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Curves

Hermite Curve
Bézier Curve
B-Spline Curve

Nonuniform Rational B-Spline (NURBS) Curve
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Curve Model: Parametric Polynomial

« ZFEE(sin, cos, log, .. )E L= CHEAS AFE

2 3 n
x(t)=a,+at+a,t” +a;t” +---+at

« ARSI 4o| B0 He, CAD/CAM A[AROM 712
2c| 0| &
« Parametric polynomial curvel| &
— Power basis Polynomial Curve
— Ferguson (Hermite) Curve
— Bezier Curve
— B-Spline Curve
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| - — - |
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Parametric Cubic Curve (3%})

3

e Scalar form (x(u) = Qy, +a,u+au’ +agu

2 3 O<uc<i
y(u)=a, +au+a,u” +a,u

N

3

z(u)=a, +a u+a,u’ +a,u
e Vector form rw)=a, +au+au’ +au’

3 .
= Z“lai
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e Matrix form
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Hermite (Furguson) Curve (1)

 Polynomial = MAL rw)=a,+au+au’ +au’ (0<u<l)

Al
r'(u) =a, +2a,u+3au’

o _LI__'A %I= ()1|)\-|o| ILI-I(PO P1)_I|- I—I)K-||:H|E-|(t0 t1 |_'_HO|

—

r(0) =
Jr =
r'(0) =
LOB

 a, O CHSHO| ™ (algebraic coefficients)
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Hermite (Furguson) Curve (2)

geometric coefficients

(P, =P(0)
P, =P(1)
t, =P'(0)

(
= P()

 Matrix form

r(u)

CAD

=M u u

u']

blending functions

f(w) =3u” —2u’

kf4(u):—u2 +u’

0 0 0][p,
0 1 0P
- UCS
3 -2 —1||t,
-2 1 1|t

[ () =1-3u> +2u°

fiw)=u—-2u"+u’
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Matrix Form

f(t) =at’ +bt* +ct +d

x x x x| [po
ot 1] SO N L
X X X X| |po
X X x x| |ps,
X x x x| [po]
# o2 ¢ 1 X X x x| |p1
X X X x| |po
X x X x| |ps

f(t) =bo(t)po + b1(t)p1 + b2(t)pP2 + b3(t)P3

— coefficients = rows
— basis functions = columns
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Hermite Basis (Blending) Function

X ()=t =3t +Dx, + (£ =27 +1)x,"+(=21" +3t7)x, + (£ —1t7)x,’

Hermute Blending
Functions

TN

0.1 ip 03 04 08 08 07 OB EI.
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Cubic Hermite Basis

« Specify curve by
— Endpoint values
— Endpoint tangents (derivatives)

« Parametric interval is arbitrary
— Don’t need to recompute basis functions

Given desired values (constraints) how do we determine
the coefficients for cubic power basis?

14 0u — 3u2 +2u3

0+ Ou + 3u2 — 2uH—""
) = b
0+ lu—2u? + lud_

04 0u — 12{2 + 1113

z(u) = % pibi(u)

Hermite basis functions
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SRETEERET

o

cannot model data that have duplicate y-values
curve shape is completely dependent on the data 1 1.0
\[B]_ [5 1 0

t, ZIt
~ ot 13
t, 9 t, 2
© S SOtAIA
F {Xo, 3o “‘ |
(x, ») j_ )
P, ) R
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Hermite to Bézier

* Mixture of points and vectors is awkward
« Specify tangents as differences of points

Py
p]
t Py =q, Pl [1 0 0 0]q)
P =q; P, 0 0 0 1| gq
—> =

to=3(a,-q9) |t 3 3 0 0|lq,

t1—3(Q3_Q2) t ] L0 0 =3 3]q;
1 0 0 O0]P,] 1 0 0 0]qg]
r(u):[l u u’ ”3} 00 1 0k :[1 u u’ uﬂ =3 0 0a
3 3 2 -1t 3 -6 3 0} q,
2 2 1 1|t -1 3 -3 1]/ qs]
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CAD

r(u)=ay+au+au’ +au’ (0<u<l)

r'(u)=a, +2a,u+ 3a,u°

3

r(0)=a, =P,

3
r(l):Z:ai:P1

= - —>
r'(0)=a, =t,

3
r'(1)= Ziai =t

— )
a,| [1 0 0
a | (-3 3 0
a,| |3 -6 3
a; | |[-1 3 3

4y
q
qd,

K k!

o O =

;_sp_xy_.uo

\O R e R R =)
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Bézier Curves

Bézier curves are one of the most
popular representations for curves.

Pierre Etienne Bézier (September 1, 1910 — November 25, 1999) was a

French engineer and patentor (but not the inventor) of the Bézier curves

and Bézier surfaces that are now used in most computer-aided design and
computer graphics systems.
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CAD

Bézier Curves

History of Bézier Curve

— Pierre Bézier designed the Bézier curve
* in the early 1960s
 at Renault, French automobile company

« UNISUREF: surface modeler used by Renault since 1972 to design
auto-bodies

— de Casteljau at Citroen also designed the Bézier curve at the
same time with Bézier's

Features of Bézier Curve

— Pass through the first and last control points

— Tangent to the lines joining the first two and last two control points

— No oscillation
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Bernstein Basis 0| 2|3t Bézier Curve

. M3 Bézier M V,
t 1-6)V, +tV r(t)
=(1- +
l'() ( ) 0 1 Vo p /\y1
. 2X|} Bézier &M // \
— N\
27 TN

r(u) =(1-u)’V, +2(1-u)uV, +u’V, / \\

. nX} Bézier curvel| Al

r(u)=) B'(u)V,, 0<u<l
i=0

n!

i(n—i)!

