Geometric Modeling
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* Modeling (week2: CAx p.16)

 Model

— A simplified version of a concept, phenomenon, relationship,
structure or system

— A graphical, mathematical or physical representation
— An abstraction of reality by eliminating unnecessary components
- =Ml 5= 2t H=SHA HE6HOfF o
* The objectives of a model include
— to facilitate understanding
— to aid in decision making, examine 'what if' scenarios
— to explain, control, and predict events
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Modeling Space

« 2D space (X,y) y 4
— Computer aided drafting

« 3D space (x,y,2)
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Why 3D Model? (1)
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Why 3D Model? (2)
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Geometric Entity

Point: £t H#

Curve: —I'.—*._Q
Surface: =H2
Solid: £L|E =

| 4+ Al (planar/space/freeform)

o| Bt 4| (plane/sculptured)
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2D = M(curve) ™9

. 7]% 2D 24 0|8

- &) .J(lne) R (circle), EF ! (ellipse), == (parabola),
=M (hyperbola)
JWe| mi2to|Egre = 7St H25HA &® o

- £ =4 ALO|-Z Blending
— Rounding/Chamfer
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— Interpolation/Approximation
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3D =M (curve) 9

- =M7FEoiE o2 72l 3D FH 0|8
— Interpolation/Approximation
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™ (surface) & 9
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J%(cyllnder), 213 (cone), T+(sphere), EF&I X (ellipsoid),
7 2H| (torus)

T =™ AO|Z Blending

w254 0|Lt EHH= M Sweeping
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— Curve-net fitting
- 3D HE2 HY= 0|&

— Surface fitting
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£ 2| E(solid) ™ 9

+ D+ 2m|(3 HEf)
* Primitives
« Complex Solids
— Boolean operations of primitives
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Evolution of Geometric Modeling Systems

Hand Sketch

2D Drafting

3D Wireframe

Surface

Non-manifold

CAD

| |
NOhI-MANIFOLD
~_soLb
SURFACE
WIREFRAME
'65 70 '80 '90 2000
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Manifold vs. Non-manifold

« Manufacturable vs. Non-manufacturable

* In manifold model,
— Every point on a surface is two-dimensional
— Every point has a neighborhood that is homeomorphic to 2D disk

Vertex in a wire body Edge in a sheet body

Vertex -
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Geometric Model

 Wireframe/ Surface/ Solid Model
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CAD

Geometry Vs Topology

Geometry:

Metrics and dimensions of the solid object. Location of the object in a
chosen coordinate system

Topology:

Combinatorial information like connectivity, associativity and neighborhood
information. Invisible relationship information.

L, L,
L, P, . R, L, P,
L, L,

Same geometry and different Topology
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Contents

Wireframe Modeling Systems
Surface Modeling Systems
Solid Modeling Systems

— Modeling Functions

— Data Structure

— Euler Operators

— Boolean Operations

— Calculation of Volumetric Properties

Nonmanifold Modeling Systems
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Wireframe Model

Database
— Represent a shape by its characteristic lines and end points

Advantages
— Require simple user input to create a shape
— Easy to develop systems

Disadvantages
— Models can be ambiguous
— No boundary surfaces and volume information

— Impossible to calculate mass properties, drive NC tool paths,
generate FEM meshes

Products
— Sketchpad, Steerbear
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Ambiguous Wireframe Model




Basic 3D Models: Wireframe (1)

* Wireframes
— easiest of all to create
— nothing hidden
— visually ambiguous
— topological problems?
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Basic 3D Models: Wireframe (2)




Basic 3D Models: Wireframe (3)

You were looking at this...
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Surface Model (1)

 Purpose
— Visual model for aesthetical evaluation
— Mathematical description to generate the NC Tool Paths
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Surface Model (2)

« Database

— Characteristic lines and end points + surface (+surface
connectivity) information
— Surface connectivity information

» Useful for checking gouging of a surface adjacent to the surface
being machined

« If the system includes only a list of surface equations of infinite
surfaces without connectivity information, the application should
derive the surface boundaries and their connectivity information

— NC Tool Path Generation with Surface Connectivity Information

7
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Surface Model (3)

« Creating methods
— Interpolating the input points
— Interpolating the curve nets
— Translating or Revolving a specified curve
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Surface Model (4)

« Advantages
— Automatic NC tool path generation
— Visual model colored and shaded
« Disadvantages
— Cannot calculate mass properties
— Cannot generate FEM meshes

* Products
— CATIA, ALIAS, OMEGA, SPEED+
— Applications for CAM and CG
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Basic 3D Models: Surface (1)

« Surface models

Tabulated Cylinder

— accurate surface definition (swept surface) Surface of Revolution
— enclose a volume
— topologically difficult to handle...

