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Classification of Engineering Problems

– Crandall (1956)

• Equilibrium Problems

– Time-independent problem

– equilibrium stress, steady state temperature, pressure

• Eigenvalue Problems

– natural frequency (vibration)

– buckling load (stability)

• Propagation Problems

– Time-dependent problem

– propagation of displacements, heat, wave

– IVP, transient and unsteady-state phenomena
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Eigenvalue Problems
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Optimization Problem
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Fundamental problems

• Optimization problem is not well posed (less structure 

→ higher eigenfrequency)

– Solutions: impose mass equality constraint, solve problem 

as a reinforcement problem or include non-structural masses

• Spurious modes in low density regions

– Solution: tailored interpolation functions

• Mode switching (non-smooth)

– Solutions: include more modes or use bound formulation

• Multiple eigenvalues → incorrect sensitivities

– Solution: compute correct sensitivities !
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Spurious Modes

ቑ
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Modified SIMP
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Discontinuous Stiffness
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RAMP Interpolation
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Mode Switching (1)

• Weighted average • Bound formulation
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Mode Switching (2)

• Mean eigenvalue
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Sensitivity Analysis (1)
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Sensitivity Analysis (2)
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Modified Optimality Criteria Method
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Multiple Eigenvalues (1)

• Inherent property for 2- or 3-dimensional 

homogeneous and symmetric (eg square or cubic) 

structures

• Often an outcome of the optimization procedure
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Multiple Eigenvalues (2)
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Sensitivity of Multiple Eigenvalue
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Mode Tracking (1)

– the order of eigenmodes may fluctuate

– critical to keep track of the target modes accurately during 

the optimization process

• MAC (modal assurance criterion)

– used mostly in checking the correlation between 

experimental and numerical mode shapes

– not explicitly used in the definition of the objective or the 

constraint function
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Mode Tracking (2)

( ) such that max MAC , ,   1, ,

:  number of modes to be checked
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Flowchart

Initial Design

(Design Domain, Boundary Conditions, Volume Fraction)

Finite Element Analysis

(Modal: linear)

Sensitivity Analysis

(Filtering)

Design Update

(Material Distribution Modification)

Converge?

Post-processing

Yes

No

Objective/Constraints

MAC-based Mode Tracking
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Buckling Problem
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Frequency Response Problems

• 지배방정식(유한요소)

• 직접법(Direct Frequency Response):

• 모드중첩법(Modal Frequency Response):
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Frequency Response Problems: 

Objective Function

• Dynamic mean compliance:

• Internal energy of the structure:

• Kinetic energy of the structure:

• Norm of frequency responses:

• Frequency response at specified DOF of the structure:

• 특정주파수대역(          )에서고려

1
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Compliant Mechanism

• Mechanisms which intentionally use the structural fle

xibility as a mechanism function

• Kinematics (Flexibility) + Structure (Stiffness)

• Elastic Deformation   Mechanical Function

• Jointless Mechanism : Less Wear, Noise, etc.

• Manufacturing with NO Assembly

– Micro Machine, MEMS application

Rigid link mechanism Compliant mechanism
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Design of Flexible Structures

• Kinematic function → Flexibility

• Structural function → Stiffness

Reaction force

+ +

Applied force

Deformation

Constraint

Constrained

Motion
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Optimization Problem

Flexibility : Max  Mutual Mean Compliance

Trade-off

Stiffness : Min      Mean Compliance

Multi-objective function:

where w is the weighting coefficient such that 0  w1

Maximize 
design

L2 u1( )
wL

3
u

3( )+ (1 −w)L
4
u

4( ) 
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Example: Compliant Clamp

1841 QUAD4 s =0.25d Large displacement analysis

Von-Mises stress distribution

Workpiece
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Example: Compliant Gripper

1048

16

20

64

2F
1F 1P

2P48

46

61

01

5.1 ｾﾝﾁ25

20

To maximize the displacement in the 

direction of F2 at point P2 when the force  

is applied at point P1.
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Comparison of Analogous Properties

