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Classification of Optimization Methods

» Optimality criteria methods (Ch.4~5)

— Conditions a function must satisfy at its minimum point
— Seeking solutions to the optimality conditions

e Search methods (Ch.6~13)

— Numerically searching the design space: direct approach
— Start with an estimate of the optimum design
— Search the design space for optimum points

Optimization methods

-‘-H_H"'H--h
/ _“‘-‘_\—"""-—.._‘_‘___h-_
Optimality criteria methods Search methods
Constrained Unconstrained Constrained Unconstrained
problem problem problem problem
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Minimum

* Global (absolute) minimum
f (x*)s f (x) for all x in the feasible region (constraint set .S)

« Local (relative) minimum

f (x*)ﬁ f (x) for all x in a small neighborhood N of X’

in the feasible region (constraint set S)

N = {x‘x eSS with HX—X*H < 5} for some small 6 >0

f(x) f(x)
A A
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Example 4.1+2+3

* Find the local and global minima for the function f (x, y)

using the graphical method

Minimize
flx,y)=(x—47 +(y-6)
subject to
g =x+y—-12=<0
g =x-8<0
g3=—x=0(xz0)
8:=-y<0(y20)
Minimize

f{x: y}: (I— ]{}'}3 +(H _8'}2

subject to the same constraints as in Example 4.1, Eqgs. (b)-(e).

Maximize

f(xxy]={x—4}3 +{y_6}2

subject to the same constraints as in Example 4.1, Eqgs. (b)-(e).

Vehicle Design Optimization
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Example 4.1+2+3

Local minimum: point E(4, §)
Global minimum: point E{4, &)
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a4l f=2
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A F
ﬂ n
9,
_2 1 1 1
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Minimum paoint: G(7,5)
Feasibla set S
A
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Welerstrass Theorem

« Existence of global minimum

— If f(x) is continuous on a nonempty feasible set S which is closed
and bounded, then f(x) has a global minimum in S.

— A set Sis closed if it includes all its boundary points and every
sequence of points has a subsequence that converges to a point
in the set.

— A set Sis bounded if for any point xe S, x'x < ¢, where c is a
finite number.

— The theorem does not rule out the possibility of a global minimum
if its conditions are not met. (not an “if and only if’ theorem)

eg., f(x)=-1/x
S = {x|0 <x< 1} : not closed
S = {x| 0<x< 1} . closed and bounded, not continuous

e.g.. f(x)=x"subjectto —1<x<1
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Fundamentals

« Gradient vector
— Normal to the tangent plane at the point x*

o)) )

X

Oox,

* Hessian matrix
— Always a symmetric matrix

) o))
szzf(x*): 82f(x*): 59?1 ’ lezﬁxn
Ox,0x, ox,’

Vehicle Design Optimization

ox,

_ — . «—— Surface
fFixq. X3, Xq
X = constant
2 AT
0 f(x
Ox,0x ,
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Example

- B x*=(1.8,1.6)0 A Ct2 =2 BAL=HEH(Gradient)& 5tEl.

S(x)= (6, =1) +(x, - 1)

Xa
A
Gradient vector
C
2
(1.8, 1.6)

1 .

\ // )= (s =17 + (2 + 17

I I - .:lf-l

0 1 2 3
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Taylor Series Expansion (1)

— Polynomial approximation in a neighborhood of any point in
terms of its value and derivatives

« Single variable
A dflx’ : d '
f(x):f(x )+%x)(x—x) ; ;(2 )<x X )2+R
x—x =d : small change in the point x°

) 0)e 2 e

dx
 Two variables

o L s

1 Xy

+1 azf(xl x1)2+2 2 (x1 X, sz — X, )+82f(x2—x2*)2 +R

2| ox,’ Ox,0x, ox,’”

2
f(xpxz):f(xl*,xz*)-i-;g—i:( *) %Zz;‘jzz;‘@x@x ( Xxj—xj*)+R
Vehicle Design Optimization Ch.4+5-9
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Taylor Series Expansion (2)

— Matrix notation

f(x)zf(x*)+VfT(x—x*)+%(x—x*)TH(x—x*)+R

d
fla"+d)=f(x")+vfTd +%dTHd +R

Af = f(x" +d)- f(x*)=Vde+%dTHd+R

first order change in f (x) at x’
F =VfTox where x=x-x

— examples
f(x)zcosx @x =0
f(x) = 3x13x2 @x = (1,1)
fx)=x"+x," —4x,—2x,+4 @x" =(1,2)