Projection vector Centre line

Ruled Surface

717 14

Swept Surface

(a) Bézier surface {b) Quadratic B-spline surface Bold lines = generating curves

NOTE: control points define shape of surface
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Basic 3D Models: Surface (2)

 More complex surfaces

Rectangular section

Elliptical section

Circular section
(a) Lofting

Guide curves Cross section

|b) Cross sectional sweep

Direction of sweep

(c) Variational sweep {a) Trimmed surfaces (b) Individual surfaces, indicating trimming
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Solid Model (1)

 Database
— Store a closed volume
— Surface information + In/out information
— Not allow a simple set of surfaces or characteristic lines if it
can not form a closed volume
* Products

— TIPS, PADL-2, BUILD2, ROMULUS, DESIGNBASE,
Pro/Engineer, SolidWorks, SolidEdge, CATIA, ParaSolid
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Solid Model (2)

« Advantages
— Calculate mass properties
— Generate FEM solid meshes
— Interference checking between objects
— 3D visual model colored and shaded
— NC tool path generation and simulation

« Disadvantages
— Permit only a complete solid model
— Require a large amount of input data (complicated and difficult)
— Large amount of data storage
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Basic 3D Models: Solid (1)

 Volumes
— combine surfaces together
— topology is a problem

— boundary representation
models (B-rep)

1 vl vl w2 v3
¥2 = ve v2 vl

3 y3 =z w7 w3 v2

4 yd = vB w4 v3

5 v5 = ve vl vd
y6 z6 B v7 wb vwh
¥7

8 v8
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Basic 3D Models: Solid (2)

« Boundary models (b-rep) ¢ Rules

— aka: graph-based models — faces bounded by single loop or

— graph nodes & edges ring of edges

— edge joins exactly 2 faces and is
terminated by vertices

Bl E O\ — at least 3 edges meet at each
é,.,_, vertex

- — Euler's Rule applies: V-E+F=2

¥
- \VV-F+F-H= ( - ))
e oo o (extended: V-E+F-H=2(S-P
|II|-1 E' F-| Protrusion
Vo Vo, Wy Wi, ¥ Vi, Ve W
E.E.E; E; EyE\ B E, E.E
Fr.Fe.Fy Fu. Fa Fy,. Fy, F,
Va E, F;
Wi, ¥, Wy A Vi Vo
Ey E;E;s E\ELELE; E.E\Ey
F, F31Fl F, Fz F1.F3.F
Vs E; Fa ~—— Depressions
Vi Vo, Ve Vi Wy Vi, Vo, Wy
E.... Ev.En. .. Ey... Vertices [Edges Feces Holes Passages
Basic shape | i2 ]
Protrusion adds B 12 5 1
Deperession with sharp comers adds 8 12 5 1
Dapression with filleted comers adds 16 24 9 1 . i
CAD Through hole adds 4 8 2 2 1 Geometric Modeling - 30




CAD

Basic 3D Models

 Solid models
Notion of inside vs. outside

Analytical models (extend
surface to 3-parameters)

Spatial decomposition or cell

enumeration

Constructive solid geometry

(CSG)
B-rep [T EM™

P,
B
&

REREE

oy

—d4

-

I —

Quadtree (2D)

(a) A (b)

(c)

Octree concepts (Mintyld 1988)

Octree (3D)
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Basic 3D Models: Solid (4)

Intersection Difference
CSG Primitives and Boolean Operations Graph-based CSG representation
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Basic 3D Models: Solid (5)

This is a “simple” CSG object... Solid models can have problems...

Object = (A - BjuiC - D)

: (a) Manifold {b) Non-manifold

NOTE: By restricting the types of Boolean
operations that are allowed, we can avoid
most of these degeneracies.

(a) (b

This is a much more complex CSG object!
(can you see why this is so?)
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Solid models are useful to show other
aspects of a product - assembly.
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Solid Modeling Functions
* Primitive Creation Functions + Boolean Operations

Surface Moving Functions
— Sweeping, Swinging (used for Parametric Modeling)
— Skinning
« Local Modification Functions

— Rounding(or Blending, or Filleting), Lifting
 Boundary Modeling
* Feature-Based Modeling

« Parametric Modeling
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Primitive Creation Functions
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Boolean Operations

 Basic ldea:

— Each primitive solid is assumed to be a set of points, a
Boolean operation is performed on point sets, and the result
is a solid composed of the points resulting from the operation.

