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Contents

• Definitions of global and local minima

• Review of some basic calculus concepts

• Concepts of necessary and sufficient conditions

• Optimality conditions: unconstrained problem

• Necessary conditions: equality-constrained problem

• Necessary conditions for a general constrained problem

• Post-optimality analysis: the physical meaning of 

Lagrange multipliers

• Global optimality

• Second-order conditions for constrained optimization

• Duality in nonlinear programming
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Classification of Optimization Methods

• Optimality criteria methods (Ch.4~5)

– Conditions a function must satisfy at its minimum point

– Seeking solutions to the optimality conditions

• Search methods (Ch.6~13)

– Numerically searching the design space: direct approach

– Start with an estimate of  the optimum design

– Search the design space for optimum points
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Minimum

• Global (absolute) minimum

• Local (relative) minimum
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Example 4.1+2+3

• Find the local and global minima for the function f (x, y) 

using the graphical method
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Example 4.1+2+3
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Weierstrass Theorem

• Existence of global minimum

– If f(x) is continuous on a nonempty feasible set S which is closed

and bounded, then f(x) has a global minimum in S.

– A set S is closed if it includes all its boundary points and every 

sequence of points has a subsequence that converges to a point 

in the set.

– A set S is bounded if for any point xS, xTx < c, where c is a 

finite number.

– The theorem does not rule out the possibility of a global minimum 

if its conditions are not met. (not an “if and only if” theorem)

( )

 

 

( ) 2

. .,    1

0 1   :  not closed

0 1   :  closed and bounded, not continuous

. .,     subject to 1 1

e g f x x

S x x

S x x

e g f x x x

= −

 =  


=  

= −  



Vehicle Design Optimization Ch.4+5 - 7

Fundamentals

• Gradient vector

– Normal to the tangent plane at the point x*

• Hessian matrix

– Always a symmetric matrix
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Example

– 점 x* = (1.8, 1.6)에서 다음 함수의 경사도벡터(Gradient)를 구하라.
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Taylor Series Expansion (1)

– Polynomial approximation in a neighborhood  of any point in 

terms of its value and derivatives

• Single variable

• Two variables
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Taylor Series Expansion (2)

– Matrix notation

– examples
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Quadratic Form

– Special nonlinear function having only second-order terms
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Example

– 다음 이차형식에서 경사도벡터와 헷시안행렬을 계산하라.
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Form of a Matrix

• Check the form of a matrix

– Eigenvalue

– Principal minors

• If no two consecutive principal minors are zero
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Example

– 다음 행렬의 형태를 결정하라.
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필요조건과 충분조건의 개념

• 최적점은 필요조건을 만족하여야 한다. 필요조건을 만족하는 점
을 후보최적점(candidate optimum point)이라 한다. 필요조건을
만족하지 않는 점은 최적점이 될 수 없다.

• 필요조건을 만족한다고 해서 최적점인 것은 아니다. 즉, 비최적
점도 필요조건을 만족시킬 수 있다.

• 충분조건을 만족하는 후보최적점은 실제로 최적점이다.

• 충분조건을 사용할 수 없거나 충분조건을 만족하지 않으면 후보
점의 최적성 여부에 대하여 어떤 결론도 내릴 수 없게 된다.
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비제약최적설계 문제

• 공학의 실제응용에서 자주 나타나는 문제는 아니지만, 
제약문제의 최적성조건들은 비제약문제를 논리적으
로 확장한 것이므로 개념이해가 중요

• 최적성조건(Optimality Conditions)을 이용하는 방법
– 어떤 설계점이 주어지면 그 점의 후보최적점 여부 판정

– 후보최적점을 계산

• 국부적 최적성조건
– x* 를 f(x) 의 국부적 최소점이라 하고 x 를 x* 에 매우 가까

운 점이라 하면,  f(x)는 x* 에서 국부적 최소이므로 그 점으
로부터 매우 작은 거리를 움직였을 때 함수값이 감소될 수
없다.
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일변수함수의 최적성조건

• 일차 필요조건 (First-order necessary conditions)

– 국부적 최소 또는 최대점, 변곡점 : stationary point

• 충분조건 (Sufficient conditions)

• 이차 필요조건 (Second-order necessary conditions)
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Examples

• Local minimum points using first-order necessary 

conditions
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다변수함수의 최적성조건

• 일차 필요조건

• (이차)충분조건

• 이차 필요조건
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Examples
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Optimality Conditions for Unconstrained Function
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제약최적설계 문제

• 등호제약조건과 부등호제약조건을 만족하면서 목적
함수를 최소화하는 설계변수벡터를 찾는 것

• 제약함수들이 최적해를 구하는데 결정적인 역할
– 해가 존재하지 않을 수도 있음: 과제약 (overconstrained)

• Equality constraints are always active for any 
feasible design, whereas an inequality constraint 
may not be active at a feasible point
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Example 4.24

• 다음 함수를 최소화하라.