Vehicle Design Optimization Ch.4+5-10




Quadratic Form

— Special nonlinear function having only second-order terms

Z X > y=Px 1 &
I35, 15[ S | ()= S
i=1

11]1

F(x)zéxTyzéxTPx

_ {[pnxl Tt P n] [p12+p21)x1x2+ +(pln +Pn1)x1x ]}
2 + +[(pn 1 T Pune 1) X 1% ]

1 =p.4+p.
ajj 2(p,+p, )_> A;+a;=p;+Ppi )F(X): leAx
2
VF(x) = Ax, g F(x) =a,
ox.ox,
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Example

— Lt O[ArF A0 A= EQf SIA[QHH E

1
F(x1 , X5, X, ) =5 (2x12 +2x,%, +4x,x; — 6)622 —4x,x; + 5x32)

1 i
F(x)=§[xl Xy X3

Vehicle Design Optimization
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0
0

2
-6
0

4

—4
5

—l[x x, x]1
0 1 2 3.
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Form of a Matrix

 Check the form of a matrix
— Eigenvalue

— Principal minors
 |f no two consecutive principal minors are zero

form definition | eigenvalue principal minors
positive definite x"Ax>0 4 >0 M, >0(k=1,...,n)
positive semidefinite | x"4x>0 420 M, >0(k=1,...,r)
negative definite xTAx <0 A, <0 M, <0(odd )
M, >O(evenk)} "

negative semidefinite | x” 4x<0 24,<0 M, <0(odd k) L
Mk>0(evenk) o

indefinite ? some A, <0
other 4. >0

Vehicle Design Optimization Ch.4+5-13



Example

- L5 22| JHIS 2785l

2 00
A=|0 4 0]|— positive definite
0 0 3
-1 1 0
B=|1 -1 0 |- negative semidefinite
0 0 -1

Vehicle Design Optimization Ch.4+5-14
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HIX =M 2A =X

+ 33t0| XS BOIM KF LEILLE 2R & OfLIX| S,
Mo 2 EdEHE=2 HMYENE =2|H2
2 2ASH ZHo|BE 2 JHEO0|)7F =2

o XM ZE(Optimality Conditions)= 0| &dl= 4
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« LXt ERZ (First-order necessary conditions)

flx)= (x*)+ '(x*)d+lf”(x*)d2+R
Af:fgx) )= e izo

o8& Z[A E= 2O Y, 5T : stationary point
=

« XU (Suff|C|ent conditions)

Af = %f( W +R - f(x")>0 (212molM el ZBo| 2%)

« O|Xt QX (Second-order necessary conditions)

f”(x*)z 0
if £"(x")=0, f"(x')=0 and £ (x")>0
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Examples

« Local minimum points using first-order necessary

conditions 9
Local maximum |10 4
1.f(x)=sinx point . 7
2.f(x)=x>—4x+4 /\\ /
3.f(x)=x3—x2—4x+4 3 /’_2 —° ﬁj‘_,? o
4.f(x)=x* / el minmum
S.f(x) =ax+ é (a,b > O)[section 2.3] J 10

X
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d"Hd+R—>d Hd>0 (SIAHHE H 7} positive definite)

d" Hd >0

Vehicle Design Optimization Ch.4+5-19



Examples

1. f (x) = x> —2x+2 (effects of scaling or adding constants to a function)
—> [f(x)+1],[2f(x)],[—f(x)]
2.1 (x)=x"+2xx, +2x,” = 2x, +x, +8
- -
f=R +RH 7 V
h=nR’H-V =0

1/3 1/3 2/3
SCRSCERD
27 T 27

3. [section 2.8 cylindrical tank design]

(X" =0
4.f(x) =§x2 +cosx —>{x =1.496
x =-1.496
5.f(x) = X, +M+250x2 S x = (1000,4),f* =3000

XX,

Vehicle Design Optimization Ch.4+5-20



f(x)

fix)=x2—2x+2

N~

f(x)

A

fix) = 2(x% - 2x + 2)

N B0 ®
1

i

(

Vehicle Design Optimization

f(x)

Y

flx)=(x2—2x+2) +1

F(x)

f) = —(x2—2x+ 2)

T -x1
5]
10.0
Minimum paoint
—4  x*=(25 -15)
fix*) = 4.75
—R-
Ch.4+5 - 21



f(x) 14 1 Minimum solution
A x* = (1000, 4)
x*) = 3000
N . fix*)
E_

Local minima: B and C
5- Local maximum: A 10 -

8 -
6
B
I T T T T T T T T = X 4_
5 4 -3 -2 . 1 2 3 4 5
—2- 2 4

T T T T T T x1
500 1000 1500 2000 2500 3000
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Optimality Conditions for Unconstrained Function

TABLE 4.1(a) Optimality Conditions for Unconstrained One Variable Problems

Problem: Find x to minimize f(x)