« Boolean Operations

— Union ’ EE— ' subtraction

— Intersection

— Difference . ' — 4

— (Similar Operations:

Sectioning and Gluing) ' . b difference
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CAD

Union Operation

AUB

/

D

D
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Intersection Operation

AB

CAD Geometric Modeling - 39



CAD

Difference Operations

A—B

Geometric Modeling - 40



Limitation of Solid Models in Boolean Operations

« Solid models are not closed to Boolean operations

A AlB
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Result is @ in Solid Modeler
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R0

Example of Boolean Operations (1)
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Example of Boolean Operations (2)
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Sectioning (or Cutting)

o Useful for Cross-Sectional View
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CATIA: Part Design

 Assemble (bodyZ4 SX|)
 Add

« Remove

* |ntersect

 Union Trim

« Remove Lump
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CAD

Translational Sweeping
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Swept surface

(Generator surface
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Rotational Sweeping (Swing)

Axis of revolution

Swept solid

Generator surface
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Examples of Sweeping Operations

i

G
40
FDN
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Skinning

trajectory

section 3 >
X

section 2

section 1
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CAD

Rounding

i

9]

[/

Edge Rounding

Vertex Rounding
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Examples of Rounding Operation

CAD Geometric Modeling - 51



Lifting
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Lifting a Face Group
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Self-Intersection Caused by Lifting
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Boundary Modeling Functions

« Add, delete, or modify the lower entities of a solid,
such as vertices, edges, and faces directly

P5 P5 P5 P5

P1 X . P1 P1 P1 ]
P2. P2 P2

P3 e P3 e P3 P3
[ ] [ ]
P4 P4 P4 P4
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Tweaking

* Vertex Moving

« Surface Replacement
N
> 4>

—

N
- (5
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CAD

Feature-Based Modeling

 Features

Familiar shape units having engineering significance
Depend on application areas

Manufacturing features: Chamfer, Hole, Fillet, Slot, Pocket
Design features: Boss, Rib, etc.

* Feature-Based Modeling

Enables the designer to model solids by using features

“make a hole of a certain size at a certain place” instead of
traditional solid modeling commands like “create a cylinder
of a certain size at a certain place and subtract it from the
base body”
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Features

« Sketched: 2D geometry * Applied: Attached to
(sketch) swept along a existing geometry (eg.
3D path edges, faces)

— Extrude — Fillet
— Revolve — Pattern
— Sweep — Shell
— Loft — Draft
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Manufacturing Features

. I
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-,
Chamfer Hole Slot

Pocket Fillet
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Manufacturing Features Classification in
STEP AP224

Manufacturing Features

| e
Transition feature Machining feature Replicate feature

Slot +Hole gg-. . Circular _]
— Chamfer @j Square - | f Round m 1 *ﬂ pattern

() Rouns — : ™
L Fillet r e FERENI0N 828>, Rectangular
%/ﬁ N e atten |
e @ Tee —— % P
i N '&.h"-«x
@ Countersunk = I?‘% &y General
L Edge round [ ™ 2 Vee — - %J nattem
; ; f - e ;
I I I [ 1 |
Boss Step Round end Planarface Thread Pocket

Rectangular S, s
H{. ,\\;‘_‘\ 2 } H @ Rectangular__ |
_‘_ _’__ closed
PE ii}j hA @ Rectangular |
open
N LN i
@ Circular —
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CATIA: Part Design

satirac o=

=1
LEESSUL oo

p A0 8FOS)
3 .
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CAD
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Pad * Fillet
Pocket  Chamfer
Shaft * Draft
Groove * Shell
Hole

Rib

Slot

Stiffener

Multi-sections Solid
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Example

A “feature-based” approach

Curved wall

Boss with hole

Straight wall

This is much easier to relate to common
manufacturing operations and avoids
creating parts that are impossible to

manufacture using conventional tooling.
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Boss

— Protruding feature on a work piece
— To locate one object within a pocket or hole of another object

Bosses

« Wall thickness of bosses should be no more than 60% of the main wall thickness
« Radius at the base should be at least 25% of the main wall thickness
» Should be supported by ribs that connect to adjacent walls or by gussets at the base.