(1—u)""'u' : Bernstein basis function

n ..
B! (u) =( .j(l—u)""u’ -
l
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Bézier Curvel| Al

B, (u)= (?)(1—@”" u' 0<u<l

« Blending function of Cubic Bézier Curve (degree 3)

. 31 .
B, (u)= 0'3'(1—u)3u0—(1 u)3

31 Be,s ' By,

. 2 2
B, (u):ﬁ(l—u) u' :3u(1—u)
9 B4

3' 31,3 Bz,s
82,3(1/1) 2'1'(1—u)u2=3u2(1—u)

. 3' 0 33

\B3’3(u)—ﬁ(1—u) u =u O — 1

* Normalizing Property
(l—u)3 —|—3u(1—u)2 +3u’ (1—u)+u3 =1
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Bézier Curvel| A 9]

. 47§ EYHORRE YHHO| YES LIELYLE
|

=
=
A 2 &H4= (Bernstein Blending function)& 0|-& 35} 0
SFLEO| Bézier CurveS ™ 9|
D; Bezier Blending
DZﬁ Functions
07 o U5
ni5 q] q2

0.1 01 02 03 0.4 05 0.6 0.7 0.8 04 1
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Cubic Bézier Curve

« ™ 47| 2 5}LIO| Bézier Curves H 9

r(u)=(1-u)’V, +3u(l-u)’V, +3u*(1-u)V, +u’V,
=UMR  (0<u<l)

: control points

SRS SIS
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Matlab Function for

function p = bezier(t, p0, p1, p2, p3) function plot_bezier(p0,p1,p2,p3)
% bezier computes the bezier curve value p(t) %plot_bezier plots the bezier curve through the control
% defined by control points p0, p1, p2, p3 % points p0, p1, p2, p3
u=[tA3 tA2 t 1]; tvector = 0.0:0.05:1;
M =[-1,3,-3, 1; pts = zeros(length(tvector),2);
3.6, 3,0; for i = 1:length(tvector)
3300 pts(i,:) = bezier(tvector(i), p0O, p1, p2, p3);
1,0,0,0] end
C= 00102 3) C= [pO;pL;p2;p3];
] *p f o plot(C(:,1), C(:,2),'0",pts(:,1),pts(:,2),"-');
P e end
end o o
07t
06}
05} ’ & 1
04 .
03
02} x \'\_\' 3
01} rff ‘\\ |
\

CAD G% 1.'1 1.‘2 1.l3 1f4 1.l5 1?5 1,l? 1fa 1.19 ? Curves and Surfaces - 18


https://demonstrations.wolfram.com/SimpleSplineCurves/

Bézier Curve®| 0

it

Composite Bezier curvas
CAD
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Bézier Curvel| g & (1)

« Convex Hull Property
— All points on curve inside convex hull of control points

« Local support
— Changing one control point has limited impact on entire curve
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Bézier Curvel| g & (2)

. Affine Invariance "™~ Z ViBi(w) < Tr(w) = Z(TVi>Bi(u)

— Control pointE transformationst™ =M = Z+0| transform =l Cf
— Bézier basis invariant for affine transforms

;C§§ =4 %l 5| A ;g
ﬁ é

 Interesting shapes by repeating control points
— Three in a row: straight line v Vs
— first = last: closed curve

— Two in a row: higher weight Q
. .
V4

‘/1 Voy V5
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Composite Bézier Curve

» Piecewise Bézier curve in case of a large number of
control points

— C7 continuity: three control points around the intersection
are colinear

Common control point
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Composite Curve (=& =41)

— JMQ| Xt= B > HOHA| @he= =5 HY
- O 7| S 22 #ol > HFEZ2| CAD/CAM
system O|-&
« Composite Curve: piecewisely defined continuous
curve -
Py="P3

g = 1 Uy Uz =1

{ ry(u), ry(u), ry(u) }: composite curve

r(u), ry(u), r3(u) : curve segment
CAD Curves and Surfaces - 24




Continuity (8= £71)

« Parametric Continuity
— differentiability of the parametric representation
CO =5 Cl 5 Cc &
d d’

2
er(ul) = Wrz(ul)

B

_ d _d
r () =1, () Zrl () = Ju r,(u)

« Geometric Continuity
— smoothness of the resulting displayed shape

GooiZ (CO i) G olZy (LE0HSY) @Y%
+ G* BH2 curvel| MO[7H=210] S5 CxAS2E
CAD Hr% _J|\_ CBAI E-|- Curves and Surfaces - 25



de Casteljau’s algorithm

« split a single Bézier curve into two Bézier curves at
an arbitrary parameter value