First-order necessary condition: f = 0. Any point satisfying this condition is called a stationary point; it can be a
local maximum, local minimum, or neither of the two (inflection point)

Second-order necessary condition for a local minimum: f' =0
Second-order necessary condition for a local maximum: f'<0
Second-order sufficient condition for a local minimum: f* > 0
Second-order sufficient condition for a local maximum: f* < 0

Higher-order necessary conditions for a local minimum or local maximum: calculate a higher-ordered derivative
that is not 0; all odd-ordered derivatives below this one must be 0

Higher-order sufficient condition for a local minimum: highest nonzero derivative must be even-ordered and
positive

TABLE 4.1(b) Optimality Conditions for Unconstrained Function of Several Variables

Problem: Find x to minimize f(x)

First-order necessary condition: Vf = 0. Any point satisfying this condition is called a stationary point; it can be a
local minimum, local maximum, or neither of the two (inflection point)

Second-order necessary condition for a local minimum: H must be at least positive semidefinite
Second-order necessary condition for a local maximum: H must be at least negative semidefinite
Second-order sufficient condition for a local minimum: H must be positive definite

Second-order sufficient condition for a local maximum: H must be negative definite

Vehicle Design Optimization Ch.4+5 - 23




. SSHYRM LESHGEAS UFOIBN SH
4S|4 MAHSHES R A

- Mefet30| 2[NS ot 2852 92

— o7t EXSIX]| R=Z == US: A2 (overconstrained)

« Equality constraints are always active for any
feasible design, whereas an inequality constraint
may not be active at a feasible point

Vehicle Design Optimization
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Vehicle Design Optimization

Example 4.24

X5 F=0.75 Cnst function contours

e

\7

Feasible
region

m\\

LRl ST e

) AP AP &

hﬂ&%‘x‘ﬁ“ﬁ\‘ﬂﬁh‘ﬁ%&

Minimum point

={1.1)
flx*) =05

2=10
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Example 4.27

- LCfE & E Z220tE X, 1 x, & THOtE

f(xl,xz): (xl —1.5)2 + (x2 —1.5)2 Minimize f(xl,xz)
h(xl,xz):xl-|—x2—2:0 subject to h(xl,x2)20—>x2=¢(xl)

I'-.ﬂmmwm pmnt C
(1, 1)

N

Feasible region:
line A-B

Vehicle Design Optimization Ch.4+5 - 27



S MSEH0| St

df(xlaxz) _ 8f(x1,x2)+ af(xl,xz)dx2 —0

dx, Ox,

R af(xl*,x2*)+ o x,") do

ox,  dx

=0 (@ optimum

Oox, ox,  dx

aly, > ) ol x") onlx ") dg

=0-—>

dx, - Oox,

g onlx.x, ),

ox,  dx

Ox, ox,

af(xl*,xz*)_ 5f(xl*,x2*)|: ah(xl*,x;)/axl } =0

of (xl* , xz* )/ Oox,

V=-

Gh(xl* , xz* )/ Oox,

Vehicle Design Optimization

oh (xl* , xz* )/ Oox,

\ (

\

" af(xl >x2*)+vah(xl 42 ):0

Loy o

R af(x1 , X, )+v6h(xl » X, ):O
Ox, Ox,

h(xl,xz)—O



f(x1>x2)+Vh(xlax2)

L(XD X5 V)
6L( 1*,x2*)

Vf (X*): —vVh(x*)
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z W2
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Example 4.25 Cylindrical Tank Design

« Section 2.8 — Example 4.21

. T p2 " /3 3
e
subjectto h=7R°H -V =0 27 74 2

Vehicle Design Optimization Ch.4+5 - 31




Example 4.26~28 Role of Inequalities

— status of the inequality constraint (active or inactive) must be
determined as a part of the solution for the optimization problem

2 XE f=0.75 Cost function

Minimize f(xl,xz) = (x1 .5)2 +(x2 —1.5) ; contours

Minimize f(x,%)=(x-0.5) +(x,-05) 27

subject to x +x,—2<0 X* = (1,1)
] g1( ) 1 T X 1 fxh = 0.5
g, (x) =—x, <0
Feasible _ B
g, (X):—x2 <0 region o X+x-2=0
| s
0 1 2 3
2 2 Xa
Mlmxmlze f(xl,xz) = (x1 —2) +(x2 —2) A
3_.
: =0
subject to g, (x)=x,+x,-2<0 | i c= ﬂ
g1= g2 =
2
X)=—x +x,+3=
gz( ) xl x2 3 O 5 / Infeasible \
g3(x):—x1£() ) g, <0 g-<0
= — < gs=0
f (X) i 0 ol v T T T T T 1 .
Vehicle Design Optimization 1 2 3 4




