Sensitivity

o Definition

— Rate of change of a dependent quantity with respect to an

independent quantity
 Numerical applications
— Critical in gradient based optimization
— Used to construct surrogate models
— Useful in modeling uncertainties

explicitly dependent on a scalar parameter p and

f(pe(p))={fi fr - A} {

, df 0 o ,
4 E£Eé+(vgf)§zvpf+(vgf)g
P N RN

Structural Optimization

implicitly on it via a vector functiong ={g, g, ...

&l
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Sensitivity of Spatial Functions

— Assumption: spatial variables (x, y, z) are independent of the
parameter p, spatial domain is unaffected by p

o) _of) , ,
L= v =n
T
V,f :{% % %} : partial derivative
op op
R
og 0%, g
V.f=|0g 02 0g,, |: functional partial derivative
G Y A
_agl 0g, 0Z
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Sensitivity of Algebraic Systems

» Sensitivity of solution

(Au)' =A"u+Au'

Au=f >Au' = f'— A'u — A = f(k)' — ARy

« Sensitivity of performance measures

(P(P,M(p)) —>¢' =V ,0+(V,p)u' A =Vpk§0+(vu¢)”(k)'

» Sensitivity of performance measures via adjoint

increased effort to compute u®) when k becomes large !!!

go(k)' =V, 0+ (Vugo)u(k)' A=(V.0) > go(k)' =V, 0+ (ATA)u(k)' — qo(k)' =V, p+ A (f(k)' - A(k)'u)

« Sensitivity of performance measures via Lagrangian

VA=V ,u=0

L=¢p+ A" (f - Au oW L=V ot AT (f'—Au)=¢' 5o =V L
p P

Pr
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Size Sensitivity of BVP

— Assumption: QQ does not depend on p
— Sensitivity of u with respect to a parameter p

(V- kVu+cu=f inQ

strong form Ju=u inT,

—kVu-n=q onl,
Find u € H' such that

weakform 3 (1o v dQ={ frdQ dr VveH!
IQ[ V- u+cuv] —Iva —Lqu veH,

— For s a non-negative integer and Q C R”, the Sobolev space
Hs(Q) contains L? functions whose weak derivatives of order
up to s are also L2. The inner product in H5(Q) is

<f,g> =J-Qf(x)§(x)dx+jQDf -Dg(x)dx+---+IQDSf -Dsg(x)dx
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. :—V-kVu+cu—f]de=O

JQ

. V-(vkVu )=V (kVu)+Vv-kVu
.Q_—VV-kVu+cuv—fv]dQ:() S

[ (k) V- ks can— fri = 0 ST LT

:Vv-kVu +cuv—fv]dQ—L (kau)-ndF =0

:Vv-kVu +cuv]dQ—IvadQ = L (kau)-ndF

:Vv-kVu+cuv]dQ = J.vaa’Q—jF vgdIl

Find u where u =u on I, and

Vv-kVu+cuv|dQ=| fvdQQ—| vgdl’ Vv,v=0 onI
0 0 Ty D

HI:{W

w,VweC',w=# on FD},Hé :{w

w,VweC',w=0 on FD}
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Sensitivity of Solution

(—V kVu' =V - k'Vu+cu' +cu=f' inQ

~V-kVu+cu=f inQ) = -V-kVu'+cu' =(f'+V-k'Vu—c'u) inQ
u:u’\ in FD ¢ differentiate ><u,:O in FD
~kVu-n=q onl', | —kVu'-n—k'Vu-n=q" inT,,

> —kVu'-n=k'Vu-n+q" onl',

Find u € H' such that
[ _ . 1
.Q[Vv-kVu—kcuv]dQ —J-Qﬁ/dQ IFN vgdl’ VYve H,

differentiate

AN
7

(J'Q[Vv-k’Vu+Vv-kVu'+c’uv+cu’v]dQ = J'Qf{,dQ_J'F vg'dT"

<Find u' € H, such that
\jQ[Vv-kVu#cu'v]dQ = _[in/dQ—IQ[Vv-k’Vu+c'uv]dQ— . vg'dU VveH,
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Example: 1-D tension bar