INCORRECT CORRECT

|solated boss |solated boss with ribs (left) or gussets (right)
« If a boss must be placed near a comer, it should be isolated using ribs.

INCORRECT CORRECT

Boss in corner Ribbed boss in comer

Geometric Modeling - 63
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Parametric Modeling

Allow the designer model a shape by using geometric
constraints and dimension data on its elements

Geometric Constraints
— Describe the relation between the elements
— Two faces are parallel, Two edges lie in a plane, etc

« Dimension Data

— Include not only the dimensions but also the relations between
the dimensions in the form of mathematical equations

Parametric Modeling

— Construct the required shape by solving the equations that
express the geometric constraints, those derived from the
dimensions, and those obtained from the dimensional relations
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CAD

Parametric Modeling Sequence

Input a 2-D shape as a rough sketch

Input geometric constraints and dimension data
Reconstruct the 2-D shape for the input of step2

Repeat steps 2 and 3 until the desired model is obtained
Create a 3-D shape by sweeping or swing the 2-D shape

{JQE ’
w\/

70 70

< = < —

T T

60
60
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Examples of Parametric Modeling
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Parametric Modeling vs. Direct Modeling (Paul Hamilton, Creo Program Manager, PTC, 2013.05.30)

CAD

Solid

- T—

I-DEAS
CATIA V4 CSG
Pro/Engineer CSG + B-Rep
(Wildfire) Primitives

Creo Parametric
NX !

CATIA V5 R
SolidWorks Parametric

Solid Edge _ [\-'indeling

Inventor
IronCAD

Modeling

' !\

Anvil

B-Rep

Graftek
UniGraphics

m HEWLETT®
PACKARD

B-Rep +

Local Ops

Direct
Modeling

History-Based <——

—> History-Free

SolidDesigner
(CoCreate)

CoCreate (Creo Elements/Direct)
SpaceClaim
KeyCreator

Fusion

NX (History-Free Mode)

3D Sync
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Technology Differences

« Parametric (history-based)
approach

CAD

Structured modeling process
The history tree is the master
Constrained sketching

Inherent parent/child
relationships

Part/assembly modes

Edits are typically indirect
Linear parameters

Direct edits are ordered in tree

Design intent defined via
modeling process

* Direct (history-free) approach

Flexible modeling process
The geometry is the master
Flexible sketching

No parent/child relationship
No part/assembly mode
Edits are typically direct
Synchronous parameters

Direct and indirect edits just
change geo

Design intent defined as needed
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Key Value Opportunities

« History-Based Modeling -« History-Free Modeling

— Use the parent/child
relationship to:

« Enable design automation
» Create platforms and families

— This is a powerful and rich
approach

* Where the product strategy is
family-based or platform-driven

CAD

Quickly and easily create 3D designs

Create and modify the model through
direct interaction

Make radical changes at any time
Edit geometry from any CAD source

This is a lightweight/flexible approach

« Where the value of front loading a
design with engineering constraints
and relationships does not carry
forward
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Data Exchange

History-Based Modeling History-Free Modeling

Sketcher Features Constraints | Visualization Direct Modeling | Direct Editing | Recogniton |  Visualization

Sketches, Features, Parameters, Structure

Geometry Geometry

History-Based Modeling History-Free Modeling
Sketcher Features Constraints Visualization Direct Modeling | Direct Ediing |  Recognition Visualization
Geometry Geometry
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Merging the Technologies: Best of Both (1)

In-Direct Direct
Manipulation Manipulation

Parametric History-Based
Approach

GEOI’I‘IE“U’}? E.ditiru;:,-”T

Recording
The ordered, structured model

Not Recording
Just geometry

Parametric Control Direct History-Free Approach
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Merging the Technologies: Best of Both (2)

« Adding Direct Editing to History-Based Modeling

History-Based Modeling

Sketcher Features Consiraints Visualization Direct Editing
Sketches, Features, Parameters, Structu OE
etches, Features, Parameters, re Feature 1\
Geometry

« Adding Parametric Control to History-Free Geometry

History-Free Modeling

Direct Modeling Direct Editing Recognition Visualization Para. Solver

Geometry /
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Example

(a) 2124 HlO|E; (b) CHO|HE 2ROl FHo!