P, fo: 1+

ko\ﬂ
(0)
— Py

//P1 =<

1
PO

(0)
F)0
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https://demonstrations.wolfram.com/BezierCurveByDeCasteljausAlgorithm/

de Casteljau’s algorithm

« geometric evaluation scheme for Bézier
— Recursive series of linear interpolations

Ke Bezier from de Casteljau

sN

T = (1-t)*P + t*Q

P = (1-t)*A + t*B Q= (1-t)*B + t*C
T = (1-4)(1-t)*A + (1-)t*B + t(1-t)*B + t*t*C

A= (1-t)*K + t*L B = (1-t)*'L + t*M C=(1-t)*M + t*N

T = (14)3K+(1-4)2°L + 2(1-tREL+2(1-)2*M + (1-t)2*M+t>*N

CAD Curves and Surfaces - 27



« Draw a “smooth” line through several points
« Given n+1 points

Natural Cubic Splines (1)

— Generate a curve with n segments
— Curve passes through points 7_
— Curve is C? continuous An historical spline

. . (credits: Pearson Scott Foresman)
* Use cubics because lower order is better...

CAD

i uU=nn
075 | -
N Sn—1 u=mn—1
0.25
g - 1 1 i 13
k¢ k1 ko k3 ks ks ke
| | (s1(u) if 0<u<l1
\-//\ Sa(u — 1) if l<xe<l
/ ' ' x({u) = 4 sz(u — 2) if 2<u<3
' ‘ lspfu—(n—1)) fn—-1<u<n

ko ki ki ko ko kz k3 ki ki ks ks ke
Curves and Surfaces - 28



Natural Cubic Splines (2)

» |nterpolate data points
* No convex hull property
* Non-local support

Sim} = Pi—1 g1 + 11 constraints
31-(1} — P g —1...7 +— I constraints
S;If_l} == SE+1 {ﬂ]l =1 .. 01 «— n-1 constraints
3::’{1j= 5;"4_1 {D) e N | «— n-1 constraints
- . -
S.-I;{D:I: Sz“_} = +— 4 constraints

Total 411 constraints
CAD Curves and Surfaces - 29




Uniform Cubic B-splines (1)

« Choose blending functions so that ...

— Cubic polynomials e

— C? continuity o

— Local control P -
— Points not necessarily interpolated @

 Derivation

— Three continuity conditions for each joint J; ...

» Position, derivatives and second derivatives of two curves are
equal at J;

— Also, local control implies ...
« Each joint is affected by small set of (4) points

CAD Curves and Surfaces - 30



Uniform Cubic B-splines (2)

O, (u):bo (u)VO +b, (u)V1 +b, (u)V2 +b, (u)V3
0, (u)zbo (u)V1 +b, (u)V2 +b, (u)V3 +b, (u)V4

(15 continuity constraints)

0()=0,(0)  Q)=0(0) 0O
(b, (1)=0 (B (1)=0
b (1)=5,(0) b (1)=15;(0)
516, (1)=5,(0) - 18 (1)=b/(0) -
b(1)=5(0)  |b(1)=4:(0)
0=h(0) | 0=p(0)
(1 normality constraint)
by(0)+5,(0)+b,(0)+b,(0)=1 253

1)=0(0)

b;(1)=0

by(1)=5(0)
by (1)=1b/(0)
by (1)=25(0)
| 0=5(0)
bl(u) bz(u)
by(u) by (u)

—> 3

)
b, (u) =a,, +a,u+ a22u2 + a23u3
(

N

<
~
Il

2 3

_ 2 3
= alo + au + a,,u + Cl13u

J

_|_
6 2 2 6
bl(u)zg+0u—uz+lu3
bz(u)=%+%u+%uz—éu3

CAD

173(@1)=0+0u+Ouz+%u3

\
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Uniform Cubic B-Spline Curve (3)

1 1 1 1 2 1
=(———u+—u2 ——u3jV0 +(—+Ou—u2+—u3JVl
6 3 2

0
- \4
=[1 u o’ u3]l >0 IV T uNr (0<u<l)
3 0
1

b
VJ
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CAD

3
cubic Bezier curve _
< —>r(u)=Y B, (u)P,

i=0

o () Vo +b, (1) V, +b, (u)V, +b, (u)V,

:(———u—I——u ——u3jV0—|—(—+Ou—u +lu3jV1—lr(l—lrlu%—luz—lu3
6 2 6 2 2 6

1 1 1 1 1 1 1
:(—V0 +=V, +gV2j+(—5VO +5V2ju+(§Vo -V, +§V2ju2 +(—EV0 +=V,

= (1-3u+3u” =1’ )P, +(3u—6u’ +3u’ )P, +(3u” = 3u’ ) P, + 1P,

=P, +(-3P, +3P, )u+(3P,— 6P, +3P, )u’

( 1 2 1
PO :gV0+§V1+gV2

1 1
—3P0+3P1 :_EVO—'_EVZ
< 1 1
3P,-6P +3P, ==V, -V, +-V,

2 2
1 1 1

K_P°+3P1_3P2+P:_EVO+§V1_EV2+_

+(—P, +3P, —3P, + P, )u’

