Geometric Model
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Ny no d= 2 A

(conceptual model)
AI% 3 Gl
(physical model)

HFE 2 Y2 oLt A2 RHS 0]
(computational model) 50| AZE 0| o3t WA mEZ
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(mathematical model) AMZS LIEIL = =4l
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Computational Model2| &

« Point Model : =M & H2E ZAIZ}

- Curve Model : 2X& 4822 &%

« Surface Model : 24|& HeE HOo

- Solid Model : 242 XA at= H2

+ Hybrid Model : 3tLto| B &2 & oM 0 QK2
Q& 0|8
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=24l (non-parametric equation)
(implicit form): f(x,y) = 0
(explicit form): y = f(x)

. 047§ H==4l (parametric equation)
— P(u) =[x(u), y(u), z(u) ]
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& sAA HY | g B4 EH | Ojjf P4 B

(explicit form) | (implicit form) (parametric form)
O| Xt
o |:||-||; lizlll__)\l_ y=f(x) f(x,»)=0 r(t) = (x(2), y(¢))
MK 2= f(x,) f(x%,9,2)=0 ) .
_g_jl_l_ _III_AI_ {Z _ g(x,y) {g(x,y,z) _ 0 l‘(f) - (X(f), y(t)a (t))
rala® s = N r(u,v) =
T =S FE2 =0 vy ), 2(,)
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Curve, Surfacel| =& S

 wuid me| sucd 3a | ) ses sa
Ay
(acos 8,bsin 6)
b y= b\/l—xz/az x_2 y_z_ _ I'(H)I ac.osé?
Y 7 T2 0 b sin €
| X % y=-bNI-xX/d’ a b
0<0<2rx
rcos¢@cosd
r(0,9)=| rcosgsiné
rsin ¢
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Curve Equations

R T
parametric form: x = Rcos @, y = Rsin6, z=0(0< 0 <2rx)
circle implicit form: x* + y° =R’ =0, z=0

explicit form: y =+ R* —x°, z=0

nonparametric {

"

« Parametric form

— Points can be generated in sequence along the curve by
substituting small increments of the parametric values

« Nonparametric explicit form

— Not sure which variable to choose as the independent
variable and to increment at each evaluation

— Two values (+/-) for the dependent variable, which one?

« Nonparametric implicit form

— Same inherent problem even though it differentiates the
independent variable from the dependent variable
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Parametric Curve

&M {x(t) = (1-1)x, +1x,
() =1-0)y, +1y,
=r)=~10-1)P, +P,

LI-M (helix):

r(f)=(acosf,asinb, b 0)
27
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+ 2D/3D =, 2| H HER7t H|==SIL.

« AtRa4/5THe| H30| 0|5},
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Conic Section Curves (1)
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Conic Section Curves (2)

A Ais

Triangle  Section Plane Ellipse
Through Generators

Circle
E lhip=e

Parashals

Through Apex Hyperbala

Q2
S,
&7
qQ

Section Plane Parallel Sectioh Plane 4y oriola

to end generator. Parallel to Axis.
> Ellipse Trapezium
vV
L
e - X

|f--
Cylinder through Sq. Pyramid through

generators. all slant edges
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Conic Section Curves (3)

| siuusw | opjus an

/A= 5 , (x=r0086’+xc
(circle/ (X—xc) +(y_yc) =r ] _sing4
circular arc) W= Ye
Ef /B &5 (x-x) (y-».) (x=acosf+x,

(ellipse/ ——; ——=1 _ bsing
elliptic arc) a b |y =0osmo+y,
AT x>y ! (x =acoshu

L - L = <
(hyperbola) a b |y =bsinhu
=M > x=cu’
= <
(parabola) r=d y=u
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Conic Section Curves (4)

ax” +by’ +c+2fc+2gy+2hxy =0
S>X+bY +c+ fx+gyv+hxy =0 (5 unknowns)

- 3PTS (PO, P1, Q0) F-0,
— Two end points + Two tangents P= 0, - 0|
— Fullness factor p p >0.75 : hyperbola
« 5PTS (PO, P1, P2, P3, P4) p=0.75 : parabola
— Two end points + Three intermediate points p <0.75 : ellipse
— Is it a hyperbola, parabola, or ellipse ?