a4
[1]1 #X7t Of22
2lEE Egja
[J CCCC.PRT [J CCCC.PRT
2= FRT_TEST3 = FRT_TEST3
7 DTM1 7 DTM1
siaga v (BE) -+ (chB)
i AreF 1 A AT 1
AT vF 2 7 AT YF 2
P O BLEL1 » P WLEL 1
» ZZICHEA [+ 0|81 =— [2] CAD7}
P ZCICEA S|IAERE
=
CAD 0|51 2|mo HAHINEL aje sty T

(c) SI2E2|0f cHet &Y

[4] CAD7} H4H2
2|5 0|5 Moz =3

() CCCC.PRT

2= FRT_TEST3
L7 DTM1
- (chiEg)

N AFwF 1

A ATYF 2
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R = Bl #X7t
= 0|81 =ME HY
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Data Structure for Solid Models

* CSG (Constructive Solid Geometry) Tree Structure

« B-Rep (Boundary Representation) Data Structure
— Half-edge data structure
— Winged-edge data structure
« Decomposition model structure
— Voxel representation
— Octree representation
— Cell representation

CAD Geometric Modeling - 74



CSG Tree Structure

E 0

+ NULL

\ Primitive node of P,

Primitive node of Po Primitive node of P1
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CSG Tree Data Structure

« Advantages:
— Simple and compact, Easy to manage
— The solid stored in a CSG tree is always a valid solid
— Can always be converted to the B-rep
— Easy to realize parametric modeling

* Disadvantages:
— Only Boolean operations are allowed
— Require a lot of computation to derive the B-rep information
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B-Rep Data Structure

« The basic elements composing the boundary of a
solid would be the vertices, the edges, and the faces

« B-Rep data structure is a structure storing these
entities with the information on how they are

interconnected
2 A
5] m o] List
glol 2 8 ~—X AR
2 A g 2AM e List
X, ¥, z #1 #24 A4 g9 EAH
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CAD

Simple B-Rep Data Structure

Face table
Face Edges
F Ei, Es, Eg
F, Ea, Ee, E7
F3 Es, E7, Eg
F, E., Eg, E;
Fs Ei, Eo, E3, Eg

Edge table Vertex table
Edge Vertices Vertex Coordinates

E Vi, Vs Vi X1, Y1, Z1
E, V2, V3 \%) X2, 2, Z2
E; Vs, Va4 Vs X3, ¥3, Z3
E4 V4, Vi Vy X4, V4, Z4
Es Vi1, Vs Vs Xs, Y5, Z5
Es V2, Vs Vs X6, Y6, Z6
E; Vs, Vs

Eg V4, Vs
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Problems of Simple B-Rep (1)

« Designed for only Planar Polyhedra

— If a solid having the curved faces and the curve edges is to
be stored, each row of the face table and the edge table
should be modified to include the surface equation and the

curve equation, respectively
* Not Support a Face with Multiple Boundaries

— It cannot be stored in the face table because it requires
multiple list of edges instead of a single list

— “bridge edge” Method: Add an edge connecting the external
and the internal boundaries to merge two list of edges into

O |- O]
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Problems of Simple B-Rep (2)

* Different number of columns for each row of the face
table

— the number of edges for each face is different and varies as
the modeling operation proceeds

* Inefficient Search for Connectivity Information
— searching two faces sharing an edge
— searching all the edges sharing a vertex
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Half Edge Data Structure (1)

 Introduction of Doubly Linked List
— As a remedy for the variable size of the face table
— storing a list of edges for each face in a doubly linked list

F,

T T

§E5<__>E64__>E1@ §E2<__>E64__>E7@

F,

 New Problem:
— Inconsistency of the previous and the next edge pointers of E;

CAD Geometric Modeling - 81



Half Edge Data Structure (2)

 Introduction of Half Edges

— splitting each edge into halves and using these halves
separately for the two faces sharing the original edge
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Half Edge Data Structure (3)

* Introduction of Loops

— To represent the faces with inner holes without adding
redundant bridge edges

— Aloop is a list of edges forming a closed circuit and thus any
face is bounded by one peripheral loop (CCW) and several
hole loops (CW)

/W/ —L

/hl

.
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CAD

struct solid

{
Id
Face
Edge
Vertex
Solid
Solid

35

struct face

{
Id
Solid
Loop
Loop
vector
Face
Face

35

struct loop

{
HalfEdge
Face
Loop
Loop

35

struct edge

{
HalfEdge
HalfEdge
Edge
Edge

35

Half Edge Data Structure (4)

solidno;
*sfaces;
*sedges;
*sverts;
*nexts;
*prevs;

faceno;
*fsolid;
*flout;
*floops;
feq;
*nextf;
*prevf;