— Consider a 1-D problem that governs the deflection u(x) of a
tensile bar (of possibly varying cross-section and Young'’s
modulus) hanging due to its own weight, and fixed at x=0
and free at x=L

— Continuum sensitivity
» Let the parameter p be the cross-sectional area A, i.e., a size

parameter
» Let the parameter p be the Young's modulus E, i.e., a material
parameter
d du du

——| EA— |=pgA, O0<x<L, u(0)=0, —| =0
dx( dx} ps () dx|._,
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—i(EAd”j ped, 0<x<L, u(0)=0, % =0
dx dx dx|._,
- EAL D4 [* pgaviv, v e ) ([0,L])
dx dx 0 ’ oAb
w.1r.t.A:—i EAduj pg+i(Ed—u), u'(0)=0, du =0
differentiate dx dx dx dx dx x=L
>3
wrt Ei—2 d”jzi(A@], u(0)=0, %~
i dx dx ) dx\ dx dx|._,
d’u du ?
E=1 A(x)=1, 1—)——-1—)———x+c —Su(x)=——+1Lx
(x) P8 = i 1 ( ) 5
W.r.t.A:—i(duj—l d(d”j 2, w(0)=0, Y 05 - grie su=—x42Ls
dx \ dx dx\ d dx|._, dx
' ' ' 2
w.r.t.E:—i(du )zl, u'(O):O, du :O—>du =—x+¢ DU =——+1Lx
dx \_ dx dx|._, dx 2
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Sensitivity of Performance Measures

(go = %OL u(x)dx : average deflection
Q= %OL E %dx . average stress
Q= IQg(u,Vu;p)dQ ={p= meai ® _[Q udQ): average temperature
Q= IQ [uz + (Vu)T Vu}dQ
Q= —Ir kVu-ndl : flux

—> @' = IQ[Vpg +(V, gu' +ngVu')}dQ
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Structural Optimization

Example

Q= Lipuz +(Vu)T Vu}dQ

p . independent parameter

N

Vpgzu2
V.g=2pu
Vy,g8=2Vu

s> @' = IQ [uz +2 puu’ + 2(Vu)T Vu']dQ
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Sensitivity of Performance Measures via Adjoint

Find u € H?! such that
f [Vv - kVu + cuv]dQ = j fvdQ — j vqdl' Vv € H}
Q Q r

N

Find u’ € H} such that

f [Vv - kVu' + cu'v]dQ = J f'vdQ — j [Vv - k'Vu + c'uv]dQ — j vq'dl’ Vv € H}
Q Q Q r

N

: 1
Adjoint Weak Form Find A € Hg such that

’ f [Vv - kVA + cAv]dQ = J (V,gv + Vy,gVv) dQ Vv € H}
Q Q
vu'en}

—)f [Vu' - kVA + cAu']ldQ = j (Vygu' + Vy,gVu') dQ
Q Q

v,AEH}

—)j [VA - kVu' + cu'A]ldQ = J f'AdQ — J [VA-k'Vu + c'udldQ — | Aq'dr
Q Q Q

S = f Vo9 + (Vygu' + Vg,gVu)| dQ
Q

= jﬂvpg dQ + jﬂ[f’l — (VA k'Vu+ c'ud)]dQ — | Aq'dr

Iy
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Sensitivity of Performance Measures via
Lagrangian

L = (performance measure)+ (weak form: v <> 1)

. J/ o ~/
V

% Jo[vvavurentio=] pia-| vgir

L= jQ gdQ+ jg[ fA=(VA-kVu+cul) dQ - LN AqdT

Vu=V A1=0V f=fV,q=q,V k=kV c=c
V,L=[V,8dQ+| [ f'A~(VA-kVu+cur) Q- aq'dT
¢'=V,L
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— Sh

Shape Sensitivity of BVP

ape parameter p influence the shape, size and location of Q

— Assumption: p does not influence the coefficients k, f, q

— Se

strong form <

nsitivity of u with respect to a parameter p

(V- kVu+cu=f inQ

u=u I,

weak form

Structural Optimization

—kVu-n=q onl,

Findue H'={w|w=i onT,} such that

JQ[Vv-kVu+cuv]dQ=IvadQ—IFqudF VveH, :{w‘w=0 onFD}
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Material to Spatial Domain Transformation