Qy

-
~—
-
-
-
-~
-
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CATIA V5: Sketcher Profile / Conic (1)

« Ellipse

-

-Sketuherprufill_a Conic &
qb ¢ 2o/t -

http://catiadoc.free.fr/online/cfyugdys C2/cfyugdys0306.htm

— Center->Major Semi-Axis Endpoint [Radius(+Angle)]-=>Minor
Semi-Axis Endpoint

« Parabola by Focus
— Focus—>Apex—>Start Point>End Point

directrix

axis of symmetry

latus
rectum

vertex

/

CAD

directrix (y = —p), focus(0, p)

y+p=\/x2 Jr(y—p)2 — x° =4py
origin (h,k) = (x—h) =4p(y—k)
—y=ax’ +bx+c

y=ax’ > x° =Z(<—>x2 =4py), F
a

http://catiadoc.free.fr/online/cfyugdys C2/cfyugdys0316.htm

_ L
da
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CATIA V5: Sketcher Profile / Conic (2)

Gy G P [O]

Soherrot BRI cone 5

« Hyperbola by Focus
— Focus—>Center->Apex—> Start Point>End Point
— Eccentricity e = (center to focus) / (center to apex)

http://catiadoc.free.fr/online/cfyugdys C2/cfyugdys0317.htm

S st o)
P R
J 1,

‘PFI‘:e_) (XP_XF) +YP :XF
|PD| v _Xi X,

P

XF

XY’
—> X, = |X +—L—

X, -X,
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CATIA V5: Sketcher Profile / Conic (3)

Soherrot BRI cone &

AP & P

- Lo

« Conic
— Two Points (parameter)
« Start and End Tangent

« Tangent Intersection Point

— Four Points
« Tangent at Passing Point

— Five Points

0 < parameter < 0.5: ellipse
0.5 < parameter < 1.0: hyperbola

parameter = 0.5: parabola

oM

P ter = —
arameter o7
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Splines: Background
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Splines: Background (2)

 Flexure: 2
M =E1%Y
dx
* Moment:
M (x)=P(I-x)

* Displacement:
— Cubic polynomial in x
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Spline (1)
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Spline (2)

« SPLINE: &2 d== X[Lt= =4
— Zt ™ ALO|E ol Jjlo] 2 MMxZto 2 0|2 A
— Z M ZEZ (ARC) : 3K} (or 5At) =M
— DO|X|%=: 47} (or 67H)
— two points, two tangents, (two 2" order derivatives)
— S0 4K}, 65+ SO| ArEE[X| = 0|7 2

* Cubic splines

“Conitrol

Points™ \ r’(1)

« Refinements / /f;(l)
— B-spines u,

— Non-Uniform Rational B-splines (NURBS) f(g)__/
1(0)
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« Spline
— Control points: solid square points
— Large number of control points?
» Create construction points that are constrained first
* Modify? Recreate better than edit
« Connect with a spline
— Continuity in Point (C°)
— Continuity in Tangent (C"): tension at each endpoint
— Continuity in Curvature (C?): tension at each endpoint

CAD Geometry - 21
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CATIA: Sketcher—-> Constraint

Modification of geometric
models through variational

geometry

Robert Light and David Gossard*

Systems for computer-aided mechanical design use geo-
metric models for drafting, analysis and programming of
NC machines. Because design is iterative in nature, the
topology, geometry or dimensioning of a geometric model
must be modified many times during the design cycle.

The effectiveness of future CAD systems will depend in
large part upon the ease with which geometric models

can be created and modified.

This paper presents the results of a research effort to
develop flexible procedures for the definition and modifi-
cation of geometric models. A central idea of this effort is
that dimensions, such as appear on a mechanical drawing,
are g natural descriptor of geometry and provide the most
appropriate means for altering a geometric model,

A procedure is described by-which geometry is deter-
mined from a set of dimensions. The geometry correspond-
ing to an altered dimension is found through the simuitan-
eous solution of the set of constraint eguations. Presented
in this paper are the basic approach to modifications of
geometric models, a procedure for significant reduction of
the number of constraint equations to be solved, and the
effect of sparse matrix methods in reducing the time
required to solve the equations.

e ided design, geometric model, ional geometry

In this paper a procedure is described by which geometry
is determined from a set of dimensions. A geometric
model is defined with respect to a set of characteristic
points in 3-space. Dimensions are treated as constraints
limiting the permissible locations of these characteristic
points. Each dimensional constraint is described by a
nonlinear equation involving the coordinates of associated
characteristic points. A given dimensioning scheme is
represented by a set of such equations. The geometry
corresponding to an altered dimension is found through the
simultaneous solution of the set of constraint equations.
These techniques were incorporated into a prototype
2D CAD system. This system allows freehand sketch
input to define the general shape of the part. The user
interactively defines the dimensioning scheme and the
desired values of the dimensions. By solving the system of
<onstraint equations, the geometry of the part is updated
10 be consistent with the new set of dimensional values.
Presented in this paper are the basic approach to
modification of geometric models, a procedure for signifi-

cant reduction of the number of constraint equations to
be solved and the effect of sparse matrix methods in
reducing the time required to solve the equations.

