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7. Symmetric Positive Definite Matrices

• Test for Positive Definite Matrix

– All eigenvalues of S are positive (S: real symmetric matrix)

– Energy xTSx is positive for x≠0 (best!)

– S=ATA with independent columns of A

– All the pivots are positive 

– All the leading determinants are positive

• Second derivative matrix is positive definite @ a 

minimum point

• Semidefinite allows zero 

eigenvalues/energy/pivots/determinants
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est : A positive definite matrix has all positive eigenvalues.

:  is positive definite if th energy  is positive for all vectors 

0 0 :  ,  0 0

 1

Tes

If 

t 2 T

T T T T

T

  






 ⎯→  = → =  → 



S x Sx x 0

x Sx λ Sx x x Sx x x x Sx

x Sx

2 2
1 1 1 1 1 1

1 2 1 2s

T

0 for the eigenvectors of  , then 0 for every nonzero vector .

why? 0 if every 0

If  and  are ymmetric positive definite, so i

:es

s 

 t 3

T

T T T
n n n n n n ic c c c  



= + + → = + +  

+

=

S x Sx x

x x x x Sx x x x x

S S S S

S A

( )
2

1 2

 for a matrix  with independent columns

1 1 1
0,  ?

1 2 3

: All the leading determinants , , ,  of  are positive
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Test for a minimum maximum, saddle point

:  0 and 0 at 

, :  0,  0  and  is positive definite at ,

Optimization and Machine Learning
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alculus: partial derivatives of  are all zero at 0 direction to move

Linear Algebra: matrix  of second derivatives is positive definite
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Multivariate Calculus
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Optimization (1)
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arg min value(s) of  where  reaches its minimum

solving 0
minimize 

solving 0  equations and  unknowns

1) steepest descent: 

step size (learning rate) exact 
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line search for best 

2) Newon's method: 

Hessian, Jacobian of the gradient
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Applied Mathematics vectors matrices first derivative = zero

Calculus of Variation functions integrals first variation = zero
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Optimization (2)
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* *
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* *
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1 1 1

2

1) steepest descent: linear,  1
convergence

2) Newton's method: quadratic, 

0 0

example: 9 0

k k

k k

k k k k k k k k k

C C

C

J J

f x x

+

+

−

+ + +

 −  − 



−  −

= → + − = → = −

= − =

x x x x

x x x x

f x f x x x x x x x f x



Applied Mathematics for Deep Learning Highlights of Linear Algebra - 54

Gradient Descent: Downhill to a Minimum
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"gradient descent" uses the derivatives  to find a direction that reduces 
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0 on the surface

i

f
f

x

f f f f
z f x y f f f

x y x y

f

f





       
= → =  = + =    

       

=

 =

=

x

H

( ) ( )

( )

2

12 2 max

min

positive semi-definite: convexity

positive definite: strict convexity

pure quadratic, unknown ,  

1 01 1 1
condition number

02 2

2
, 2 5

5

bT

f

x y

f x by
b b

f x y x y f














  → 
 

 
= = + → = ⎯⎯→ = = 

 

 
= + → = → 

 

x Sx S

H
0 0

0 0

 
=  
 



Applied Mathematics for Deep Learning Highlights of Linear Algebra - 55
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Gradient Descent: Convergence
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gradient steepest  descent: 

too big: oscillate all over the place

too small: take too long 
:  step size
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Example with Zig-Zag
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Descent with Momentum
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descent with momentum
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* momentum: means of dampening oscillations and speeding up the iteration leading to 

faster convergence, it allows a large range of step size
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Descent with Momentum: Quadratic Model
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Nesterov Acceleration
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