-

| 2 1
PO :gV0+§V1+gV2
2 1
P ==V +-V,
R
P2=§V1+3V2
Lv, |p=lviiv iy,
6 6 3 6

2

=(1-u) Py +3u(1—u) P +3u (1-u)P, +u’P,

1

jVZ +(0+0u+0u2 +lu3jV3
6

1
_EVZ +gV3JM3
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B-splines (1)

« Goal: C? cubic curves with local support
— Give up interpolation
— Get convex hull property

« Build basis by designing “hump” functions

Butld = howe <
if 9 o= % = e

bw) b_o(u)
}‘ ) b_(u) ?f Uy << 1
4} byii(u) if g <u <uyy
bia(u) if uy<u <uyo

Bio(1 o) = b o(u o) =b_ (H 2) =0 3 constraints
b+ (Uga) = b+2(“+2 = bya(uy2) =0 3 constraints

2—25’”‘—1) b1 u 1 Repeat for 4’ and b”
b 1( 5 3x3=9 constraints
b_a(

_o(u_g) +b_y(u_y) + bi1(ug) + bia(uyy) = 1 <1 constraint (convex hull)

Total | 6 constraints
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B-splines (2)

« Build a curve w/ overlapping bumps
« C2Continuity
— Inside bumps, Bumps “fade out”
« Notation
— The basis functions are the b;(u)
— Hump functions are the concatenated function
— The u/’s are the knot locations

— The weights on the hump/basis functions are control points
— Let hump centered on u; be N; (u): order k

CAD Curves and Surfaces - 35



degree:

CAD

m=

m=1

m=2

m=

Making Basis Functions

R
L
/

Triangular "Hat" Functions
Using 2 Linear Segments

2

Hump of 3 Parabolic Pieces

-~ 1

\ Hurlizuntal Tangent
I

/ e
.

Hump of 4 Cubic Pieces

Zero Curvature
]
w0 w1 w2 w3 uw=d
Y bO
1 bl
b3
$ i
1 2 3

0 else
u—u; U ,—u
N.,(u)= LN (u)+—2— N, (u
1’2( ) Ui —Y; l’l( ) Uppp —Uiy Hl’l( )
_uN ( )+(2 )N ( )_ u ifu, <u<u;,
— H N )= 2—u ifu, <u<u,,
u—u; U, 5 —Uu
N, ;(u)= LN, (u)+— N5 (u
1’3( ) Ujy —UY, 152( ) Uiz Uiy l+1’2( )

2 —2u® +6u -3 u-3)’
S ) 2w )
p’:(1 1)
b':(0 1 0

S
()
/ﬁ\/;\\
(e

S YN
AN =
o
N—

Curves and Surfaces - 36


https://demonstrations.wolfram.com/BSplineBasisFunctions/

Nz+2,2(” :(“ 2)Nz+21(“)+(4_”)N1+31(u)
3_
Ni,3(“):%Ni,2(“)+ uNz+1,2(“)
3_

=2 LNia () (2= 0) Ny () |+ 5 [ 1) Ny () + (3= N (1)

2 202 4 6u—3 u—3)°
:%Nn(“) = -; - z+1,1(“)+( 2) Ni+2,1(“)

-1 4—

Nz+1,3(“):u2 Nz+1,2(“)+ uNi+2,2(“)

-1 4—
:MT[(u—l)NHH(u)+(3—u)Ni+2,1(u)]+ 2”[(u 2)Ni+2,1(u)+(4 u)Ni+371(u)]

2 2

u—1 —2u’® +10u -8 u—4

=( 2) Nz+1,1(”) %an,l(u)'i_%]vi%,l(”)
4—

Nz4(”):%Ni,3(“)+ uNi+1,3(u)

u| u? 2 +6u—3 u-3Y 4—yu| (u-1y 2 +10u—8 u—4)
S ) O () ) NM,](u)} : {( e 20 ) )

3 u(—2u® +6u—3)+(4—u)(u—1y’ w(u=3)" +(4-u)(-2u® +10u -8 —(u—4a)
:%Ni,l(u + ( )6 Ni+1,1(“)+ 6< )Ni+2,1(“)+ ( 5 ) Ni+3,1(u)
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CAD

B-spline Basis Functions (2)

Basis function N; (u) is non-zero on

— [Uj; Ujsgeq)
— (k+1) knot span: [u;, Uyq), [Uirq, Uiso)s- -5 [V Uisier)

On any knot span [u,, u,,,), at most k basis functions

are non-zero
Meaning of coefficients?

(l/l _uz’) (ui+ +1 M)
N, . (u) + d—lN'n,d-l (u)

d=1~'N,,(u)= l
i+td =~ Yi Uiign Uiy
(u—u, (u.., —u)
k=2~ Ni,k( )= : Ni,k—l (u) + ek N1k ()
k1 Y Ui p — Uiy
u
C-E‘ P oY q‘
(1 ?‘iﬂ lu. —u. \Iﬂiﬂ? | i+p+1
(Jl_:* --------- fooneeeanacas é s M - i
Tl r -] CD |
U= u; | Ii. - 1
1 [ i+p+1 '_J
Q*_-_ ___@_-_ A i i ol e _.hé
U p+1 — Uin
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B-spline Curve?| ‘32|

