) k(5)

edof = [2#ni-1; 2#ni; 2#n2-1; 2#n2; 2#n2+i;| o¢ k(5) k(8) k(7) k(8) k(1) k(2) k(3) k(4)

a7 k(6) k(5) k(4) k(3) k(2) k(1) k(8) k(T)
98 k(7) k(4) k(B) k(2) k(3) k(8) k(1) k(8)
99 k(8) k(3) k(2) k(5) k(4) k(7) k(6) k(1)]1;

70 for ely = 1:nely

71 for elx = 1:nelx

72 nil = (nely+1i)#*(elx-1)+ely;

73 n2 = (nely+1)* elx  +ely;

74
2#n2+2:2«ni1+1: 2#*ni+2]:

75 K(edof ,edof) = K(edof,edof) +
x(ely,elx) "penal*KE;

76 end

77 end

78 % DEFINE LOADS AND SUPPORTS (HALF MBB-BEAM)

79
80

el
82
83
84

85

F(2,1) = -1;

fixeddofs = union([1:2:2%(nely+1)],
[2*(nelx+1)*(nely+1)1);

alldofs = [1:2%(nely+1)*(nelx+1)];
freedofs = setdiff(alldofs,fixeddofs):
% SOLVING

U(freedofs,:) = K(freedofs,freedofs) \
F(freedofs,:);
U(fixeddofs,:)= O;

Topology Optimization

alldofs - fixeddofs
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Plotting Displacements

Plotting displacements

Insert the following lines in vour program instead of the current plotting line:

% colormap(gray); mmagesc(-x); axis equal; axis tight; axis off;paunse(le-6);
colormap(gray); axis equal;
for ely = 1mely
for elx = lnelx
nl = (nely+1)*(ekx-1)+ely;
n2 = (nely+1)* elx +ely;
Ue =0005*U([2*n1-1:2*n1; 2*n2-1:2*n2; 2*n2+12*n2+2; 2*nl+1:2*nl+2].1);
Iy =ely-1; kk = elx-1;
xx = [Ue(l1,1)Hx Ue(3.1)Hx+1 Ue(5.1)Hx+1 Ue(7.1)Hx ]';
vy = [-Ue(2.1)-Iy -Ue(4.1)-ly -Ue(6.1)-Iy-1 -Ue(8.1)-Iy-1]:
patch(xx. vy, -x(ely.elx))
end

end
drawnow; clf;
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A Matlab threshold code

The Matlab script shown below is intended as a post-
processing step that converts a grey scale design obtained
with the 99-line code (Sigmund 2001a) to a discrete design
satisfying the volume fraction constraint.

In the script, the total volume includes the volume taken
up by low-density elements. If the discrete approach does
not include low-density elements, the third line above can
simply be changed to

vt = floor(volfrac*nelx+*nely);

‘For the more compact 88-line code (Andreassen et al.
2011) the FE-part of above script should be substituted with
the following

W FE-ANALYS1S

gl = reshape(KE(:)«{0.001+xd(: ) "« (1-0.001)) ,64d%nelx=nely,1);

K = zparse(ik,jK,sK); K = (K+K'}/2;

Uifreedofs) = H{freedofs,freedofs) \F{freedofs);

ce = reshape(sum((UledofMat)=KE) . *U{edofMat) ,2) ,nely, nelx);
cd = sum{sum{(Emin+xd. “penals(E0-0.001)) . *ce))

Topology Optimization

% THRESHOLD DESIGN SATISFYING VOLUME CONSTRAINT
[Y,I]=sort{x(:), ‘descend?);
vt = floor({{volfrac-0.001)*nelx=nely)/(1-0.001));
xd(I(1:vt))=1;
¥d(I(vt+1l:end))=0.001;
¥d=reshape(xd,nely,nelx);

imagesc(-xd); axis equal; axis off;
% FE-ANALYSIS
[Ul=FE({nelx,nely,xd,penal);
¥ CALCULATE DISCRETE OBJECTIVE FUNCTION
cd = 0.