1L

—
| —

QAN B5=2

Rl

ElEd

19
Xa
o
O
il
[T
o

. 243IH=Z=(slack variable)S ol S X
gl.(x)S 0— gl.(x)+sl.2 =0 i=1...,m
slack variable: Sl.2 (why? avoid additional constraints s, > 0)

Sl.2 = (0: equality — active (tight) constraint
s.” > 0:inequality — inactive constraint

o« "<type” MSEUO| EfAEK|50f Tt F7HHQl e
— u £ M ESSHAFZAO oist etARX|EE: w20 (j=1,...,m)

J

minimize | maximize

IA

gi(x)
gi(x)2

Vehicle Design Optimization Ch.4+5 - 33
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Example 4.29

Minimize f(xl,xz) = (x1 —1.5)2 +(X2 —1.5)2

subject to g(x) =x,+x,-2<0

Vehicle Design Optimization Ch.4+5 - 34



Karush-

Kuhn-Tucker necessary conditions (1)

HdJ O 1 4
| SEAL.
hl(x)zo, i=1,...,p and g](x)SO, j=1....m

=l
& =0 BEots 2t AsK|Sa v 2F u* 7F EX S

Vehicle Design Optimization

P m
oL _ of "‘ZVZ- oh, +Z”i og; _0: j=l...n
ox, ox; ‘T  Oox, T Ox
hl(x*)zO, i=1...,p

* 2 .
gix)+s. =0; i=1,....m
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Karush-Kuhn-Tucker necessary conditions (2)

¢ 1IXAMEHZTA
- O 0Tl Hof tiet 2 d= Hd /2L HHE 8E
. 7|3tetE ofn)
- SN0 Zo| BAI=HEES0| M A0 ZAI=HES
of MHZYO|H, 2t AEK|s7t LB S22 ALE

o O|X|£=9] 7H4=: x, u, s, v (n+2m+p) = # of eqns
T =X A (switching condition) B = E & 2t 74
(complementary slackness condition)
g, (x*)< 0 (inactive, s> > 0) > u, =0
{gi (x*): 0 (active, s’ =0) > u, >0

Vehicle Design Optimization Ch.4+5 - 36




Karush-Kuhn-Tucker necessary conditions (3)

« K-T conditions are not applicable at the points that are not reqular.

* Any point that does not satisfy K-T conditions cannot be a local minimum
unless it is an irregular points.

« The points satisfying K-T conditions can be constrained or unconstrained.

 If there are equality constraints and no inequalities are active, then the
points satisfying K-T conditions are only stationary.

« If some inequality constraints are active and their multipliers are positive,
then the points satisfying K-T conditions cannot be local maxima for the
cost function.

« The value of the Lagrange multiplier for each constraint depends on the
functional form for the constraint.

— Optimum solution ? / Lagrange multiplier ?

()X -10<0(y>0) (i) x=10y <0 (iii) 21X —1<0
y y

Vehicle Design Optimization Ch.4+5 - 37




Example 5.3

— Necessary conditions are applicable only if the assumption for

regularity of x* is satisfied.

« Gradients of all the active constraints @ x* is linearly independent

Minimize f(xl,xz)le2 +x22 —4x,+4 'Ffz 5
subjectto g, =—x, <0 / f=4
g, =-x,<0 1.1:'?‘/ /
3 /A 'ﬁ f{ g3=0 F=1
g3:x2_(l_xl) _O Q,I: '__"Ii£ ,."'-I
Check if the minimum point (1,0) 054 [ Vg (%), /
[ oA !
satisfies K - T conditions. [ A /
LA [
| 7 x*
FTTIRTT T I 7 7777 1 X1
O/ 05 Vi) 1o 15
| !
I|I I|I gE =0 III"-.
—Ij,l.fr = I".. Y
N Vg, (x)
Ch.4+5 - 38
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Kuhn-Tucker 2 @ X HO| HY

 Without slack variables

{gi(x*)JrSiz =0—>s = —gl.(x*)z 0—> gl.(x*)g 0

u,s.=0—>u. s’ =0->u, gi(x*)zo

Vehicle Design Optimization Ch.4+5 -39



Example 4.30

Minimize f(x)= §x3 — % (b+c)x® +bex + f,

subjectto a<x<d (0<a<b<c<dand f, are constants )

N
Wl _
[l

Vehicle Design Optimization Ch.4+5-40



Example 4.31

IEISI Perplexity
o . . 2 2 Based on the provided equations and inequality, let's analyze the solutions:
Minimize f(x) =x," +x, —3xx,