P(u) = ZPiNi,k (u) (to Sus tm) . €
i=0

{P,,P, ---,P }: control point

N, , (u): blending function of degree (k—1) \

(u—-1t) (f — 1) ’
Ni,k—l (u) + = Ni+1,k-1 (u)
ik — 1 i+k i+1 \

Cox-de Boor (blending) function

1 tl.SuStl.H \% v

Ni,k (u) =

Ni,l(u) :{

t,: uel Wl EAet= w54k (knot value)
k: order (degree=k—1)

0 otherwise

B-spline of order k in the i-th span is the weighted average of the
B-splines of order (k-1) in the i-th and (i+1)-th spans
- Convex hull property

n N. =1
- Normalizing property Zo: 4 ()
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- Cubic (4-th Order) B-Spline Basics

pC
Control _E’B
Points \ Actual Curve,
\f 2 Segments
pD
I
Knots .<""'"'—:
- Basis :

=0 t=1 =2 =3 t=4 =5 =6
u=1 u=2 u=3 u=4 u=5 u=6 UuU=7Y uU=8 u=9

SLIDE: order 4; controlpointlist (pA pB pC pD pE); {uses knots 9}



B-Spline Curvel| £4

. ZRHO| 49} CrEtAlo| K147t M2 S-Ho|CH
— AKX ot A& Y e = U3
— Bezier curveO| A= 22| 7H= = Xt +1
. BEEQI BN KHO| 7
— D= Sdlg o= 074
Cr2 27 HAWMBE /2 4
— Bezier curveO| A= S HIE b7t ul| HNHHL{OA 242
78 > A0l MHAH S Z HHE
 Degree”} 3kt O| & (order= 4X}t0|AH0|H 2X} O] &
o:|_/.>o| HXLE|
L—_ =1 O 3
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B-spline Curve2| Blending Functions

Linear
k=2

)}
4§

Quadratic
k=3

¢ y
t
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Knot Vector

» Relationship of parameters

(m+1)= (n+1) + &

order of curve

# of knots # of control points
m=n+k
Ny (1)seee N, (0) € Jtyrenst )
(n+1) blend;;lg functions (n+k+1) knot values N
i~k+1, k
» Classification of knot vectors ' y Ntz 1 = Nk
— Uniform / periodic AT .
— Nonperiodic Ny ) . .
— Nonuniform / . .

Niyg— Nig3

oSS

Nij'—— Nip —+ Ni3e e o —s Nijoy Z—» N;;

Nit, k-1i—— Nig
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Uniform/Periodic (1)

+ Uniform knot vector has equispaced t, values

—[01234]witha=1
~[-0.5 0.0 0.5 1.0 1.5]witha=0.5 {”=5
# of control points =n+1=16

Degree  Order Knot Vector Parameter Range
(k—1) (k) (m=n+k k—D=t=n+1

1 2 0 1 2 3 4 5 6 7 1=1=6

3 O 12 3 45 6 7 8 2=1t=<6
3 4 0O 1 2 3 45 6 7 8 9 3=t=6

* Normalized in the range of [0 to 1]
—[0% % % 1]
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Uniform/Periodic (2)

* Uniform B-splines of various degrees

Linear Vv

V3 /
Cubic

Quadratic
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Nonperiodic (1)

* Nonperiodic or Open Knot Vector

— has repeated knot values at the ends with multiplicity equal to
the order of the function k and internal knots equally spaced

Order No. of knots Nonperiodic
(R) (m = n + k) knot vector k=2 (Linear)
2 6 k=3 (Quadratic)
. .[O O. 1 2 3 3 k=4 (Cubic)
kR
3 7 [0 o o 1 2 2 2
k k
4 8 o ¢ 0o o 1 1 1 1]
- .
k {n=3
: # of control points =n+1=4
« General expression P

periodic: ¢, =i—k, 0<i<n+k
0 0<i<k

lyseortyr =9 . _ -
— nonperiodic: ¢, =qi—k+1 k<i<n

o bngg

(n+k+1) knot values

n—-k+2 n<i<n+k
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Nonperiodic (2)

* No loss of parameter range
— Curve interpolates the first and last control points
— (k-1)<u<(n+1) 2> 0 <u < (n-k+2)
» Bézier curve: special case of nonperiodic B-spline
— If no. of control points (n+1) = order (k) and a nonperiodic
uniform knot vector is used

— Cubic B-spline with 4 control points and a knot vector [0 0 O
01111] =» Cubic Bézier curve

© o -0 1 1 --- 1]

-

k k
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Nonperiodic (3)

« Multiple interior knot < Effect of multiplicity of control points

values or unequal — Generate a span of zero length
spacing — Ckm2 continuity at t,
[0123 34] — m (£ k-2) is the multiplicity of interior
1[0.00.20 0.55 0.75 1.0] knot value
\%4

4

v, v,
— No multiplicity
k=4 KNOTI000037777]
——— k=4, KNOT[00 0081010 10 10] — == Multiplicity 2 at V;
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B-spline Curve?| 0| (1)

Po, P1, P2o| Z-{AM= 410

0] 77| 453t ¢= O

H HA (-

1 ¢, fu<t,
Nll
0 otherwise

l t,<u<t
N21

0 otherwise

1l t,<u<zi,
N31

0 otherwise

l ¢, <u<t
N41

0 otherwise

CAD

order (k)7} 3¢l H[FZ|™ B-spline =4

1,2 —

32

1, t =1
of B EEl s
A S N,S SE.