for ely = 1l:nely

for elx = 1:nelx

nl = (nely+1)=*(elx-1)+aly;
n2 = (nely+1)* elx +ely;
Ue = U([2#n1-1;2+nl; 2#%n2-1;2=*=n2;
2#n2+1;2+n242; 2#nl+1;2*n1+2],1);
cd = cd + xd(ely,elx) penal=Ue’*KExle;
ard
and

disp([* Discrete 0Obj.: ' sprintf(’}10.4f",cd) ..
" VWol.: * sprintf('Y6. Sf’,sum{xdt }}f{nelx*nely}}]}
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Checkerboard Pattern (1)

. top(40,20,0.5,3,1.0) . top(40,20,0.5,3,1.5)
— Obj: 80.4086 — Obj: 82.7562

. top(40,20,0.5,3,3.0)
_ Obj: 99.1929

Topology Optimization Implementation - 41



Checkerboard Pattern (2)

. top(60,30,0.5,3,1.0) . top(60,30,0.5,3,1.5)
— Obj: 83.0834 — Obj: 81.3491

. top(60,30,0.5,3,2.25)
_ Obj: 83.5963
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Extensions

* |nvestigations
— Filter size: rmin
— Penalization power: penal

« QOther boundary conditions
« Multiple load cases
« Passive elements

« Alternative optimizer
— Optimality Criteria (OC) methods
— Sequential Linear Programming (SLP) methods
— Method of Moving Asymptotes (MMA)
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Other boundary conditions

. L ]
b !
_q> ‘-) 79 F(2*(nelx+1)*(nely+1),1) = -1;
y . 80 fixeddofs = [1:2%(nely+1)];

79 F(2,1) = -1;
80 fixeddofs = union([1:2:2*(nely+1)],
[2*(nelx+1)*(nely+1)]);
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Multiple load cases

69 F = sparse(2*(nely+1)*(nelx+1),1); U =
sparse (2* (nely+1) *(nelx+1) ,1);

79 F(2,1) = -1;

20 Ue = U([2*ni1-1;2+nl; 2*n2-1;2+n2; 2*n2+1;
2#n2+2; 2+ni+1;2+*ni1+2],1);
21 ¢ = ¢ + x(ely,elx) penal*Ue’*KE+Ue;
22 dc(ely,elx) = -penal*x(ely,elx)” (penal-1)*
Uea’*KE*Ue ;

Topology Optimization
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69 F = sparse(2*(nely+1)*(nelx+1),2);

U = sparse(2*(nely+1)*(nelx+1),2);

79 F(2*(nelx+1)*(nely+1),1) = -1.;

19b
19c
20

21

22b

F(2*(nelx)*(nely+1)+2,2) = 1.;

dc(ely,elx) = 0.;
for i = 1:2
Ue = U([2*n1-1;2*ni1; 2*n2-1;2+*n2;
2%n2+1;2*n2+2;2*ni1+1;2*n1+2] ,1i) ;
¢ = ¢ + x(ely,elx) “penal*Ue’*KE*Ue;
dc(ely,elx) = dc(ely,elx) -
penal*x(ely,elx)” (penal-1)*Ue’ *KE*Ue;
end
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Passive elements

42 xnew = max(0.001,max(x-move,min(1i.,min{x+move,x.
*sqrt(-dc./1mid)))));

42b  xnew(find(passive)) = 0.001;

for ely = 1:nely
for elx = 1:nelx
if sqrt((ely-nely/2.)"2+(elx-nelx/3.)72) <
nely/3.
passive(ely,elx) = 1;
x(ely,elx) = 0.001;
else
passive(ely,elx) = 0;
end
end
end
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Mathematical Programming (1)

« Solve smooth, non-linear optimization problems

— Sequence of simpler approximate subproblems
— SLP, SQP

« Method of Moving Asymptotes (MMA) < CONLIN

— Convex and separable approximations

— Sensitivity information at a current iteration point as well as
some iteration history

— Subproblem solution: dual method, interior pomt (prlmal-
dual) algorithm v '