*ledg;

*1face;
*nextl;
*prevl;

*hel;
*he2;
*nexte;
*preve;

/* solid identifier */

/* pointer to list of faces */

/* pointer to list of edges */
/* pointer to list of vertices */
/* pointer to next sold */

/* pointer to previous solid */

/* face identifier */

/* back pointer to solid */

/* pointer to outer loop */

/* pointer to list of loops */
/* face equation */

/* pointer to next face */

/* pointer to previous face */

/* prt to ring of halfedges */
/* back pointer to face */

/* pointer to next loop */

/* pointer to previous loop */

/* pointer to right halfedge */
/* pointer to left halfedge */
/* pointer to next edge */

/* pointer to previous edge */

struct halfedge
{
Edge
Vertex
Loop
HalfEdge
HalfEdge
35

struct vertex

{
Id
HalfEdge
vector
Vertex
Vertex

35

union nodes

{
Solid
Face
Loop
HalfEdge
Vertex
Edge

35

*edg;
*Vtx;
*wloop;
*nxt;
prv;

vertexno;
*vedge;
*vcoord;
*nextv;
*prevv;

/* pointer to parent edge */

/* pointer to starting vertex */
/* back pointer to loop */

/* pointer to next halfedge */
/* pointer to previous halfedge */

/* vertex identifier */

/* pointer to a halfedge */

/* vertex coordinates */

/* pointer to next vertex */

/* pointer to previous vertex */
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Half Edge Data Structure (5)

* Finding an adjacency information between edges and
vertices
— Search all the edges connected to a vertex, denoted by V,
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Winged Edge Data Structure (1)

* Introduced by Baumgart in 1974

- Extended by Braid to handle a solid with through
holes by introducing the concept of a loop

« Although the face has the major role in describing a
solid in Half Edge data structure, the edges play the
major role in winged edge data structure

« Connections between vertices, edges, and faces in
Winged Edge Structure
— The list of edges for each face is not explicitly stored

— The problem of varying number of edges for each face is
solved without introducing the linked list, and consequently
the half edges
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Winged Edge Data Structure (2)

« Connection between a face and its loops

Face

't T

<—>Loop1 —> Loop2 — e —> Loopnj

« Connection between a loop and its edges

Loop

Edgel
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Winged Edge Data Structure (3)

 Edge
— StLt2| edgeOfl CHOH C=1df €2 8712 HE K45 XYLt

Next Vertex
Left —arm edge Right —arm edge
L
/N Left Loop<—— Edge ——— Right Loop
. / \

ol
Ey

Left —leg edge Right —leg edge

. )

E, Previous Vertex
1

« Connection between a vertex and its edges

Vertex

|

Edgel

CAD Geometric Modeling - 88




Example of Winged Edge Data Structure (1)
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Example of Winged Edge Data Structure (2)

FACE
Loop | Type Geor.n etric
Pointer

F; 1 1 2

F, 2 1 1

F3 3 1 3

F, 4 1 4

Fs 5 1 5

Fs 6 1 6

F, 7 2 1

Fyg 8 2 1

LOOP
Next
Face Edge Type

Loop
L, 9 1 1 | O=peripheral
L, 10 2 8 0
L 0 3 9 0
| 0 4 2 0
Ls 0 5 11 0
L 0 6 9 0
L, 0 7 18 0
Lg 0 8 17 0
Lo 1 1 13 1=hole
Lo 2 2 15 1

EDGE
Previous | Next | Left Right| Left Left | Right Right Type Geometric
Vertex | Vertex | Loop  Loop | arm | leg leg | arm Pointer
E, 1 2 3 1 10 9 4 2 1
E, 2 3 4 1 11 10 1 3 1
E; 3 4 5 1 12 11 2 4 1
E, 4 1 6 1 9 12 3 1 1
E;s 5 6 2 3 6 8 9 10 1
Es 6 7 2 4 7 5 10 11 1
E; 7 8 2 5 8 6 11 12 1
E;g 8 5 2 6 5 7 12 9 1
Eg 5 1 3 6 1 5 8 4 1
Eo 6 2 4 3 2 6 5 1 1
Ej 7 3 5 4 3 7 6 2 1
Epn, 8 4 6 5 4 8 7 3 1 .
Eiz 9 10 9 7 14 14 17 18 2 1
Euy 10 9 9 8 13 13 18 17 2 1
Eis 11 12 7 10 18 17 16 16 2 2
Eis 12 11 8 10 17 18 15 15 2 2
Ei; 9 11 7 8 15 13 14 16 1
Eig 10 12 8 7 16 14 13 15 1