_ (u _to)No,l N (¢, _”)Nu _ uNy, N (_u)Nl,l —0
t, —t, t,—t, 0 0
(u—1,)N,, N (&, —u)N,, _ ulVy, N (1-u)N,, — (1-u)
t,—t, t, —t, 0 1
_ (u _tZ)NZ,l N (¢, _”)N3,1 _ uN, N (1_”)N3,1 _
t,—1, t, —t, 1 0
(u _t3)N3,1 4 (s _”)N4,1 _ (u _1)N3,1 + (1 _”)N4,1 ~0
t, —1, t—1, 0 0
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B-spline Curve?| 04| (2)

k=30] Bl EtEl= S st N, BE.

(u—t)Ny, (& —u)N,, uN,, (-u)N,

Nos= — T —=——+ 2 =(1-u)’
A t,—t, 0 1 (=)
u—t)N t,—u)N
N13=( ) 1’2+(4 Mo =u(l-w)+(A—-u)u =2u(l-u)
’ t,—t, t,—t,
_(”_tz)Nz,z (ts—u)N;, _ 2
23 = + =u
’ t,—1, t—t,

P =Y PN, () (4=)0su<l(=1)

P(u)=(1-u)’P,+2u(l-u)P, +u’P

CAD Curves and Surfaces - 50



/\/\/\/\

B3 B Bys
B, B, B;»
B] 1
No,4<u>=<1—u>3 ‘ fP<o>=Po
N, () =3u(1-u) >_)<P(1)=Pl
Ny, (u)=3u*(1-u)| |P'(0)=3(R-F
CAD Niy(u)=u’ P(1)=3(8-A Curves and Surfaces - 51




CAD

Rational Curves

« General Meaning
— Functions are obtained by the “ratio” of two polynomials

— This representation makes use of the concept of
homogeneous coordinates

- ot HX[H0| 540 0fX[= S

e General Form

!

'6I:O| o2 74X
o — =

mot

A Ol S
o = O T AA DO

Bezier B-Spline
Nonrational - "
= > B, DV, P() = >, NgDY,
(Integral) QW g‘o DV, W Z‘ 0 A0
z B, (Hw,V, ' N{Dw,V,
Rational o = =3 P = =3
> B, (Duw, Y, Nbw,

0

i=0
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Rational Polynomial Curve

e Unit circle [Half Angle Formula |

— Implicit form: x° + y° =1 and 4 [1—cos 4 __sin4
' 2 l+cosA 1+cosAd
— Parametric form

* r(u)=(cos(u),sin(u),0)
 rational polynomial form

1—-¢* 2t

t=tan(u/2) —>r() = , ,
(u/2) ® (1+t2 141

0)
« polynomial form in homogeneous coordinates
R(?) = (xw, yw, zw,w) = (1—¢7, 2¢, 0, 1 +¢7)

 Homogeneous coordinates%| A| polynomial£ 25|
Ho 7ts
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Quadratic Rational Polynomial Curve

« nX} polynomial curve

— X}=E OtR 2| 50X conic curveE ZAIMOE Ht
SHX| ¢t

k]
HH
rot

« Rational polynomial curve
— 2X}(quadratic)Z2 & 3 F9| conic curveE HES
— NURB(Non-Uniform Rational B-spline)7t & £| 20

P,
%P — —
) //fr\\_ WO — Wz — 1,
S -
w, =w, =1 /// N w, =1 parabola
. VAR .
w, = cos @ (ClI’ClC) . /- fl ~\ 10 w, < 1 elhpse
sl ™
B w >1 hyperbola
By Qi': v =4 . Py
(.' M ! :!
. .‘ )
\\\ ﬁ! o //
P2 M PO = — e T
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NURBS Curve

* Non-Uniform Rational B-spline Curve
- 71 EtA HER Q| B-spline curve
« NURB curve data (in IGES)
p: degree
n: highest index of control points (= number —1)
P,,P,---,P : Euclidean control points
Wy, Wy, -, W, welghts
ty,t,,+-,t, « knot vector (m=n+p+1)

Sy»s, : start and end parameter values (¢, <s, <s, <t,)

)
planar or nonplanar

open or closed

oz
[J
=
0%

rational or nonrational

| nonperiodic(clamped) or periodic(unclamped)
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Quadratic Rational B-Spline

k=3 (order) v
n=>2 (# of control points (= n+1) = 3)

w =1[1,4,1] (Hyperbola)

w =[1,1,1] (Parabola)
m=n+k=5

knot vector : {0,0,0,1,1,1}
weight : {1, w,,1}
_ Wy VoNo s (u) +W VN, (u) +wW,V, N, ; (u)

w=[1,.7,11 (Ellipse)

P(u v vV
( ) WoNy (”)+W1N1,3 (”)+W2N2,3 (”) O \w[l,O,l](StraightIine) 2
::‘%A%ﬁ(”)+‘%‘GAG3(”)+‘GA63(”) (
Nys(u)+wN, ;5 (u)+ N, (u) w, =0 straight line

0<w, <1 ellipse segment
Jw, =cos@ circle

w, = parabola segment

o >1 hyperbola segment
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Example

« Derive a NURB representation of a half circle of
radius 1 in the xy plane.