1. The system of equations:
e 2x7-3x2+2ux1=0
e 2x2-31+2ux2=0
e x1"2+x2°2-6+s"2=0

e u*s=0

subjectto g =x," +x,” —6<0

4_ e u>=0

2. The solutions obtained:
(-V3,3, -5/2, 0)
(3, V3, -5/2,0)
(-V3, -\3,1/2,0)
(V3,43,1/2,0)
(0,0, 0, -V6)
(0, 0,0, V6)

3. Verification of solutions:
The valid solutions that satisfy all equations are:
(-V3,43,-25,0)
(3,43, -25,0)
(3, ~3,05,0)
(V3,3,05,0)
(0,0,0,-V6)
(0,0,0,6)
4. Considering the inequality u >= O:
We can eliminate solutions where u is negative.

Therefore, the final solutions that satisfy all equations and the inequality are:
1. x1=3,x2=-3,u=05,s=0
2 x1=43,x2=v3,u=05,s=0
3. x1=0,x2=0,u=0,5=-\6

3

' III — Cost function contours L S BSOS s =
,ll | J These solutions satisfy all the given equations and the inequality u >= 0. The first two
—'4 solutions have non-zero u and zero s, while the last two have zero u and non-zero s, which

is consistent with the condition u*s = O.

Vehicle Design Optimization Ch.4+5 - 41



Example 4.32

I
Minimize f(x) =x, +x, —2x, —2x,+2
subjectto g, =-2x,—x,+4<0
g, =—x,—2x,+4<0

X3
45 . )
Minimum at Point A
—g,=0 X" = (4/3, 4/3)
fix*)=2/9
3_

Feasible region

j - B **Q \.E Cost function contours
jll |'I vg‘l i
e 01

' \ "F’Qz =0
\ 0.20 - 92

0.64_
ANt -

e

132—1— 3 3 4

Vehicle Design Optimization
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Summary of the KKT Solution Approach

« to check whether a given point is a candidate minimum
— the point must be feasible

— the gradient of the Lagrangian with respect to the design
variables must be zero

— the Lagrange multipliers for the inequality constraints must be
nonnegative

* to find candidate minimum points
— Several cases defined by the switching conditions must be
considered and solved
* Check all inequality constraints for feasibility
» Calculate all of the Lagrange multipliers for each solution point

« Ensure that the Lagrange multipliers for all of the inequality
constraints are nonnegative

Vehicle Design Optimization Ch.4+5 - 43




Limitation of the KKT Solution Approach

 addition of an inequality to the problem formulation
doubles the number of KKT solution cases

Vehicle Design Optimization

No. Cases Active constraints

1 W=0,=0,u=0u=0 No inequality active

2 s1=0,1:=0,1: =0, us=0 One active inequality: ¢, =0

3 H=0,%=0u=0,u:=0 One active inequality: g; =0

4 U =0,u=0,5=0u=0 One active inequality: gz =0

5 U =0,u=0u:=0,5.=0 One active inequality: gy =0

6 s51=0,5=0,u=0,u,=0 Two active inequalities: ¢, =0, ¢, =0

7 i =0,5=0s5=0u=0 Two active inequalities: g, =0, g3 =0

8 U=0,1=0,5=035=0 Two active inequalities: g; =0, g4 =0

4 s51=0,u:=0,1:=0,5,=0 Two active inequalities: g, =0, g4 =0
10 5$1=0,12=0,5%=0,u,=0 Two active inequalities: g, =0, g3 =0
11 W =0,%=0u=0,5=0 Tiwo active inequalities: g, =0, g4 =0
12 51=0,5=0,5=0,u=0 Three active inequalities: ¢, =0, =0,8:=0
13 M =0,5=05=0s5=0 Three active inequalities: g =0, g:=0,g:=0
14 51=0,1:=0,5=0,5=0 Three active inequalities: ¢, =0, ¢:=0,2:=0
15 51=0,5=0,u;=0,5,=0 Three active inequalities: ¢, =0, =0,g,=0
16 51=0,5=0,8=075=0 All four inequalities active
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ctAEA| S8 =2[H 2|0

= %™ 48l A (Post-optimality analysis) EE= 212t =8l A (Sensitivity
analysis)
— AXHMAZH O B HSE HBAIZAS O] 2| F ol #Btof et D&

AlefetA 4 EFH #H2A

2002 218 1) Sx 2ol 2B
_ 2HAERIBS (v, )7t ol i s S

=AM Of CHet S E
off "< type” M =10 Cliet 2t AEX|S+7F &7t OtL| O] OF St=7}7

Mot S 2tol(relaxation) g off 2t 2O X|= O] O|L} &8 (tightening)
of 2 =23t &

SR Et40 R ofE 42 55 SHscaling) ST 21X S40| BB}
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- Nerereol B8 E E2

