Transformations

* Force and displacement
— Components for rotation of coordinate axes in 2D
— Vectors for coordinate axes in 3D
— Components from one set of coordinate axes to a parallel set

* |nertia matrix
— Cartesian tensor transformations for rotation of axes
— Parallel-axes theorem

o Stress tensor
— 2D stress state and rotation of axes
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Planar Structures

I o
 Plane frame  Grid structure
y
Y Vv

Vehicle Platform Design & Analysis FOA - 121



Vehicle Platform Design & Analysis FOA - 122



y=v'a

<,
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3D Rotation
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Force Translation

|

i
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Force Transformation
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Displacement

y p—
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/ IS Vy
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/ I
/ i
// 1 W i
/91 !
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/ : |
V) ¢ :
X :
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{g)

direction cosines of {

{ cosa sina

—sina cosa
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(&)

1 F;=F, cosa+F,sina -_) F! | cosa sin & F,
F) =—F, sina+F, cosa F) | |-sina cosa || F,

y
OX': (l; l,)=(cosa sina)

_ with respect to the X, ¥ axes
OY': (l,; Ily)=(-sina cosa)

ﬁ

I =

l21 122 y 121 122 Fy

~

orthogonal )LTLZI—)LT :L—l S F=LF'

bl +haly = OJ
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y=r']

NG

XV

(e)

M;zchosa—MZsina} {M;} [cosa —sina}{Mx}
ﬁ =

M), =M, sina+M, cosa M, sina cosa || M,

rotation about the OY axis — rotation about the OZ axis

M=I'M->M=LM'
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3D Rotation

.. i:axes X', Y, 7'
v jraxes X, Y, Z
l,, =cosa, [, =cosf, [;=cosy

F hy Ly hs||F

X

’ ' T

F] Ly Ly L]l F

D bty =1, i=1,2.3

j=13

=

D il =1, (k=123 |

J=13 i#k

%

C[FE LY o[F]
R = = =" R
M| o [T|M
% ' ollv T
r= = = Lpr
&1 |o 1|90
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Force Translation

Tf}
P [x M,
F}/:—h-—————hl-— X
/w)/ i
) X
0 | . .
7
SR P
z X
Fo=Fp | TET T1 0o 0 00 0]F]
Fyo = Fyp F, 0O 1 0 00 0|lF
Fo=Fp F, 0 0 1 0 0 0| F
> —> =
Mo=Mp—-F,z+F.y M, 0 —z y 1 0 0|l M,
M, =Mp+Fz-Fx M, z 0 —x 0 1 0/M,
M.=M_p-Fy+Fx| M|, L=y x 0 00 1]jm |

R,=TR, >R, =T"'R,

r=ly 2l e A e
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Force Transformation

Z

AR AT rotation R ( v _) translation R
(X.Y".Z'") s NXYZ ) o >(X.Y,Z)

Ry=(Lj, )71 Ry=L, R}
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Displacement

y —
|
? / P IG’
/ -
/ I
/ i
// 1 W i
/91 '
, | Y
’' L |
/ ¢ i X
X -
82
z ,
Vxp :Vx0+8y2_02y _Vx_ 1 0 0 0 z _y_ _Vx_
Vip = V30 -0.z+0.x v, 01 0 -z x ||V
V.p =V, +(9xy—t9yx v, 0 01 » —x 01|y,
5 —> =
0p=0, 0. 000 1 0 0|86,
0.p = 0,0 0, 000 0 1 016,
0.p =06, ) _QZ_P 000 0 0 1 __92_0

, -1 -1
T =L} T T T T T
rp=T" 1) —L=L2 5yt =L T" 1y =ary > 1, = (LDT ) rp = (T ) Lyrp

a=n (] () ) =
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* Pin-jointed truss member .
Flys0 %

Basic force E

Force components in local
or member coordinates
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Force Systems

. /F
Fly /* /w/ ¢

i , oyl

Force components in )
frame coordingtes C L
Io
5\ / 1.
£
Ib

Bosic forces;
aiternate systems
To and T 4

(bHY

Frame or beam member

Force components
in local coordinates

y Fy
:A*Mj :
Fiy /'___.7'}
M, { ’ , X
Fix o

Force components
in frame coordinates
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Member Distortions & Joint Displacements

* Pin-jointed truss member  Frame or beam member

[ 11 [

Basic member distortion Membger node displacements Member node displacements
in local coordinates in frame coordinates

I

Member node displacements
in local coordinates

: / —
Y 8
Y
B3 8; e
18
. Y
Basic member distortions . N
aiternate systems lg ond [& & -
| v
! X
ﬁf;l - il

Member node displocements
in frame coordinates
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Force Transformations

* Pin-jointed truss member

* Frame member
— Type la
— Type Ib
— Type la: intermediate hinge

YA
y's
; | 5,‘
Mf( / J 'EM/' / ! _F I .X‘
£ : : - 77@7 ” F Xl M/’(

R ' | L '
4 RB

- 4 .

= -
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Frl [=1] Fy Fi| [cosa —sina
E} 0 Fiy F;),/ sina  coso
2 F— ::LD r| T
]Zx 1 lzx }Zx O O
_Fj’y_ | 0 _ij_ _Fj’y_ |0 0
1l To o
M, +M, Fy | | y1 yi
> —> , =
B — ’
/ ij —1/1 -1/1
_M}_ 0 1
L 0
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}:

0
0

cosa

sin

<

~.