* Reference or material domain Q,
— Independent of p

« Spatial domain Q

Structural Optimization

T(p):Q,(X.Y.Z)

/

N
u(X,Y,Z;p)

— Q(x,y,z)

%/—J
u(x,,2;p)—u
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Spatial and Material Sensitivity (1)

« Spatial sensitivity
— derivative of the spatial representation u with respect to p,
where the spatial variables (x,y,z) are considered fixed

« Material sensitivity

— derivative of the material representation u(X,Y,Z; p) with
respect to p, where the material variables (X,Y,Z) are
considered fixed

, du
u'=—
dp (x,y,z) fixed
. du(X,Y,Z;p)
u=
dp (X.Y,Z) fixed
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Spatial and Material Sensitivity (2)

compute u directly from u
u=u(x;p)=u(x(X,p);p)

S_du(x(Xop)ip)l _du(wp)  dwdx_ , oudx
dp i dp | oy OXdp ox dp
T
AD g =y + du du du||dx dy dz
dx dy dz||dp dp dp

dp dp dp
u=u'+Vu-V

T
V= {dx Ay dz} : design velocity

u, =Vu-V: projected gradient

u =u'+u,: relating spatial and material sensitivities
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Structural Optimization

Sensitivity of Spatial Gradient

d(Vf)
dp

v

= Vf’
x fixed dp

x fixed

spatial sensitivity: (Vf )' =

material sensitivity: (V/)=(Vf) + (Vi,f)V =Vf'+ (Vi,f)V

%/_J

Ti
=V/=(VV)Vf
Vf=V(f'+Vf-V)=Vf'+V(Vf-V): gradient of material sensitivity

V(Vf-V)= (fV) =(f Y+ £V, = (Vi f )V +(VV)Vf
SV =V (Vi )V +(VV)Vf
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Example

— Find the material sensitivity of (1) spatial variable and (2)
spatial gradient

Q, =[O 1] Withsz(l+p)

u=1+x"p+xe’
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Example: Solution (1)

Q, =[O 1] withx = X (1+ p)

u=1+x>p+xe’ «=X0) >u(X;p)=1+X2(1+p)2p+X(l+p)ep

2
u =— =x" +xe’
dp (x,y,z) fixed

[1] material representation — differentiate w.r.t. X — spatial representation

i(X;p)=X*| 2(1+ p) p+(1+p)’ |+ X[e” +(1+ p)e’ ]

X—éj)u:x{z—p+l}+xe”{L+l}
I+p 1+p
[2] using design velocity
V(X;p)zx’sz:L

1+ p

Vu (x;p) =2xp+e”

. X
u=u'+Vu-V =(x2 +xep)+(2xp+e”)—
Structural Optimization + p Sensitivity - 19



Example: Solution (2)

Qoz[O 1] Withx=X(1+p)
u=1+x>p+xe’ «=X02) >u(X;p):l+X2(1+p)2p+X(l+p)ep

!

Vu(x;p) =2xp+e’ > (Vu) =2x+e’
u'E@ =x2+xep—>V(u'):2x+ep
dp (x,y,z) fixed

rVu(x;p)szp+ep< x=X(L+r) >Vu(X;p)=2X(1+p)p+e’

e i (v 2xp
(Vu)(X;p)=2Xp+2X(1+p)+eP %(Vu)(x§]9)=2x+l—+ep
Tp
o) P
ﬂ=u'+Vu-V=(x2+xep)+( e )x—>Vd:(2x+ep)+4xp+ep
2] - t+p I+p
. ; 4xp +e” 1 230
(Vu)=Vii=(VV)Vu = (25 +e" )+ 1+ p _(1+pj(2x])+ep):2x+ep+l+p
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Volume Integral Transformation