여기서 제약조건은 다음과 같다.
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필요조건: 등호제약조건

• 정칙점 (regular point)
– 등호제약조건을 만족하고 모든 제약함수의 경사도벡터들이 

일차독립

– 일차독립: 두개의 경사도벡터가 서로 평행하지 않고 어떤 경
사도벡터도 다른 경사도벡터들의 선형결합으로 표현할 수 
없다는 것을 의미

• 라그란지승수 (Lagrange multiplier)
– 각각의 제약조건에 대응하는 승수 (scalar multiplier)

– 목적함수나 제약함수의 형태에 따라 좌우
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Example 4.27

• 다음 함수를 최소화하는 x1 과 x2 를 구하라.
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등호제약조건이 양함수가 아닌 경우
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라그란지승수의 기하학적 의미

• 후보최적점에서 목적함수 및  제약함수들의 경사도벡
터들은 동일 작용선상에 있고 서로 비례함

• 라그란지승수는 비례상수 (제약을 가하기 위해 필요
한 힘으로 해석 가능)

• 등호제약조건에 대한 라그란지승수의 부호는 제약이 
없음
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라그란지승수정리

– 등호제약조건으로                         가 있는       의 
최소화문제를 고려해 보자.  x* 를 이 문제의 국부적 최소인 
정칙점이라고 하면 다음을 만족하는 라그란지승수                                            
가 존재한다.

– 후보최적점에서 목적함수의 경사도벡터는 제약함수의 
경사도벡터들의 선형결합
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Example 4.25 Cylindrical Tank Design

• Section 2.8 → Example 4.21

2 1 3 1 3 1 3

* * *

2

minimize   4
,  ,  3

2 2subject to  0

R,l
f R RH V V V

R V f
h R H V   

= +       
→ = = =      

     = − = 
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Example 4.26~28 Role of Inequalities

– status of the inequality constraint (active or inactive) must be 

determined as a part of the solution for the optimization problem
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필요조건: 부등호제약조건

• 완화변수(slack variable)를 더하여 등호제약조건으로 변환

• “ type” 제약조건의 라그란지승수에 대한 추가적인 필요조건
–      는  j번째 부등호제약조건에 대한 라그란지승수:
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Example 4.29

( ) ( ) ( )

( )

2 2

1 2 1 2

1 2

  , 1.5 1.5

    2 0

Minimize f x x x x

subject to g x x
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Karush-Kuhn-Tucker necessary conditions (1)

• x* 가 제약집합내의 정칙점이고, 다음의 제약조건 하에서 함수 f(x)의 국부적 

최소점이라 하자.

• 이 문제의 라그란지함수를 다음과 같이 정의한다.

• 그러면 다음 조건을 만족하는 라그란지승수  v* 와 u* 가 존재한다.
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• 1차 필요조건
– 어떤 주어진 점에 대한 최적성을 점검 / 후보최적점을 결정

• 기하학적 의미
– 목적함수의 음의 경사도벡터방향이 제약함수의 경사도벡터들

의 선형결합이며, 라그란지승수가 선형결합의 상수로서 사용

• 미지수의 개수: x, u, s, v (n+2m+p) = # of eqns

• 전환조건(switching condition) 또는 보충완화조건
(complementary slackness condition)
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• K-T conditions are not applicable at the points that are not regular.

• Any point that does not satisfy K-T conditions cannot be a local minimum

unless it is an irregular points.

• The points satisfying K-T conditions can be constrained or unconstrained.

• If there are equality constraints and no inequalities are active, then the 

points satisfying K-T conditions are only stationary.

• If some inequality constraints are active and their multipliers are positive, 

then the points satisfying K-T conditions cannot be local maxima for the 

cost function.

• The value of the Lagrange multiplier for each constraint depends on the 

functional form for the constraint.

– Optimum solution ? / Lagrange multiplier ?

( ) 01
1.0

 (iii)  010 (ii)  0010 (i) −−−
y

x
yxy

y

x

Karush-Kuhn-Tucker necessary conditions (3)
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Example 5.3

– Necessary conditions are applicable only if the assumption for 

regularity of x* is satisfied.

• Gradients of all the active constraints @ x* is linearly independent
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Kuhn-Tucker 필요조건의 변형

• Without slack variables
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Example 4.30

( ) ( )
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Example 4.31
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Example 4.32
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Summary of the KKT Solution Approach

• to check whether a given point is a candidate minimum

– the point must be feasible

– the gradient of the Lagrangian with respect to the design 

variables must be zero

– the Lagrange multipliers for the inequality constraints must be 

nonnegative

• to find candidate minimum points 

– Several cases defined by the switching conditions must be 

considered and solved 

• Check all inequality constraints for feasibility 

• Calculate all of the Lagrange multipliers for each solution point 

• Ensure that the Lagrange multipliers for all of the inequality 

constraints are nonnegative 
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Limitation of the KKT Solution Approach

• addition of an inequality to the problem formulation 

doubles the number of KKT solution cases 
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라그란지승수의 물리적 의미

• 후최적성해석(Post-optimality analysis) 또는 민감도해석(Sensitivity 

analysis)

– 최적설계문제의 매개변수를 변화시켰을 때 최적해의 변화에 대한 고찰

• 제약한계값을 0으로부터 변화시켰을 때 목적함수의 최적해에는 어떤 변화?