", u;*: satisfying both necessary and sufficient conditions

oL _of & b R LAW00) .
Job, " b ;’abl+;”f b ob, Vi I=hep
A _o &y % o F00)_ .
8ej_ e ; +,Z:‘u] - aej A =L m

f(b,.e,)= £(0,0)+ J a(g’o)bl. + afa(o’o)ej = £(0.0)-v/b,—u'e,
i €

J
Af = flbe,)- 1(0,0)=—vib, —u'e,
A = —Z vfbl. —Zu;ej
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Example 4.33 («4.31)

* Nonnegativity of Lagrange multipliers

relax an inequality constraint ( g; < 0) e, >0

— feasible set for the design problem expands
— expect the optimum cost function to reduce further or at the most remain unchanged
ifu;” <0, then Af =—u e, >0 (contradiction!)

.. Lagrange multiplier corresponding to a " < #ype" constraint must be nonnegative.

Minimize f(x,,x,)= x” +x,7 —3x,x,
subject to g(xl,xz) =x " +x,"-6<0

:>x1*=x2*=\/§, u*:%, f(x*):—3

(=1 (i.e., radius of circle = J6 > xﬁ) ?
f£(0,1)= £(0,0)—u"e=-3-(0.5)(1)=-3.5
e =—1 (smaller feasible region) / (0,—1) = 2.5
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Effect of scaling a cost function

— No change on the optimum point
— Change in the optimum value for the cost function

f(x)=Kf(x) where K >0
{w*=ﬁﬁf; i=1,...,p

% * .
u, =Ku; j=1....m

2 2 — 2 2 —
L:K(x1 + X, —3x1x2)+u(x1 + X, —6+sz)

2—i=2Kx1—3Kx2+2L7x1=0 f .

oL xl*zxz*zx/g, i =—, f(x*)=—3K
a—xz=2Kx2—3Kx1+2ﬁx2:O>_>< e f [2< o
x12+x22—6+§2:O i =X =V, :3’ f(x ):_3K
is =0 u =Ku

it >0
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Effect of scaling a constraint

— No change on the constraint boundary (no effect on the
optimum solution)

— Change in the Lagrange multiplier

\Z*zv;/Pi; i=1...,p
ﬁjzu;/Mj; Jj=1...,m where M >0

I = (x12 —|—x22 —3x1x2)+7/_l[M(x12 +x22 _6)+§2]

a.xl 'xl :x2 :\/gj ]/7 :—’ f(x ):—3
oL B 2M
—:2x2—3x1+2qu2:0 * * _ % 1 - =
Ox L s, =X, =3, u SEYVE f(x )=—3
sz12+x22—6)+§2:0 .
s = 0 " ==

\ M
u=>0

Vehicle Design Optimization
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Global Optimality

* Question of global optimum

— Weierstrass theorem (= exhaustive search)
« Cost function is continuous on a closed and bounded feasible region

— Showing the optimization problem is convex
 Convex set S
— If P, and P, are any points in S, then the entire line segment P, - P,
is alsoin S [x:ax(2)+(l—a)x(1); Oéaél]
« Convex functions
f(ax(z) + (1 —a)x(l))é OJ(X(Z))+ (1 —a)f(x(l))

— Check : iff Hessian matrix of a function is positive semidefinite or
positive definite at all points in the set S

* Hessian matrix is positive definite — «—(x) strictly convex
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F(x)

[] A
COnVGXIty af(x) + (1 —u}fw/
S
I/\ flxp)
. . B
X2
f(x):10—4x+2x2—x3
T T b T T T T ] T T T X
-5 4 = -2 -1 1 2 3 4 5 6
=20+
=40 4
—60 - Function is
_80. convex for x < 2/3
> X1
—-100
§ —120 1
—140 4
—160 -

Xi+x3=1
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Convex Programming Problem

« Constraint set S is convex and cost function is also
convex over S
— Nonlinear equality constraint set — always nonconvex
— Linear equality/inequality constraint set — always convex

« KKT necessary conditions are also sufficient
— (theorem 4.9)

<S = {x‘hj(x)zo;j =1,..., p; gl.(x)SO;i=1,...,m}isaconvex set>

— (x)«(0) <function g; areconvex and /1, are linear>

— (theorem 4.10) Any local minimum is also a global minimum
* Proof ?
» Convexity check failure —(x) no global minimum point

Vehicle Design Optimization
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Check for Convexity (1)