F(x)zF(xO)-Fan:(U.rix. +fo)

a_F(x°)>0—>rl. =(Ui—x?)za—F(x°) and s, =0

]

ox, Oox, ‘I

U,, L, : vertical asymptotes for the approximation /' to control the range "5 05 i 15 2
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Mathematical Programming (2)

 MMA approximation of the compliance

| LR v (pf =LY e, .
mine(p)—* p 2 ﬁpe(p)

« Solve this problem by dual method <> OC
— (1) minimize the Lagrange functional <> update scheme

— (2) maximize the resulting functional with respectto A <
adjust the value to satisfy the volume constraint

for p. <p <1, e=1..,N

B ul (peK_Le)z oc y
el )2 A e

e=1

L, =0 and ¢ =00 — optimality criteria update scheme
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Updating Design Variables (1)

rnxinf0 (x)

[SLP subproblem at iteration k| [SQP subproblem at iteration k|

min /; (x* ) + V7, (x*) (x-") min £y (3 )+ 5/, () (=2 )+ 5 (w=x*) 0 () (5=

st fi ()R ) (v ) <0 i =m0 vp () (o) <0, i
v S
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Updating Design Variables (2)

[Convex linearization (CONLIN) subproblem at iteration k]
minfoc’k(x)

X
s.t. fl-c’k(x) <0,i=1,..,m

— n ..min max
xE)(—{xEER,xj < Xj S X }

where

R = )+ ) 0+ ) R
jen, jen_
NPL/ACS) _ [ 9AG)
N, = {]a—x] > 0} and (1_ = {Ja—x, < 0}

of;(x¥ of;(x*) xf(x; — xf)
fi(x) :—a(xj )(x,- —xf) and f;}*(x) = a(x,- )% ]x,- :
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Updating Design Variables (3)

[Method of Moving Asymptotes (MMA) subproblem at iteration k]

mln 0 K (x)
smfﬂk@)so, i=1,..,m
af <x;<Bf, j=1..n

x € x ={x € R, 1" < x; < ¥}
where
M,k - k lj lJ l] ij
() = filx®) - E + E +
= Al § (U'k_ R ) ( ¢ =% xj_l'}{)

j=1
zaﬂ(xk) aﬁ(xk)

(Uf* = xf)

pl] Ox] ax]
0 otherwise
F ()
K 0x;
= JiCo.
X
—(x}‘ — L] )2 : otherwise
\ Xj
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Svanberg’s MMA codes are used to solve the following

1 .
i . ' g = i _di .
g;].l} folz)+ag 2 + E (ciyi + 5 yi)

i=1
subject to:  fi(x) —a; z —y; <0, i=1,....m
.'1:}-1“'” <@y <, i=1....n

Our problem is  min : fi(z)
subject to: fi(x) <0, i=1...., m
i?;—ﬂiﬂ' < T j < i.;mrg

Svanberg’s suggestion for our problem
ap =1, a; =0, ¢; = 1000, d = 0.

Topology Optimization
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The MMA call is

function [xmma,ymma,zmma,lam,xsi,eta,mu,zet,s,low,upp] = ...
mmasub (m,n,iter,xval ,xmin,xmax,xoldl, xold2, ...
fOval,dfOdx,df0dx2,fval,dfdx,dfdx2, low,upp,a0,a,c,d);

Hints:

»Check the definition of the MMA variables in the
mmasub.m file.

»Be careful of the difference between row and colume
vectors.

»Normalize constraints and objective function. i.e. use
V(x)/V,-1= 0 instead of V(x)sV,,.
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Alternative ‘88 line Matlab code’ (2011)

» for experienced FE/Matlab people

* Usage: top88 (nelx,nely,volfrac,penal,rmin, £t)

Struct Multidise Optim (2011) 43:1-16
DOI 10.1007/500158-010-0594-7

EDUCATIONAL ARTICLE

Efficient topology optimization in MATLAB using 88 lines of code

Erik Andreassen - Anders Clausen - Mattias Schevenels -
Boyan S. Lazarov - Ole Sigmund
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88 line vs. 99 line

* Advantages

— Dramatically faster for large problems (speed quick-fix for
99-line code will be provided)