Generic Term
Discipline

Elasticity Heat Conduction Magnetostatics

Potential function {u} u {A}

“Strain” {e} −{u} {B}

“Stress” {s} {q} {H}

Load Density {p} {Q} {J}

Boundary Load {t} {qb} H x n

Definition of Strain {e} = [L] {u} −{u} {B} =  x {A}

Constitutive Relationship {s} = [D] {e} {q} = −[K] {u} {H} = [] −1 [B]

Potential Energy ½  {s}T {e} ½  {H}T {B}

Equilibrium S sij,j = −Pi  • {q} = Q  x {H} = {J}

Inertia Loading {pi} = −{u,tt} Qs = − cu,t

R. H. MacNeal, Finite Elements: Their Design and Performance, Marcel Dekker, 1994
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Heat Transfer Problem
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Optimization Problem

temperature     displacement 

thermal conductivity     elasticity heat flux energy strain energy density

heat flux     stress high conduc

temperature gradient     strain 
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Example: Heat Sources and Sinks

– Heat source: f = 0.2 W/m2

– Fixed temperature: T1 = 0 °C

– Material: k1 = 75 W/m C (white), k2 = 2 k1 (black)

– Volume ratio (k1: k2) = 1:1

– Measure: high conductivity, integral of│ T - T1│
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Example: Fixed Temperatures

– Fixed temperature: T1 = 100 °C, T2 = 0 °C

– Material: aluminum (k = 236 W/m°C) 30%

– Measure: high conductivity, amount of heat delivered from 

high to low temperature
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Example: Thermal Convection

– Fixed temperature: T1 = 100 °C, T0 = 25 °C

– Boundary: h0 = 5.677 W/m2 °C 

– Material: k1 = 75 W/m°C (white), k2 = 2 k1 (black)

– Measure: high conductivity, amount of heat transferred by 

convection along boundaries
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Example: Shell

– Fixed temperature: TH = 100 °C, TL = 0 °C

– Material: aluminum (k = 236 W/m°C)

• 30%, 50%, 70%
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Electromagnetic Problem

– J. Yoo and N. Kikuchi, Topology Optimization in Magnetic 

Fields Using the Homogenization Design Method, Int. J. 

Numer. Meth. Engrg. 48, pp.1463-1479, 2000

stress distribution

magnetic flux distribution

field by FEM stress/flux density constitutive Eq.

Elastic

Magnetic

Ku F=

KA J=

e = u

B A=  

s e= E

H
1
B=
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Optimization Problem

• Magnetic energy

• Maximize magnetic mean compliance = maximize 

magnetic flux

• Sensitivity considering the saturation effect

1 1 1 1

2 2 2

where  :  magnetic flux density, :  homogenized magnetic permeability

            :  current density, :  vector potential, :  magnetic field strength

           :  number
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m h
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Example: C-core

Linear case Nonlinear case
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Sound-Vibrations Coupled Problems

• Sound insulation using laminated structures 

composed of porous media

• To obtain the optimal layout of porous media

Porous media

Elastic structure

Wool

Elastic structures

Sound
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Porous Materials

• Two phases material

– Solid layer and liquid layer

– Coupled problems with respect to inertias

– Viscous damping

• Numerical analysis based on Biot’s model
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Porous media model

– Use of Biot’ model

Constitutive laws

Governing equations

Equivalent mass density

Viscous damping

Velocity distributions in microstructures

Practical microstructure
Simplified

microstructures
Homogenized

Properties
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Example

Porous media

To minimize sound pressure at specified frequency ranges 
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Optimal Configurations

• Volume constraint is set to 25％ of total volume

– (a) From 55 Hz through 85 Hz

– (b) From 85 Hz through 350 Hz

Porous media Air
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Sound Pressure Response w.r.t Frequency
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Additive Manufacturing

