5. Orthogonal Matrices and Subspaces

* Orthogonal vectors x and y

(tESt) \ 2 2 2
N Pytagoras Law of right triangles: [[x —y||" =[] +]y]|
Xy=0;— _ ) ) )
Ty =0 Law of cosines: [x—y|" = x| +|v||" - 2[x||y| cos &

« Orthogonal basis for a subspace
orthogonal: v;"v; = 0/l orthonormal: viTv, =1
— Standard basis is orthogonal (even orthonormal) in R" (i, j, k in R3)

— Hadamard matrices H, containing orthogonal bases of R"
» Are those orthogonal matrices?

— Every subspace of R" has an orthogonal basis: Gram-Schmidt idea
« Two independent vectors a and b in the plane: a’c=0
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« Orthogonal subspace R (row space) and N (null space)
— Ax=0: The row space of A is orthogonal to the nullspace of A
— ATy=0: The column space of A is orthogonal to the nullspace of AT

row 1 0 (column 1)T 0
[x]=| i [ ATy= : ly]=|:
row m 0 (column n)T 0

Ax =0 means
each row-x =0

dimension dimension

row space to column space
>

Azya =0

nullspace to 0

nullspace
of A

, , dimension
dimension
=m-—-r
=1n—-—1T
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« Tall thin matrices Q with orthonormal columns: QTQ=l

{if Q multiplies any vector x, the length of the vector does not change: |Qx| = x|

if m > n mthe m rows cannot be orthogonal in R": T 2]
g

. 2 . 2 2 . 2 2 -1
Q1=§ 2 ,Q2=§ 2 -1 ,Qszg 2 -1 2|->QQ' =12
-1 -1 2 -1 2 2

P =QQ" —> projection matrix; P? = p = pT —leastsquares” ,

Pb is the orthogonal projection of b onto the column space of P

2
5b = 2
=t
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« Orthogonal matrices are square with orthonormal
columns: Q™=Q-1

T :I
Qis square—>{Q ? I}—)Q‘leT
0 _cosé? —sing 0 _cosH sin@
@ sing  cosd || "™ | sind —cosd

Vv~

~
rotation through an angle ¢ reflection across the g line

Q,,Q, : orthogonal — Q,Q, : orthogonal

0 0
QL} ’/\T[l} .
0 1] [ cos@ __ — line
_[—sin@] QLO__[sine}
o cos 6 i
0
e
1 0] .
sin @
—cosﬁ}
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Orthogonal basis = orthogonal axes in R"

N

orthogonal Q(Nxn): v=¢0; ++++C,dy = =q;' v

v=Qc—>Q'v=Q'Qc=c

Householer reflections: Q = H, =1 —2uu’
2 ulw H,u=-u
u=(11...,1)/vYn ->Q=H, =1-—ones(n,n)———
( )N = Q=H, n (n.n) {Hnw:+w
H'H=H"=1
(1 -1 -1 1
| 2 |t 2 1|-1 1 -1 1T
Hy=l-—ones=—-2 1 -2, H,=Il-—o0nes=—
3 3 2[-1 -1 1 -1
-2 -2 1
-1 -1 -1 1

eigenvalues of H, are —1(once) and +1 (n-1times)
|All reflection matrices have eigenvalues —1and 1
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Examples

— Rotations

— Reflections

— Hadamard matrices

— Haar wavelets

— Discrete Fourier Transform (DFT)
— Complex inner product
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6. Eigenvalues and Eigenvectors

eigenvectors of A don't change direction when you multiply them by A

X : eigenvector of A 5 " ‘
_ — Ax=2x > A(AX) = A(2x) =L (AX) =LX > A"x = L X
A . eigenvector of A

nxn matrices — n independent eigenvectors X, to x, with n different eigenvalues &, to A,
V=CXy + - 4+C X, = AV = CAXy + -+ C A X, = AV =g 4 % + -+, 4. K%,
solution of differential equations