1] fx) ="+, -1
:2] f(x): 10— 4x +2x° —x°
-3] {min f(x) =x —x,

s.t. x,20,x,<0

‘min f(x) =2x, +3x, —x,_ —2x,

<
[4] <S.t. x +3x,<6
5x, +2x, <10
X, X, 20
(min £(x)=9x"—18xx, +13x,” — 4

2 2
st X +x, +2x, 216

5]

Vehicle Design Optimization Ch.4+5 - 53



Check for Convexity (2)

/”E//// /

Vehicle Design Optimization

Cost function
contours

Feasible region
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Transformation of a constraint

* Form of function: convex <> nonconvex
« Convexity of the feasible region: no change

g = -b<0 g, =a—-bxx, <0
XXy
2 x,/x, 0.5 0 -b
V2g1= 2a2 2/ 1 V2g2=
x°x,’ ] 0.5 x/x, -b 0
(positive definite) (indefinite)

« Sufficient Conditions for Convex Programming Problems

— If f(x) is a convex cost function defined on a convex feasible set,
then the first-order KKT conditions are necessary as well as
sufficient for a global minimum
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Convex Programming Problem: Summary

Problem must be written in standard form: Minimize f(x) subject to h(x) =0, g{x) <0

1. Convex set The geometrical condition, that a line joining two points in the set is to be in
the set, is an “if-and-only-if” condition for the convexity of the set.

2. Convexity of feasible set 5 All of the constraint functions should be convex. This condition is sufficient but
not necessary that is, functions failing the convexity check may still define con-
vex sets. Nonlinear equality constraints always give nonconvex sets. Linear
equalities or inequalities always give convex sets.

3. Convex functions A function is convex if and only if its Hessian is at least positive semidefinite
everywhere. A function is strictly convex if its Hessian is positive definite every-
where. However, the converse is not true: A strictly convex function may not
have a positive definite Hessian everywhere. Thus this condition is sufficient
but not necessary.

4. Form of constraint function = Changing the form of a constraint function can result in failure of the convex-
ity check for the new constraint or vice versa.

5. Convex programming fix) is convex over the convex feasible set S. KKT first-order conditions are
problem necessary as well as sufficient for global minimums. Any local minimum
point is also a global minimum point.

If a problem fails a convexity check, it does not imply that there is no global
minimum for the problem. It could have only one local minimum in the
feasible set 5, which would then be a global minimum as well.

6. Nonconvex pmgrammmg
problem
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Second-order conditions (1)

« Convex problems
— First-order K-T conditions are necessary as well as sufficient
for a global minimum
Minimize f(x,,x,)=(x,—1.5) +(x, -1.5)
subject to g(x) =x,+x,—-2<0
« (General problems
— Let x* satisfy the first-order KKT necessary conditions

— Consider active constraints @x* to determine feasible

changes d . .
Vh - d=0 and Vg, d=0

— If the number of active inequality constraints is equal to the
number of independent design variables and all other K-T
conditions are satisfied, then the candidate point is a local
minimum (d =0)
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Second-order conditions (2)

Vgi(x)

* Necessary condition Consiraint fangent plane
for nonzero feasible directions (d # 0) satisfying d d f
Vh'd=0; i=1,...p T,
Vg.'d =0; for allactive constraints /gg =0 “

Q= dTsz(x*)d >0 if x is a local minimum point

 Sufficient condition
for nonzero feasible directions (d # 0) satisfying
Vh'd=0; i=1,...,p

Vg'd=0; i=1,...,m for active inequalities with u. > 0

Vg d<0; for constraints with u; =0

ifQ=d"V’L (x* )d >0, then x  is an isolated local minimum point

Vehicle Design Optimization
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Check for Sufficient Conditions

[ Example 4.30]

Minimize f(x) = %x3 —%(b+c)x2 +bcx + f,

subjectto a <x<d (0<a<b<c<d andf, are constants)
— x =a (local minimum )
[ Example 4.31]
Minimize f(x)= x” +x,° =3xx,
{subject to g=x"+x,"-6<0
—>(1)x"=(0,0),u" =0 (2)x" =(V3,43),u" =0.5 (3)x" =(—3,~/3),u”=0.5
[ Example 4.32]

(Minimize f(x)= x> +x,” —2x —2x, +2

J\

subjectto g, =—2x, —x,+4<0

g, =—x,—2x,+4<0

;> x =(4/3,4/3),u” =(2/9,2/9)
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Summary: Optimality Conditions

Unconstrained

Constrained

Necessary Vf =0 VL =0
Vf (1) convex problem: global
positive (2) VZL: positive definite — strong
Sufficient definit Vhid=0
S 3) - t—>d'VLd>0
Vg'd = O(active)

— 1solated local

Vehicle Design Optimization
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Procedures (1)

* Problem formulation: DVs, objective, constraints

« Convexity check: global optimum ?