« Sensitivity of a domain integral: derivative w.r.t. p

« Spatial domain Q is dependent on p — change the
domain of integration to the material domain Q, that
Is independent of p
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ox Ox Ox
dx oX oY o7
di= iy s Eay s Xz gl |2 D
oX oY /4 p oX oY o7
oz 0z Oz
| 0X oY o7
[ Ox Ox Ox |
oX oY oZ
J(X;p)= o(x,7,2) |2 Y : Jacobian
O(X,Y,Z) oX oY oZ
oz 0z Oz
oX oY oZ

dxdydz =|J (X; p)| AXAYdZ - d2 - ‘J()_(; p)|dQ,
7l

detJ(X;p)

d( [ fdQ)

| sae= jQO f(X;p)J (X;p)|dQ, —

Structural Optimization

N

dZ

(dX dx
dY ; —><dy

dZ}

dX
>=J(X;p) dY

dzZ
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Overview

F. Keulen, R.T. Haftka, N.H. Kim,
Review on options for structural
design sensitivity analysis.

Part 1: Linear systems, Comput.
Methods Appl. Mech. Engrg. 194
(2005) 3213-3243

Structural Optimization

N

Continuum
goveming
equations
— i T
S
Dhfferentiation
with respect to Discretization
design vanables
Continuum Discrete goveming equations
sensitvity and
equations corresponding software implementation
Analytical differentiation w.r.t. design
] o variables, in combination with:
Discretization R . o
Analytical Comprtational
approximaiions  differentigiion  differentigrion

+

Y

Y/

Y

Diiscrete
pseudo
loads

Set up
reanalysis and
finite differences

Diiscrete
pseudo
loads

Generate
sensitivity
software

Softwans

Implementation

Softwanr

Implementat on

Compuatational

sensltvity
analysis

Continuam/
variational
denvatives

Global finite
difference
Derivabves

Dhiscrete

{...-ianalytical
denvatives

Computaticnal/
automated

Derivabives
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« Categories « Criteria
— Overall finite differences — Accuracy
— Direct derivatives — Consistency
— Continuum derivatives — Computational cost and
— Computational or automatic implementation effort
differentiation
(a) noisefree simulation noisy (possible due to- remeshing) simulation

(b}
@K A: exact solution of the governing
‘O continuum equations
B: computational counterpart

|

|

I

| .

| A;,.- / "k: C: modeling error
: / D: exact derivatives
I

I

|

I

I

| :

| s AL / . .

A s ' q M S E: consistent derivatives
,x” \O o l/ x’,' - E
D

.
",
.
",
\'\.
~
Response Function

Rexponse Funcrion

: Sy 1 F: non-exact and non-consistent
;"O Il’ s fA’O -T computed derivatives
I
I

Design Variable Des.'gn Variable
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Approaches to Design Sensitivity Analysis

* Approximation approach
— Forward finite difference
— Central finite difference

» Discrete approach
— Semi-analytical method
— Analytical method

« Continuum approach
— Continuum-discrete method
— Continuum-continuum method

K. K. Choi and N.-H. Kim, Structural Sensitivity Analysis and Optimization 1 Linear Systems, Springer, 2005
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Design Sensitivity Analysis Method

 Discrete Model « Continuum Model
K(b)z=F || o"@aq=[[| 2" rPaq+| " fPar
Q Q r
v A
Algebraic Adjoint or Continuum Adjoint
State Sensitivity

v~ jjgh(z,i)5ud§2

, O
w'~—| K(b)z|ob ,
ob K7 = G or Other
Analysis Methods
Evaluate Model v
Parameter Sensitivity Evaluate Design Sensitivity
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Sensitivity of Discrete Systems

« Sensitivity: derivatives of response w.r.t. a design variable
— Major computational cost of the optimization process
— Statistical variation in the response of the structure

— Discretization — differentiate (ch.7)
— Differentiate the continuum equations — discretization (ch.8)

spatial discretization of the continuum equations

algebraic equations (static response)
algebraic eigenvalue problems (vibration/buckling)
ordinary differential equations (transient response)

Structural Optimization Sensitivity - 27




Finite Difference Approximation

* Popular, computationally expensive, easy to
Implement, accuracy problem

— Forward-difference approximation

u(x + Ax) = u(x)+ Axu'(x)+ %u"(xﬁ e ou'(x)= ulr + Av)-ulx) — Azx u"(x)—---

Au _ u(x + Ax)—u(x)
Ax

+0O(Ax)

— Central-difference approximation

u(x + Ax) = u(x)+ Axu'(x)+ (A;)z u”(x)+ %u”’(x)ﬁL ..