« Expand the NURBS equation of arc 1 and show that
it represents the circular arc exactly.

> X

CAD Curves and Surfaces - 57



Example

degree = 2,order k =3

half circle — two circular arcs (less than 180°)

P, :(1’0)’ P, :(1’1)7 P, :(O’l)

arcl sw, =1, wl:cos45°:L w, =1

V2 (P, =(1,0), P, =(1,1), P, =(0,1), P, =(~1,1), P, =(~1,0)
kknot :0,0,0,1,1,1 | 1 | 1 |
o w, =L w=—,w =L, w,=—, w, =
P, =(0,1), P, =(-1,1), P, =(~1,0) SN N U

knot :0,0,0,1,1,2,2,2

1

arc 2 < w, =1, w, =cos45° =

1
N

Kknot :1,1,1,2,2,2

" P.N.

P(u) _ ;Wz it Vik (u) _ W0P0N0,3 (u)+ W1P1N1,3 (u)-i— W2P2N2,3 (u)
iW.N. r (u) W0N0,3 (u)+ W1N1,3 (u)+ W2N2,3 (u)

i=0 ,
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CAD

Example

N, (u) _ (” _ti)Ni,kfl (”) + (ti+k _”)Nm,k—l (”) Nil(u) _ 1 t,<u S.tm
’ Loy =t t,., —t 0 otherwise

i i+ i+1

t,=0,14=0,1,=0,t,=11¢ =1t =1

Ny, () = (u—1,) Ny, (u) . (t;—u)N,, (u) _(1-u)
’ t,—t, t, —t,
le(u)— (u tl)Nl,1 (u) (t3 u)NZI(u) 1y
’ t2 tl t3 t2
I ¢, fu<t
N — 2 3
2’1( ) 0 otherwise
Ny, ()= 82N () CmNoa () ey oy 1y = 2u(1-u)
’ t, —t, t,—t,
N, (u) B (u z‘z)Nz,1 (u) N (t4 “)N3,1 (u) .
’ t, —t, t, —t,
N, (u)= (4=6) Ny, () + (& —u) N, (u) _
’ t,—t, t, —t,
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Example

1 1 0
110 (1—u)2+\/1§ L 2u(1—u)+1| 1 |u?
_hOPONO,3 (u)+hlP1NL3 (u)—kthzNz’3 (u)_ 0 0 0

P(u)_ h0N0,3(u)+th1,3(u)+h2N2’3(u) l 1(1_14)2"'\/152”(1_”)4_1”2

(1-V2)u +2(1-V2)u+1]

(2-v2)u? +(V2-2)u+1

BRI

y(u)_(z_\/i)u2+(\/5—2)”+l |

[(1-2)u 42 (1= )t 1 |+ (1=32)u +2u |
[(2-V2)u (V2 -2)u+1]

x(u) =

>[x)] + ()] =

CAD Curves and Surfaces

- 60



How to Choose a Spline

« Hermite curves are good for single segments where
you know the parametric derivative or want easy
control of it

« Bezier curves are good for single segments or
patches where a user controls the points

« B-splines are good for large continuous curves and
surfaces

 NURBS are the most general, and are good when
that generality is useful, or when conic sections must
be accurately represented (CAD)

CAD Curves and Surfaces - 61




» Knot Vector )
{0.0, 0.0, 0.0, 3.0, 4.0, 5.0, 6.0, 7.0}

« Several consecutive

knots get the same
value

» Bunches up the curve  * i
and forces it to F )
interpolate

CAD

us
Knot Vector

{0.0, 1.0, 2.0, 3.0, 3.0, 5.0, 6.0, 7.0}
Several consecutive

knots get the same
value

Bunches up the curve
and forces it to

interpolate
Can be done midcurve

41
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CAD

Surfaces

Bilinear Surface < four points

Coon’s Patch € four boundary curves
Bicubic Patch < geometric form
Bezier Surface

B-Spline Surface

NURBS Surface

es and Surfaces

- 63



Bilinear Surface

* A bilinear surface is derived by interpolating the four
data points with the linear equations in the
parameters u and v such that the resulting surface
has the four points at its corners il

PO,I

PO,v = (1 - V)PO,O + VPO,I Po,u ___________
Pl,v = (1 - V)Pl,() + VPI,I
P(u,v) = (1— )P, , +uP,,

P(u,v) = (1 —u)[(l _V) Po,o + VPo,l ] Tu [(1 _V)PI,O :'_VPILIJ VP/:‘

,0

0 0<u<l
1 0<v<l1

)1

::[(L—u)(l—xﬁ u(l—mﬁ U:—u)v uv}

o v T
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CAD

Ruled Surface

r(u,v)=>1-v)r,(w)+vr,(u), 0<v<l

7

i

/

//]

e
/

g %/ |
it

es and Surfaces
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Coon’s Patch: 4 boundary curves
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Bicubic Patch (1)