<

0 1]
0 0
—sina || 1
cosa || 0 |
—> F'=TS
0O 0 O
0O 0 O
1 0 O
0 4y Iy
0 1l Iy
0O 0 O

—Ccosa
—sina

coSx

sin
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S; =-S5,
M;=-M;+S;l
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S Eoam

~. ~

S O = O O
)

-1
0
M;
0
Si
-1
F
0
O -
Fxl 1o
Fy | | 14
M| 1
Fiy 0
F, ~1/4
M; | B/ A

S O = O O

S F'=TS—>F=L,F' =L,T,S
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Displacement Transformations (1)

* Pin-jointed truss member
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Displacement' Tr

* Frame or Beam members
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b ] yl

!
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ansformatior
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‘—J A=-1

X
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A=[-cosa —sina cosa sina]

h
& 0 YI 10 -y o],
¢, |=|0 Y1 0 0 -l 1 v —>v=T"r">v=T"ILy;
Al -1 001 0o of?7”

Jy

A
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transformation | Force displacement
member S Y
node R r
S =bR v=ar,R=2a'S
b=(aT)"’
S =bR
r=>blvy v =ar
R,~=1—>{We:1>;ri}—>ri=SiTv=biTv R—aTS=10—>R=aTS |
W,=S;v S:(aT)_R:bR—>—>b:(aT)_
v:;{::ﬂ)R}_)rszbezFR S=kv—>R=a"kv=a'kar
r=ov
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Member Stiffness

* Prismatic member of length | and area A with

Young's modulus of elasticity E f:Al_E_)k:f_lz%

 Beam element that is prismatic, of length | and of
bending stiffness El

g 1 [2 1M, 12 o 2EI[2 1
M e e A T

1
<K
L 1
Il
‘l\)
=
— N
N =

Rin o o
L |
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T
rp =T 71y

v T.. _ 4ToT
rp=Lrp=LT"r,

_ r__ TT _
v =Urp =UL T 1y <> vy =ayry

& 0 -1/ 0
9. 0 -1/I 0
4| |0 0 1
6,1 |0 0 i
0, 0 0 0
5 1y 1 0 0
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S = O O O O

oS o = O O O

S O O O = O

RS SNSRI SRS B

(4EI, 2EI,
[ l
2EI, 4EI
[ [
0 0
0 0
0 0
0 0

0 0
0 0
4EI, 2EI,
! !
2EI, A4EI,
! !

0 0
0 0

where
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Plane Frame Member
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| |
M [k, Kk, 074 210
F 0 0 Ksi|| s 0 0 i
! 21 |

6] [0 11 1 0 -1 0] .

0 T r'=Ly'r Ty T
4 |=|0 VI 00 -~y 1|\ |>v=T"r—"=2Isy=T"L,"r
s| [-1 0o o1 o of?”

Ty

0

R=LyTS = LyTk'v=LyTk'T" Ly r=kr > k=L, Tk'T" L)’
S=kT"L,"r
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Grid Member

i 1

/\i Mf:;-‘ Ox / = J foﬁ!x
y | 1
*M& 8y * My +8y

(&)
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Miy Kl 1 Kl 2 0 ¢iy

M, |=|Ky Ky 0 |¢,|>S=kv
M, 0 0 Kyl 6o,
R
0,
Dy, 0 1 -1 0 0 Y o
by |=1 0 0 =11 0 1 Vi 9’; Sy=TTy =t 7T Ty
g.| |-1 0 0 100%
|7z

T
R :|:MiX M,y Ry MjX MjY Rjz]
R=L,yTS = LyTk'v=LyTk'T" Ly r =kr — k= L,Tk'T"L,,"
S=kT"Ly"r
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Prismatic Member in 3D

Ty
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ETA 0 0 0 0 0
o AL o 2EL
l I
AEI 2EI
0 0 l 20 0 l 2
S=k'v where k' =
GI
0 0 0 TP 0 0
2EI AE]
0 Z 0 0 0
/ /
2EI AEI
0 0 20 0 2
i / I
R=LyTS =L Tk'v=LyTk'T" L) r =kr - k=L, Tk'T"L,,"
S=kT"Ly"r
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a
! Ax :,r
z ) Nz o
81 1 ! T A
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|M
_ |' 2 X/ -
\V Az
Ly=|0 cosf; -sinb, } (about iX'")
|0 sin@;  cosb;
(cos@, —sinb,
L,=|sinf, cos@, O |(aboutiZ)
0 0 1
cosy 0 —sinf,
L= 0 1 0 |(aboutiY)
sind, 0 cosg
cosf cosd, O —sing
L=LL,Ly= sin 6, 1 0
—sinf,cos@, 0 cosf,
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Summary

« Solution to the structures problem by the
displacement method

1. v = ar (displacement transformation)

2. 8 = kv (member forces in terms of member displacements)

3.R=a"S (joint equilibrium equations)

4.r = (aT ka) R (solution for joint displacements)

5. S = kar (member forces)
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Element Stiffness

Ke — TT (Kéruss +K§eam7v +Ké)eam7w +Kéorston )T
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