$
u(x — Ax) = u(x)— Axu'(x)+ %u"(X)—Mu”'(x)+ .. .)

3!
, _u(x+Ax)—u(x—Ax) (Ax)2 "
o u(r) 2 M RSMIZR T ()
Au _ u(x+Ax)—u(x—Ax)+O[(Ax)2]
Ax 2Ax
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Accuracy and Step Size

* Truncation error
— Due to neglected terms in the Taylor series expansion

2
u(x+m):u(x)+mfl_z(x)+%zx’j

(x+gAx), 0<¢c<l1

forward difference: e, (Ax)=— y (x+cAx) = Ax , 0<c<1

. 21

s, : bound on the second derivative in [x,x + Ax]

central difference: e, (Ax) = TF(}H cAx), —1<¢<lI
i\ x

« Condition error
— Round-off error, ill-conditioned numerical process

forward—difference: e;(Ax) = Ay Ew Eu absolute error bound (10716)
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Optimal Step Size for Forward Difference

Ax)—
. Formula: - mrrad)-ulx)
Ax Ax

« Bound for total error: step size dilemma

Ax 2
e=—1|s,|+—¢,
2 Ax

« Optimal step size
de :‘Sb‘_ 2
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Example 7.1.1

10 x
10lu+xv=10 ‘10 100l  —10x+1000 with poorer conditioning
xu+100v:10}_)u: 101 x - 10100 — x> 10001u+xv:1000}
x 100 xu +10000v =1000
—> derivative @ x =100 — derivative @ x =10,000
du _30x* —2000x—-101000
dx (10100—+")’
00 . . 0.2

01 I

4
du/dx )
du / dx
0.2 —— Central difference o 0.2 Central difference =]
. ) - E— o
© Forward difference ) [ o  Forward difference o
o o
‘0.3 L3 3ilglu A A uimi i1 Lijiau Ll d lijug i lllllll. -0_4 " F 2 L REAR o B @ @i iim i i able i Lk
0.00001  0.0001 0.001 0.01 0.1 1 0.001 0.01 _ 0.1 1
Step Size Step Size
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Effect of derivative magnitude

* Large derivatives are easier to estimate than small ones
« What does it mean that derivative is large?

* Accuracy measure

— Logarithmic derivative: percentage change in u due to a percent
change in x

dlu _ d(logu) _ du/u _ d_uf change in sign dlmu _ du/lxlt
dx d(logx) dx/x dxu " dx dx/x,

(d
% 1. the derivative to be large
dx
dyu .
e < I: the derivative to be small
X

— difficult to evaluate it accurately using FDM
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Example: »y=10+(x-5y

« compare the accuracy of forward difference derivatives
with a step size of one at x=10 and x=6
— What does it mean to have a logarithmic derivative equal to one?

D ax—5)
_ , At g T AT dy|  _ dyx
y=10+ (x — 5)* - - — 220
. Ay  y(xo+ 1) — y(x) dx| _ dx yo
forward difference: — = X=X
Ax 1
exact: — =2(x—5) =10 d
=10- dx 0 4y — E —
o= 1o . by _yGo+ D -yG) _46-35 _ (0% g =1035=28
forward difference: — = = =11 x=10
Ax 1 1
exact: — =2(x—5) =2 d
dx o 1y 6
=0 — =2—=1.1
@x =6 _ Ay  ylxo+1) —y(x,) 14 —11 (50% error) > A =277
forward difference: — = 1 = T =3 x=6
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Sensitivity for Static Problem (1)

« (Governing equations

— K: normally large, banded, sparse and ill-conditioned, but
positive definite

Ku — f Cholesky decomposition N LD LT U= f

14

Lv=f >DLu=v

» Analytical method )
— Direct method X 19 _,
— Adjoint method r dx
« Semi-analytical method

Structural Optimization Sensitivity - 34




Sensitivity for Static Problem (2)