- Bicubic Patch
— Extension of the parametric cubic curve formulation
— Boundary curves are parametric cubics or Hermites
— The Interior is defined by blending functions

- Algebraic form

P(u,v): Z

3 3
i=0 j=0

a,u'v’ 0<u<l,0<v<]

 Matric form

P(u,v)z[l u u’ u3:
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Bicubic Patch (2)

« Geometric Form
— 16 vector equations are required for 16 algebraic coefficient vectors

— 16 Boundary conditions
» 4 corner points: P(0,0), P(0,1), P(1,0), P(1,1)

8 tangent vectors at corner points: P ,(0,0), P, (0,1), P, (1,0), P, (1,1),
P, (0,0), P, (0,1), P, (1,0), P, (1,1)

* 4 twist vectors at corner points: P, (0,0), P, (0,1), P, (1,0), P,, (1,1)

Twist
vector

Vo}%\
Boundary curve Tangent

CAD vectors Curves and Surfaces - 68



CAD

[ P(0,0) P(0,1) P(0,0) P,0,1)]E()]
1 P1,0) Pl P(L,0) P(L1) | E)
) ) B By 00) v 0n) £ (00) 0] )
P,(10) P(1) P,(10) P,(L1)|F()]

Bicubic Patch (3)

Blending Functions (Hermite Curve Egns)

P(0,1) P(1,1)

P(0,0) u P(1,0)
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Bicubic Patch (4)

- Effect of Variation in Tangent Vector
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Ferguson Patch (F-Patch)

 Definition
— Setting all twist vector to zero
+ P,(0,0)=P,(0,1)=P,(1,0)=P,(1,1)=0
— Not commonly used in practice because they force the
surface to flatten at the corners

* Disadvantage

— No intuitive feel for the values of the tangent and twist
vectors is available to the user
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P(O"’) = ZPo,ij,m (V)
=0

CAD

Bezier Surface

n m

P(u,v)= O‘OPZ.,].Bl.,n(u)Bj’m(v) 0<u<l 0<v<l
1 Jj=

S

= ZI:Pi,OBO,m (V) + Pi,lBl,m (V) et B,mBm,m (V):I Bi,n (u)
i=0

P, ; : control points
B,,(u),B,, (v): Bernstein blending functions in the « and v directions

Note : n does not have to be the same as m

P Poo. B 5. P

< P,(0,0),P,(1,0),P,(0,1), P, (1,1)
ForsBozs By By

<> P, (0,0),P,(0,1),P,(1,0),P, (L1)
PP .P,bP

Licf212%12o422

<> twisting vectors (internal shape)
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Bicubic Bezier Surface

P(u,v)= iiBf (u)Bj. MYV,

— Z B’ (M)LZ B’ (v)Vl.j)

= ZBf ()b, (v)

= UMBM’V’

1 0 0O O Vo Vo Voo Vi
Mo 33 0 0 Ve Vi Ve Y,
3 -6 3 O V, V,, V, V,

L 1 3 -3 1 _ _Vso V31 V32 V33 |
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Effect of Moving Control Points

— (a) At the boundary curves
— (b) On the interior part of the surface
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Continuity of Bicubic Bezier Surfaces

— First degree parametric continuity is enforced along the
common edge between two patches

Collinear

Common edge
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B-Spline Surface

P(u,v) = Z:Z:PZ.J.NZ.,,C (u)Nj’l (V) (Sk_1 Su<s,, t_ <vs th)

i=0 j=0

P. . : control points

1,]

N,,(u),N,,(v): B—spline blending functions in the u and v directions

9 ]’]

Note: k& does not have to be the same as /

P(o,v)zf[

Jj=0

n

PN, (uﬂ N ()=3P N, <v>e[zPiNi,k <u)} _p,
u=0 Jj=0 i=0 u

i=0 =0

_ ZPN()}NU -.{jz’i“(;m,zv,,(vo)}mk(uo)

CAD Curves and Surfaces - 76



Bicubic B-spline Surface (Uniform)

P(uv) = YD N () N, (),

i=0 j=0

=UNBN'V'  (0<uv<l)

U=[1 u u3], V:[l v v v3]
_Voo V01 Voz V03_ 1 4 0
e Vo Va Vo V| o 1]=3 0 3 0
Vzo V21 sz V23 , 6| 3 -6 30
_V30 V31 V32 V33_ __1 3 -1 1_
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B-Spline Surface

 When one control point is moved
— only a small portion of the B-spline surfce is affected

w =.~ 7= Ll
) @%ﬁ
Y S
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NURBS Surface (1)

S B
hl] Pl] N )Njal(v) S <u<S
P(u,v)zl /=0 (“_ - j
X L, <v<t .

th Jj Nz k j,l (V)

i=0 j=
P, . :x, y and z coordinates of the control points

h. ; : homogeneous coordinates of the control points !
— Quadric (Quadratic) NURBS Surface 2 =
Cylinder, Cone, Sphere, Paraboloid, . F
HyperboloidE d=t5| LIEHE 4= UL} N = a)
L e s £ 74 _‘__, i Y
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NURBS Surface (2)

« Effect of Weights

— The weights provide an additional degree of freedom for the
shape of surface

— Larger values of weights at the interior — Lower values of weights at the top
control points interior control points
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