How useful? < similar matrices — same eigenvalues
diagonalize a matrix

Four properties: matrix A(real), S(symmetric), Q(orthogonal)

J .

like real numbers: 4 fike complex numbers: e eig(A+B)=eig(A)+eig(B)
eig(AB) = eig(A)eig(B)

A =4, might or might not have
two independent eigenvectors

n
(Trace of S) ) 4 = trace of matrix
i1
(Determinant) I14; = determinant of matrix
(
(

Real eigenvalues of S) S real eigenvalues, orthogonal eigenvectors

Orthogonal eigenvectors) if 4, # 45, then x, - X, =0, eigenvectors of A are orthogonal iff ATA = AAT

O i R s B LS I R R R
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(1) A controls a system of linear differential equations: ?j—l: = Au with u(O)

u(0)=cyX; + - +CpX,

A=a+ibt -

a |ReA>0: grow
u(t)=ce™x, +--+cpehtx, ——

" |ReA<0: decay

e — cosbt +isinbt: oscillate
shift in A — shiftin A : (A+s|)x:)ux+sx=(k+s)x

(2) Bsimilarto A>B= M AM™ —eig(B)=eig(A): compute eigenvalues of large matrices

invertible
Make B gradually into a triangular matrix — Gradually show up on the main diagonal

By =iy > MAMly =2y — A(lvrly) =k(M‘ly)
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(3) diagonalize a matrix
A AX = XA
; —{A=XAX"
Ay A? = XA* X!

A X]_ cee Xn = AXl e AXn — /11Xl e /lnxn f— Xl ces X

A¥v = XA*Xv: v=Xc—>c=X"1v > AX v -5 XAX Ty

‘i Ci;ik zc:rﬂikxi
k 1\
8 3| i 0.8 0.3 Abv=c (% 4ol 2| x
Examp|e: A= divide by 10 s A= N Cl( ) 1 Cl(zj »
2.7 02 0.7 _ k
Markov matri;E with as k increases A"v approaCheS to Clxl

positive columns adding to 1

the action of the whole matrix A is broken into simple actions (just muliply by 1)

[nondiagonalizable matrices: when GM < AM, A is not diagonalizable]

(Geometric Multiplicity = GM): count the independent eigenvectors, dim N (A—A4l)
(Algebraic Multiplicity = AM): count the repetitions of eigenvalues, det(A—il)=0

o sl WL
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8. Singular Value Decomposition (SVD)

best matrices (real symmetric matrices S): real eigenvalues and orthogonal eigenvectors

other matrices (A is not square, mx n): complex eigenvalues and not orthogonal eigenvectors

key point: two sets of singular vectors

connection between n v's and m u's

{A‘V1 =oyUy,..., Av, :arurJ,A\/Ir+1 =0,...,Av, =0

0,120,220, >0

square orthogonal unit vector: VT =V 1

AV = Uy fdweedfom Ay —U . > Ay,

Applied Mathematics for Deep Learning

(n-r) Vs in N(A)
(m-r) u'sin N(AT)

-

\

-
column space

n right singular vectors (vl,...,vn) orthogonal in R"

m left singular vectors (uy,...,u,, ) orthogonal in R"

(AV = UX
A=UxV'

T T

(A — r pieces of rank 1)

Oy

Highlights of Linear Algebra - 22



Proof of SVD

AX=XA < AV =UX

3 0] 11 -1] 1 [1 -3]|35
4 5| 211 1| V0|3 1 J5
) N J N ~~ J
not symmetric T —y-1 u'=u?
VU

%,—/
rank(A)=2—07,0,
0105 =det(A)

st e 35 e S -4 S S 2

V contains orthonormal eigenvectors of AT A

U contains orthonormal eigenvectors of AA'

Plz to o, are the nonzero eigenvalues of both AT A and AA”

] Av, . ) i
SVD requires that Av, = o, U, : V'S (ATAVk = akzvk)—> u's (u, = —=: sign, multiple eigenvalues)

Ok
check 1: u's are eigenvectors of AAT —» AATu, =

check 2: u's are also orthonormal — u jTuk =

choose (n—r) v'sinN(A) and (m—r) usinN (AT)
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« Columns of V are orthogonal eigenvectors of ATA
* Av=cu gives orthonormal eigenvectors u of AAT
« o2 = eigenvalue of ATA = eigenvalue of AAT # 0

 Why is the SVD so important?