BACKGROUND

The use of constraints to define geometry can be seen in
Sutherland’s early work.' Sutherland fmade use of con-
straints as a design aid in the creation of a part, but did
not use geometric constraints for definition and madifica-
tion of part geometry, Requicha® used directed graphs to
represent the relationship between dimensions and geo-
metry. Three graphs were constructed to show the dimen-
sional relations in the x, ¥ and z directions. Hence, this
approach is limited to geometries consisting of rectilinear
segments, Gopin® made the first use of directed-graphs to
define and modify geometry in an interactive CAD system.
This CAD system restricted the part geometries to
rectilinear segments and dimensions.

More recently, Hillyard and Braid*# showed that small
variations in geometry could be related to variations in
dimensions by a ‘rigidity matrix’, Light® and Lin et al’
showed that generalized dimensional constraints could be
used to modify geometry through large shape variations, and
that geometric properties could be used to constrain geo-
metry. This was demonstrated on prototype 2D and 3D
CAD systems.

GEOMETRY

As shown in Figure 1, the geometry of an object is defined
by a set of V characteristic points. This set includes points

FS P

Deere and Campany Technical Center, Moline, L, USA L b
“Computer-Aided Design Laboratory, Department of Mechanical

Sngineering, Massachusetts Institute of Technology, Cambridge, . N, !

VA, USA Figure . Shape definition points

volume 14 numhar 4 il 1087 2010 1495197/040209—-0€ 202.00 © 1992 Buit.oworth & Co (Publishers) Ltd 209
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Geometry

« Defined by a set of N characteristic points

x={X, ¥, 7 .. X, Y, Z,}
T
X:{x1 X, Xy .. X, 5, X xn}
where n=3N o

« Generalized dimensional constraints
— Implicit: right angles
— Explicit distance between two points

|

I

d : vector of dimensional values
F(x,d)=0 i=1, 2,..., m where <x:geometry vector
m : number of constraints

6 : to prevent 3D rigid body translation and rotation

constraint equations , ' , , , ,
(m—6): designer's specific choice of dimensions

CAD Geometry - 23



Geometric Constraints

. . Entities
Dimension name .
constrained

Horizontal distance £, P, X -X,-D=0
Vertical distance g, b Y,-Y,-D=0
2 2
Linear distance B, P, (X,-X,) +(¥,-Y,) -D*=0
Dist ‘ it ¢ (U—X3_X2i+Y3;YZj
o oo oM POIEED p,BP  |UxV|-p=0{ |BB| |PP
|
V=(X,-X,))i+(Y,-Y)/

- RP,x PP,

Angular dimension PP, PP, — tan(A4)=0
BEBP,

CAD Geometry - 24



Distance fnm pr A
+o line conrainiag
Band C is

. I 84 x&c |
Améj’:“ﬁ I—B-all: h’..lulabr ‘l_e%l W
I B4 xBC |l = |BC lI-heiqpr
hei
W , w ¥ ||
i = 1 d = —
T el el T el Tl
|| =
tan d =
A el
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Area of an N-sided 2D polygon

The area of a polygon (vector geometry)
» The triangle 1
A=Z|(p, = p)x(py— 1)

« A plane polygon with n vertices (n>=4)

Z (P — PI)X (P — )

=1

A=l
,}

413 S0 vx)]

J i

i =1,2,...,number of points in contour

j=1,2,...,number of contours
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P

A:lZN: Z(XiYiﬂ_YiXm)"'Za:SjRjz (aj_ Cj )]
2 r 2R

n I j

i=1,2,...,a a:number of points, point indices are sequential around contour
j=12,...,p p:number of arcs in contour

n=12,....,N N :number of contours

a, :angle of arcj, o =tan"'

_|+1if defining a hole
7" | =1 if defining an exterior boundary
(X,,Y,) and (X,,Y,) end points of the arc

(X,.Y.) center of the arc
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Solving for Geometry

AX=0->JAx=r

F(xd)=0-F (x,.d)+ 2

8xj

f11 flz fln
fu Su o S oF

J=|". o .| where f, =
: SV ox.
S S S _

Ax={Ax, Ax, Ax, )

r={-F -F .. £}

m : number of constraint equations

n : number of degrees of freedom (coordinates)
o _ m > n: shape is overdimensioned (too many or redundant dimensions)
m # n: Jacobian is structurally singular , _ _ _ _
m < n: shape is underdimensioned (too few dimensions)
m = n: Jacobian can be singular satisfying a redundant dimensioning scheme

— necessary and sufficient condition for a valid dimensiong scheme: non-singular Jacobian
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Implementation

* Define approximate geometry
» Assign dimensional constraints
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T 3-—1.;5— "

Selection of a dimensional constraint

1112]3

AlB
K

4516

i ¥

71819]

@], lve|

Modified geometry

171. 54733

873. 34998

I
J

J

GO STEP MNEW SAYE ZOOM VYIEW RELX OSPL EXIT

INSF ALTR COPY LOW PROF CSIZ

Calculation of
Geometric properties
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