– 라그란지승수 (v*, u*)가 이러한 민감도문제에 대한 해답을 제공

• 왜 “ type” 제약조건에 대한 라그란지승수가 음수가 아니어야 하는가?

• 제약조건을 완화(relaxation)함에 따라 얻어지는 이점이나 속박(tightening)

에 따른 불리한 점

• 목적함수와 제약함수를 축적화(scaling)했을때 라그란지승수의 변화?
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Example 4.33 (4.31) 

• Nonnegativity of Lagrange multipliers
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Effect of scaling a cost function

– No change on the optimum point

– Change in the optimum value for the cost function
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Effect of scaling a constraint

– No change on the constraint boundary (no effect on the 

optimum solution)

– Change in the Lagrange multiplier
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Global Optimality

• Question of global optimum

– Weierstrass theorem (→ exhaustive search)

• Cost function is continuous on a closed and bounded feasible region

– Showing the optimization problem is convex

• Convex set S

– If P1 and P2 are any points in S, then the entire line segment P1 - P2

is also in S

• Convex functions

– Check : iff Hessian matrix of a function is positive semidefinite or 

positive definite at all points in the set S

• Hessian matrix is positive definite → (x) strictly convex

( ) ( ) ( ) 10     ;1 12 −+=  xxx

( ) ( ) ( )( ) ( )( ) ( ) ( )( )1212 11 xxxx fff  −+−+
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Convexity

( ) 2 310 4 2f x x x x= − + −
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Convex Programming Problem

• Constraint set S is convex and cost function is also 

convex over S

– Nonlinear equality constraint set → always nonconvex

– Linear equality/inequality constraint set → always convex

• KKT necessary conditions are also sufficient

– (theorem 4.9)

– (theorem 4.10) Any local minimum is also a global minimum

• Proof ?

• Convexity check failure →(x) no global minimum point
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Check for Convexity (1)
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Check for Convexity (2)
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Transformation of a constraint

• Form of function: convex  nonconvex

• Convexity of the feasible region: no change

• Sufficient Conditions for Convex Programming Problems

– If f (x) is a convex cost function defined on a convex feasible set, 

then the first-order KKT conditions are necessary as well as 

sufficient for a global minimum  
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Convex Programming Problem: Summary
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Second-order conditions (1)

• Convex problems

– First-order K-T conditions are necessary as well as sufficient 

for a global minimum

• General problems

– Let x* satisfy the first-order KKT necessary conditions

– Consider active constraints @x* to determine feasible 

changes d

– If the number of active inequality constraints is equal to the 

number of independent design variables and all other K-T 

conditions are satisfied, then the candidate point is a local 

minimum (d =0)
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Second-order conditions (2)

• Necessary condition

• Sufficient condition
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Check for Sufficient Conditions
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Summary: Optimality Conditions

Unconstrained Constrained

Necessary

Sufficient
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Procedures (1)

• Problem formulation:  DVs, objective, constraints

• Convexity check: global optimum ?

• K-T conditions: solutions

• Sufficiency check

• Sensitivity analysis: changes in the constraint limits
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Procedures (2)

Problem Formulation

KKT Conditions

Regular Point ?

Convexity ?

Weierstrass ?

Local Minimum

Global Minimum

Sufficient Conditions

STOP

Global Minimum

N

Y

Y

Y

N

N



Vehicle Design Optimization Ch.4+5 - 63

Design of a Wall Bracket
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Design of a Rectangular Beam (1)
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Design of a Rectangular Beam (2)
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Design of a Rectangular Beam (3)

• Sufficiency conditions

– not isolated local minimum

• Sensitivity Analysis

case u1 u2 u3 b d note

1 0 0 0 0 0

2 0 0 0 0 0

3 0 5.625x104 0 bd=1.125x105, g1≤0, g3≤0

4 0 0 No solution (inconsistent eqn)

5 0 5.625x104 0 237.17 474.34

6 4402.35 0 -60.57 181.71 363.42

7 0 5.625x104 0 527.34 213.33

8 No solution (3 eqn, 2 unknown)
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Design of a Rectangular Beam (4)

– Global minimum points can be obtained for problems that 

cannot be classified as convex programming problems. We 

cannot show global optimality of a point unless we find all of

the local minimum points in the closed and bounded feasible 

set (the Weierstrass Theorem 4.1).

– If second-order sufficiency condition is not satisfied, the only 

conclusion we can draw is that the candidate point is not an 

isolated local minimum. It may have many local optima in the 

neighborhood, and they may all be actually global minimum 

points.
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