— It separates the matrix into rank one pieces like the other
factorizations A=LU, A=QR, S=QAQT

— Those pieces come in order of importance
— First piece o,u,v," is the closest rank one matrix to A
— Sum of the first k pieces is best possible for rank k

A, =oUVy +---+o U, v, is the best rank k approximation to A:
If B has rank k then |A—A, | <[|A-B|
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Example
RS Gl PR

vZi 1)

o

Find the matrices U, X,V for A :{

45

o1

TR ]
Jiol3 1]

T T

N3

« If S=QAQT is symmetric positive definite, what is its SVD?

« If S=QAQT has a negative eigenvalue(Sx=-ax), what is the
singular value and what are the vectors v and u?

« If A=Q is an orthogonal matrix, why does every singular value
equal 17?

 Why are all eigenvalues of a square matrix A less than or equal
to 0,7

« If A=xy" has rank 1, what are u,, v,, 0,? Check that | A; |<£ 0,
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Geometry of SVD

« A = (rotation)(stretching)(rotation) UXV' for every A

 IfAismbynandB isnbym, then AB and BA have
the same nonzero elgenvalues

A

x - e Ax

vT b Y U

v ﬁ ﬁ _i_,f—_‘——-.,“ = <
2 oo “"\.
s \\\____ \

e

V riug

a b| |cosf -sind| o, cos¢ sing
¢ d| |sind coso o, | -sing cosg

AN J

y
4 parameters: two angles, two numbers
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First singular vector v,

Maximize the ratio HH HH — The maximum is o, at the vector x = v,
X

maximizing x is v, : Av, = o,u, (the longest axis of the ellipse), |v,|=1—|Av,|=0;

HAXH2 - (Ax)T AX _ X' SX

M X

— Find the maximum value A of

o X brxg2(90 -2, ~0ori 1.

i T

5 (Sx), = (X):SXXJ(X)i 5 Sx = AX

Maximize HHXHH under the conditon v,"x = 0 — The maximumis o, at x =,
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Polar decomposition

X+1ly = re

polar form

N e : orthogonal matrix Q
r > 0: positive semideinite matrix S

complex number
A=UZV' =(UV')(VZV')=Qs
If A is invertible, then X and S are also invertible

eigenvalues of S =singular values of A
eigenvectors of S =singular vectors v of A

ool P il

Q:UVTZL_1 I P ] O
J1013 1 |V2|-1 1] JBl1 2

1

1

S*=VXV' =A'A —>{

S=VZVT:75

A= Q S

kH
rotation stretch
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9. Principal Components and
the Best Low Rank Matrix

* major tool in understanding a matrix of data
— Schmidt(1907)-> Eckart and Young(1936, ||Al|z)=>Mirsky(1955)

« Eckart-Young low rank approximation theorem

— The norm of A-A, is below the norm of all other A-B,
— A =ouv T+ o Uyt

Eckart-Young: If B has rank k, then |A—B||>|A-A,|

A =ouyV, +---+c.u,V, : the closest rank k matrix to A

S . _ M _ 2
pectral norm: [|A, = max ] =, (¢* norm)

N

Frobenius norm: ||A|_ = \/af +ot ol
Nuclear norm: |A||, = o, +---+ o, (the trace norm)

I, =1=[Ql,. 1. =vn=[Ql,. 1, =n=]Ql,

Applied Mathematics for Deep Learning
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Eckart-Young Theorem

» Best approximation by A,
Eckart-Young in L*:

If rank(B) <k, then |[A-B|= max H(AMT)XH

2 O-k+l

Eckart-Young in the Frobenius norm:
If B is closest to A, then U'BV is closest to U' AV

D 0} L+E+R F
B = U] kxk V' A=

The matrix D must be the same as E = diag (o, ...,0, )
The singular values of H must be the smallest (n — k) singular values of A

The smallest error |A—B|_ must be |H|_ :\/af+1+---+af
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Principal Component Analysis

« Understand n sample points in m-dimensional space

« Data matrix Ay: n samples, m variables
— Find the average (the sample mean) along each row of A,
— Subtract that mean from m entries in the row
— Centered matrix A=A,-(mean)

— How will linear algebra find that closest line through (0,0)? It
IS in the direction of the first singular vector u, of A?

! A is 2 x n (large nullspace)
-h'_h_ E
X - .
24 AAT is 2 x 2 (small matrix)
-+ -
%A > T 4 . :
A" Ais i x n (large matrix)
2
-
- X .
Zf‘ Two singular values oy > a3 > 0
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e Statistics behind PCA

— Variances: diagonal entries of the matrix AAT
— Covariances: off- diagonal entries of the matrix AAT
— Sample covariance matrix: S=AAT/(n-1)

« Geometry behind PCA

— Sum of squared distances from the data points to the line is
a minimum

« Linear algebra behind PCA

— Singular values o, and singular vectors u; of A

— Total variance: HAH2 o et
— F _ "1 r

n-1 n-1

T
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11. Norms of Vectors and Matrices

— The norm of a nonzero vector v is a positive number ||v||
— That number measures the “length” of the vector

every norm for vectors or functions or matrice must share these two properties

of the absolute value |c| of a number
multiply v by ¢ (rescaling) — ||cv|| = c||v|

All norms

add v to w (Triangle inequality) — v +w]| < |[v|+|w]

‘2

/% norm = Euclidean norm: Iv], =\/\v1\2 +oo |V,

J08norm = 1-norm: ||| =|vy|+---+|v,|

¢* norm = max norm: ||v| =maximum of |v,|

"

p
vl = (Ml ++ )
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« Important vector norms and a failure

o~
b | =
ba| =
R

£ norm £2 norm

/"‘\\(ﬁ ﬁ)
) 2" 2
J'I'J1|+i'i'.-’2|"':_:1 'ﬂf+'ﬂ'§‘:_:] k—f/

diamond circle

0,1
T (1‘1} { E }
£ norm £Y2 norm
] < 1,]wa| <1 Vit + ve] €1
square not convex
ve = —1
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* Minimum of ||v||, on the line a;v,+ a,v, =1

Minimize ||v||, among vectors (v;,v2) on the line v, + 4vg =1

11 1
(0, 1) has |[v*|1 = (&, 2) has ||[v*|]z = 2.3) has [|[v*]|ee = 3

N

* Inner products and S=norm

Inner product = length squared: v-v =v'v = || } {Cauchy -Schwarz : ‘VTW‘ <||vjw]
%

Triangle Inequality :||v + w| < v +|w|

Angle 6 between vector vand w: v'w = |v||w| cos &
Choose any symmetric positive definite matrix S

[V[; =v"Sv givesa norm for vin %" (called the S- norm)

(v,w), = v'Sw gives the S-inner product for v,w in %"
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Norm of Matrices

* Frobenius Norm
« Matrix Norm ||A]| from vector norm ||v||
* Nuclear Norm

~

Al :\/‘aﬂf+...+‘a1n‘2+...+‘amn‘2
Al =uzvT| =&V, =]=]. = Jo? 4t 07

2 .
A||. =trace of A" A =sum of eigenvalues = o7 +---+ 07

Al = maxM = largest growth factor
0 |v]

¢* norm : |A||, =largest singular value o, of A

N

¢ norm: ||A||, =largest ¢* norm of the columns of A

£” norm : |A||. =largest ¢* norm of the rows of A

Al|, =0, +---+0, =trace norm
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