« K-T conditions: solutions

« Sufficiency check

« Sensitivity analysis: changes in the constraint limits
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Procedures (2)

Problem Formulation

I
KKT Conditions

Global Minimum

Local Minimum

Vehicle Design Optimization Ch.4+5 - 62




Design of a Wall Bracket

Minimi A, A, )=LA4 +1,A4
IE{IA}EIZG f( 1 2) 14 iy
subject to
2.0F
o; <0, g1:¥—16000£0—>/112125
ol < ~ 16E1 06
4% gy =22 16000 <0 > 4, >100
2
g =—4 <
84=-4,<0
[Convexity |

[KKT Necessary Conditions]

L= ZZ:AI.IZ. +Zzlul. (%—aa +Sl.2j+u3 (—Al +s32)+u4 (—A2 +s42)
i=1 i=1 i

uy =uy =0, S—j’:li—ui(sz

uy =0.391, u, =0.25
7 =10250cm®
[Sensitivity Analysis] &, =16000 — 16500 N/cm®?

0

Vehicle Design Optimization

!

h=30cm
s =40 cm
W =12 MN

o, =16 kN/cm?

200

175

150 4

125 4

100

-

~—g1=0

Feasible region

75 1

50 1

25

g;=0
A Y
Cost function __
contours
8250 280
10'25011_250
1
T T T T T T T > A1
30 60 90 120 150 180 210 240
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Design of a Rectangular Beam (1)

Mir%nize f=bd

subject to
6M )
o= W < (O-a )bending
k14
T = <

- ﬁ - (Ta )shear
d<2b

b,d >0
M =40kN -m
V =150kN

(O ) poniing = 10MPa
(Ta )shear - ZMPa

Vehicle Design Optimization

_ 2.40E+08
8=

_225E+05
RV
g,=d-2b<0
g, =-b<0
gs=—-d=<0

\

-10<0

2<0

/ =0
g 9>
14004 4% g3=0
)
/
1200 ) b M
2
1000

x&i‘s-\-—\}

—_ A
E 800 2
E /’} Feasible region v
< A
3 600 )
[0} A
O
400 7 / Optimum solution curve A-B
g=0
2004 ,/g4=0 ;/
/} gs= 0

‘e
/’77777?7}777’777?’7/'7;’777??7

7T AT T TSI T T AT T 7 T T 77T T AT 7 7777 777777
0 200 400 600 800 1000 1200 1400
Width (mm)

b =237mm, d =474mm (@ point B
b =5273mm, d =213.3mm @ point A
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Design of a Rectangular Beam (2)

[convexity] no!

0 1
f=bd >V’ f= L 0}(indeﬁnite)

2.40E +08 2(2.40E+08)[ d> bd
== ———-10<0>V?g, =
ST & b’ [;d 3b?
g :225E+05_2S0_%V%z:J424OE+08)2d2 bd
’ bd ? bd’ bd 2D’

[KKT necessary conditions]

Lzbd+%(240Ej08
d
oL —240F+08 —2.25E+05
gzd—kul ENE +u, P +u, (—2)+u4 (—1):0
-2(2.40FE + 08 —
a—L:b+u1 ( ¥ )+u2 2'22;+05+u3+u5(—1):0
8i +Si2 =0
us, =0 i=1...,5
u >0

u, =u, =0—2° cases

Vehicle Design Optimization

}(positive definite)

> — transform?

} (positive definite)

—10+slzj+uz($—2+szzj+u3 (d—2b+s32)+u4 (—b+s42)+u5 (—b+s52)

Ch.4+5-65



Design of a Rectangular Beam (3)

case ul u2 u3 b d note
1 0 0 0 0 0
2 0 0 0 0 0
3 0 5.625x10* 0 bd=1.125x10°, g1<0, g3<0
4 0 0 No solution (inconsistent eqn)
5 0 5.625x10* 0 23717 | 474.34
6 4402.35 0 -60.57 | 484+ | 36342
7 0 5.625x10* 0 527.34 | 213.33
8 No solution (3 egn, 2 unknown)

« Sufficiency conditions

— not isolated local minimum
« Sensitivity Analysis

Vehicle Design Optimization
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Design of a Rectangular Beam (4)

— Global minimum points can be obtained for problems that
cannot be classified as convex programming problems. We
cannot show global optimality of a point unless we find all of
the local minimum points in the closed and bounded feasible
set (the Weierstrass Theorem 4.1).

— If second-order sufficiency condition is not satisfied, the only
conclusion we can draw is that the candidate point is not an
isolated local minimum. It may have many local optima in the
neighborhood, and they may all be actually global minimum
points.
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