 Direct method

— Requires pseudo load calculation and solution for each design
variable

— Pseudo load can be calculated outside of finite element program
— Requires only forward and backward substitution
— Minimal effort with new constraints

3

differentiate N K du _ df _ dK u
dx dx dx
—

pseudo load

equations for displacement vector: Ku = f

response quantity of interest: >
og

\dg_@g+8gdu Sl \dg_@ngzT@
“dx ox Ou dx “dx  ox dx

differentiate
g(u,x)=0

du >z du (number of design variables)
dx dx
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Sensitivity for Static Problem (3)

* Adjoint method (dummy-load method)

— Requires solution for each new g and pseudo load

Structural Optimization

calculation for each design variable

cdu_df dK - du_ Kl(df dKj

dx dx dx dx dx d—x
pseudo load

ag 8_g+szu_)dg:6g+zTK1(dl_d_K )
dx Ox dx dx Ox

dx dx

7 K'=2 >5Ki= 1 (number of constraints)

dummy load

dg_0g, rdu_0g, (df dKj

dx Ox dx 6x 5_5
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Sensitivity for Static Problem (4)

* Adjoint method in general

— Adding the derivative of the equations of equilibrium
multiplied by a Lagrange multiplier to the derivative of the

constraint
Ku:f—>Kdu df dK
dx dx dx
de O (4 A ) O (e (4 K )
dx Ox dx dx dx dx ox dx x  dx

dx Ox dx E
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Sensitivity for Static Problem (5)

* Semi-analytical method
— Analytical derivatives of stiffness matrices are burdensome
especially in commercial software
— Most resort to finite difference calculation of derivatives of
stiffness matrix and force vector
— Accuracy problem? central difference approximation

dK _K(x+Ax)-K(x)
dx Ax
d_fzf(x+Ax)—f(x)
dx Ax
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Example 7.2.1+7.2.2

— Sensitivity of a constraint on the tip displacement of a stepped
cantilever beam w.r.t. the moment of inertia /, and length /,

— Errors associated with the finite-difference method and the
semi-analytical method

P 3 2 2 Pl3 §®

w, =——(1° +30°1, + 311, |+ =2 N

tip 3E]1(1 12 12) 3EI, % I, @ [ @

g=c—-w,, 20 E I 2 |
]

% __P (6 3020 +30,2) - P .

Jon e S I ' L *
e P

g P (42 2 p 2

=— 3L-+6Ll,+3," )| =——([, +1
al, 3E11( 60y 347 1511(1 2)
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2

2 2

l] l l - 12 l l - 2 ll 12

U=| p(h+h )] v+ | Lphrb=x)],  p (1 —xV v+ =2 [ +1, - x)
0o 26 v 2EL 2E1 Jo 2EL )

2 3 2 3 3
A TRV P
2EL | 3 2EL| 3 3

5=Y_ L (174300 + 30,7 ) + . é’l (&’ -1%)

op 3Lkl 5
3
227 p pl
g=c—wn-p20
rﬁg V4 3 2 2
— = [>+3L°1, + 3/
o, 3E112(1 ) 12)
<
og P (n2 2 p 2
=— 3L-+6Ll, +3," )| =——([, +1
al, 3E11( 6kl 430 Ell(l 2)
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> F

EI| 6
P -=12

Structural Optimization

Solution for Displacement

o ©O o o o

—>u=

217 + 3121,
61,
12+ 211,
21,

13 +3121, +31,1,7 . 1}

31,

12+ 211, .\ 1,2

21, 21,

Sensitivity - 41

31,




Direct Method

ou _K_liaf 8Kuj_>8_g__%

o, ~ ey o) Ton el

12 -6, 0 0](w, 12w, — 60,6, | (1)
oK _ E|-6], 4% 0 0] 6, _£<—6llw2+4112(92L_£<12>
o,  *l 0 0 0 of|w]| I 0 I |0