– Produce geometrically complex 

components layer-by-layer

– Reduce the geometric complexity 

restrictions imposed on topology 

optimization

– Make near-full use of the freeform 

structural evolution of topology 

optimization
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Aerospace bracket designed by topology 

optimization and manufactured by AM
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Additive Manufacturing: Issues

– Support structure design

• Support slimming

• Overhang-free topology optimization

– Porous infill design

• Porous infill optimization

• Lattice material optimization (meta-material optimization

– Material feature in AM

• Material anisotropy

• Microstructure control via topology optimization

– Multi-material and nonlinear topology optimization

• Multi-material topology optimization

• Nonlinear (multi-material) topology optimization

• Topology optimization of structures with specific functionalities

– Robust design incorporating material and manufacturing uncertainties

• Topology optimization under material uncertainty

• Topology optimization under manufacturing uncertainty 
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Toyota’s Lightweight Car Seat

– Challenge: create such a revolutionizing model, but manipulate 

and build such a large file 

• apply the 3D geometry at the slice level instead of at the STL level, 

and save all information about structures and textures as metadata

• (STL) 250GB (metadata) 36MB

– Reduction: (volume) 72%, (weight) 25→7kg, (heat capacity) 

35.4→14.5J/K

https://www.materialise.com/en/cases/materialise-slicing-technology-enables-toyota%E2%80%99s-lightweight-car-seat
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• Topology optimization 

approaches

– Density approach

– Topological derivatives

– Level set approach

– Phase field approach

• Discrete approaches

– Evolutionary approaches

• Lagrangian approaches 

and combined shape and 

topology optimization
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Comparison of methods

• Use of filtering and smoothing operators

• Convergence and density vs phase field updates

• Local vs global regularization

• Continuous vs. discrete design variables

• Optimizers

• Boundary dependent loads and critical boundary conditions

• Body fitted meshes

• Provision of research codes to the community

• Benchmark problems

• Local constraints

• On the need for level set approaches

• Lagrangian methods
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Main Challenges

• Efficiency: large scale 3D problems

• General applicability: arbitrary physics problems

• Multiple constraints

• Complex boundary conditions

• Independence on starting guess

• Few tuning parameters

• Mesh-independent convergence

• Ease of use

• Alternatives to finite element analysis

– Finite volume methods for compressible flow problems

– Finite difference methods for nano-optical problems
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WCSMO-13: Statistics

• The 13th World Congress of Structural and 

Multidisciplinary Optimization

• 20th~24th May, 2019 Beijing, China

• 553 presentations (475 oral + 78 poster) in total

– China(273), Korea(48), Japan(44), USA(43), Germany(35)

• 13 topics

– Topology Optimization(204), Structural Optimization(40), 

Robust and Reliability-Based Design Optimization(32), 

Design Optimization(24), Multidisciplinary Design 

Optimization(21)
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WCSMO-13: SOTA(State-of the Art) Discussion
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Multiphysics & Multiscale design: 

Achievements and Current Frontier

Presentations: multiscales (60), multiphysics (39)

• Discussions

– Fluid-Structure for large Reynolds number

– CAD-CAE interaction

– Benchmarking problem
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Machine Learning and Data Driven Techniques: 

Status and Opportunities
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Machine Learning and Data Driven Techniques: 

Status and Opportunities

60



Vehicle Structure Optimization Topology Optimization: Extension - 61

Promote the service of Topology Optimization for 

Layout Design of Engineering Structural Systems

Presentations: TO (200+ presentations, 38 sessions)

AM (60+), Explicit (30+), Multiscale(30+), Stress (20+), 

Large scale (20+), {IGA, ML, MMTO, Multiphysics, Shell, 

Mathematical/Numerical} (10+)

• Discussions

– Stress problem

– Benchmarking problem
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Reliability and Robustness Based Design

Presentations: 70 (East Asia 47)

• Discussions

– Only a few group

– Modeling uncertainty