— Access to a density filter in addition to the sensitivity filter

» ft =1: sensitivity filter, spatial smoothing of sensitivities to avoid
checkerboards and mesh dependency — mathematically
inconsistent but works well in practice

» ft =2: density filter, spatial smoothing of design variables +
consistent update of sensitivities

* Disadvantages
— More difficult to read
— More difficult to modify
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99-Line Code Speed Quick-Fix

« Main: assembly of sparse matrix

1 = zeros(neli*nely*64 1); ] = zeros(neli*nely*64 _1); X = zeros(nelx*nelv*64 . 1);
F = sparse(2*(nely+1)*(nelx+1),1); U = zeros(2*(nelv+1)*(nekx+1),1);
ntriplets = 0;
for elx = 1melx
for ely = 1mely

nl = (nely+1)*(ekx-1)tely:

n2 = (nely+1)* elx +ely;

edof = [2*nl1-1 2*nl 2*n2-1 2*n2 2*n2+1 2*n2+2 2*nl+1 2*nl1+2];

xval = x(ely.elx) " penal;

for krow = 1:8
for keol = 1:8 K = sparse(2*(nelx+1)*(nely+1). 2*(nelx+1)*(nely+1)):
niriplets = niriplets+1; F = sparse(2*(nely+1)*(nelx+1).1); U = zeros(2*(nely+1)*(nekx+1).1):
I{ntriplets) = edof{lkrow); for elx = 1melx
I(ntriplets) = edof{kcol); for ely = Inely
X(ntriplets) = xval*KE (krow kcol):; nl = (nely+1)*(elx-1)tely:
end n2 = (pely+1)* elx +ely:
end edof = [2*n1-1; 2%nl; 2%n2-1; 2*n2; 2*n2+1; 2*%n2+2; 2*nl+1; 2*nl1+2];
end K(edof edof) = K(edof edof) + x(ely.ekx) penal*KE:
end end
K = sparse(I.].X 2*(neb+1)*(nely+1),2*(nebx+1)*(nely+1)); end
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New 99 line Matlab code (2020)

Structural and Multidisciplinary Optimization
https://doi.org/10.1007/500158-020-02629-w

EDUCATIONAL PAPER

A new generation 99 line Matlab code for compliance topology
optimization and its extension to 3D

Federico Ferrari' © . Ole Sigmund?

Received: 18 February 2020 / Revised: 2 May 2020 / Accepted: 10 May 2020
© Springer-Verlag GmbH Germany, part of Springer Nature 2020

top99neo (nelx |, nely , volfrac , penal ,rmin , ft ,ftBC , eta , beta , move, maxit)

top3D125(nelx , nely ., nelz , volfrac , penal ,rmin , ft ,ftBC ,eta , beta ,move, maxit
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Educational computer programs for

_structural topology optimization __________

Name and authors Environment Method Assumption
99-1ine (Sigmund 2001) MATLARB SIMP Linear
SOFT-KILL (Huang and Xie 2010) MATLAB ESO Linear
dLSM (Challis 2010) MATLAB LSM Linear
PolyTop (Talischi et al. 2012) MATLAB sIMP Linear
169-1ine 3D (Liu and Tovar 2014) MATLAB sIMP Linear
115-1ine (Tavakoli and Mohsem 2014) MATLAB sIMP Linear
PYTHON 2D (Zuo and Xie 2015) PYTHON and ABAQUS ESO Linear
MMC188 (Zhang et al. 2016) MATLAB MMC Linear
SERA (Loyola et al. 2018) MATLAB ESC Linear
FEniCS (Laurain 2018) FEniC5 LSM Linear
88-1ine (Weietal. 2018) MATLAB LsM Linear
213-1line (Chen et al. 2019) MATLARB and ANSYS SIMP Nonlinear
185-1ine (Laurain 201 ¥) FEniCS LSM Linear
AC# 3D (Lagaros et al. 2019) SAP2NN SIMP Linear
128-1ine (Liang and Cheng 2020) MATLAB SIMP Linear
108-1line (Kim et al. 2020) FREEFEM LsM Linear
£2-1ine (Yaghmaei et al. 2020) MATLAB LSM Linear
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