0 0 0 0](6) 0 ) 0]

o Wh K

P 2 3

(W\ ]1 12
A o 1 Ll +

w EI

v (933 0 U2, 002+
0 1.2

lllz+17
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Adjoint Method

e O 3
0
JoK gk B gl %8 %8 i df _dK N r oK,
O J
[ 213 +312,
61,
12+ 211,
ow,, 21
7 =— Wnp:<0$,)»ZI(_IZZI(_1<O>=—l ! o
ou |-1 -1 E 17 43121, +31,1,° . 1’
L0 L0} 31, 31,
12 +211, . 1,
og rOK  p (207 +317L 17 +211, 2 (. , 1P
oI, ol,  EI 61, 21, EI? 3

Structural Optimization
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Example 7.2.2

finite difference method:

AL, g 0’ Wy, Al D og AI, e Al
er (Al =—L =2 (1, +¢AL) =——2 —L = 12 +3020, + 3117 )AL = — L, L -1
7 ( 1) > 8]12( 1 +EAL) 8112 ) 3E]13(1 1 by T4t ) 1 o, 1, og 1,
4 ol
o*w,
eT(All)=— élp All:_ p (ll+12)A11:ag All _)eT _ Al
ol
K(x+Ax)-K
semi-analytical method: a—gz/IT (x ) (x)u
ox Ax
( 2 2
29I 2 ol
] 2 2 2 2
A A A 4
2 a7 2 Al EL % (L +1,) l
ol
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Sensitivity for Eigenvalue Problem (1)

« Undamped vibration and linear buckling

Ku—uMu=0 (uTMuzl)

Square of the frequency

problem | Undamped vibration Linear buckling
K Stiffness Stiffness
M Mass Geometric stiffness
u Mode shape Mode shape
3

Buckling load factor
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Sensitivity for Eigenvalue Problem (2)

(for the case of distinct eigenvalue s)

Ku—uMu:Oa(K—ﬂM)@_d_”Mu:_(dK_ﬂdeu_)dﬂ: de dx
’ dx dx dx dx dx u’ Mu
uTWuzlﬁuTW@:_lqu_Wu

dx 2 dx
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Sensitivity for Eigenvalue Problem (3)

* Nelson’s method
— Largest component of the eigenvector be equal to one

uWu=1->u=uu (re-norma]jzat ion:u, =1 and di, =Oj

dx
du du, _ du
—=—"u+u, — .
dx dx dx
TW@:—lqu—Wu—)uTW(du’" u-+u @j:—l Td—Wu
dx 2 x dx dx 2 dx
Saw Ay L AW A, —umzuTWdﬁ—u’” u Wy
u, dx x 2 dx X x 2 dx
. ' Y dK dM
MOd?zI technique (uf)f(_ﬂk juk
u j _ dx dx :
—=Zc,qu where ¢, = _ , k#]
dx 5 (,uk — U, Xu’ )rMuJ
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Derivatives of Repeated Eigenvalues

« Assume m repeated eigenvectors

« To find eigenvalue derivatives need to solve a
second eigenvalue problem

m
= qu;=Uq
i=1

Ku—uMu =0 e(K—ﬂM)%_%M” - _(%_ﬂé—ﬁjju
(G = s {A _ d—“qu -0
dx
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Constraints on Transient Response

g(u,x,t)ZO, 0<r<it, —)gl.(u,x,tl.)z 0, i=1,...,n

t

 Remove the time dependence of the constraint

— Equivalent integrated constraint
 Blurring effect

n,

g(u,x) = 1 {Z e % dt} —>g=g. — lh{i ¢ P8 )dt}
o,

— Critical point constraint

dg(t,,) _0g  0g du 0g d,
dx Oox oudx Ot dx

g(u,x.1,)>0, i=12,—

Structural Optimization Sensitivity - 49




Sensitivity of Constraints

g(u x) r plu,x,t)dt >0 where p(u,x,t)=g(u,x,t)5(t—t,.)

ir( Op pdu .
! (afaél)dt At = f(u,x,t), u(0)=u,

 Direct method

i du dA. of du(0)_ [ _ 9
Yol e e a " ou,

J

. Adjoint method
f’ P opdur (g a8 g O A
Oox 8u X 0 dx dx oOx dx

’ of dA.\ [op . d . d
—j { (———uj+_6§ aT(A+0)- (z)[AL;’}d xAd;’

(2

P zT(A+J) (if a=0> ATi+(J7+ A a= (épj, at,)=0

Structural Optimization u
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