VERTEX

Edge | xy,z
V, 1 1
V, 2 2
V; 3 3
\A 4 4
Vs 5 5
Vi 6 6
\Z 7 7
Vi 8 8
Vo 13 9
Vi | 14 10
v, | 15 11

<
o

—_
N
—
[\
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B-Rep(Boundary Representation)

« Advantages:

— Quick response (for display...) as the result of boundary
evaluation is stored

— Provide topology information immediately
— Support various modeling functions including the Boolean
operations
« Disadvantages:

— Complex data structure and a lot of data storage
requirement

— Not easy to realize the parametric modeling technique
— Invalid solid models may happen
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Decomposition Model Structure

« Approximate description of a solid model as an
aggregate of simple solids

« Many possible decomposition models depending
upon the selection of the simple solid and the method
of aggregation.

« Typical Decomposition Models
— Voxel representation
— Octree representation
— Cell representation
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Voxel Representation (1)

A three dimensional extension of the raster

representation
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Voxel Representation (2)

« Advantages

— A solid of arbitrary shape can be described always
accurately or approximately at least (human bones and
organs

— Easy to calculate the mass properties of a solid, such as
mass and moments of inertia

— Easy to obtain the result of the Boolean operation between
two solids

— Able to represent the space excluding the solid

« useful to calculate the trajectory of robots avoiding the
obstacles
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Voxel Representation (3)

 Drawbacks

— The memory space required to store the voxel
representation increase dramatically as the size of the
voxels decrease

— The voxel representation is inherently an approximation of
the original solid

« Usage of Voxel Representation
— Not used as a mathematical representation of a solid

— Often used as an auxiliary representation to increase the
computational efficiency
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Octree Representation

 The original cube or s YT
divided into eight cubes, /2 3
which is called Octants, each /
time L/ /7’2
6 7 /1_>X

 Qctree: a tree whose nodes Juy

represent the octants
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Cell Decomposition Representation

« Describes a solid as an aggregate of simple cells with
arbitrary shape

* Finite elements is a typical example
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Topological Operators

« Topological operations manipulating the data in the
B-Rep data structure are necessary

* The topology entities stored in B-Rep data structures
are shell, face, loop, edge, and vertex.

 Two possible choices:
1. The topological operators each of which manipulates these
entities separately

* e.g. an operator to make an edge, an operator to delete a
vertex, etc

2. The topological operators that manipulates these entities in a
small group
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Problems of The First Type of
Topological Operators

« The Operators Manipulating Topology Entities Separately
1. Invalid Solid

— There is an inherent contradiction of trying to handle independently
each topology entity which is not independent of each other.

— The relation called the Euler-Poincare formula exists among the
numbers of the topology entities.

2. Inefficiency

— An addition or a deletion of a topology entity accompanies the
change in other topology entities in most cases.

CAD Geometric Modeling - 99



Euler-Poincare Formula

v-e+f-h=2(s-p)

v : no. of vertices e : no. of edges
f: no. of faces or the peripheral loops h: no. of hole loops (/- f)
p : no. of passages (through hole) s : no. of shells

(internal void of a solid = 1)

y=16, £=10, h=2, s=1, and p=1

16-24+10-2=2(1-1)
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¥

™
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Dependency between Topology Entities

CAD

« An addition or a deletion of a topology entity

accompanies the change in other topology entities Iin

most cases.
 Example:

— Change in a face caused by an addition of an edge

/

=)

/
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Euler Operators

* The operators that manipulate the topology entities in a
small group with satisfying the Euler-Poincare formula

« The valid solid can be guaranteed after the topology change

* More than five sets of the operators are required

— As there are five independent topology entities in the Euler-Poincare
formula

—v—e+f—h=2(s-p)

—v—e+f-(1-f)=2(s-p)

—v—e+2f-1=2(s-p)

0, 0, 0) - MEV, Make an Edge and a Vertex

0, 0, 0) - MEF, Make a Face and an Edge

,0,0,1) - MBFV, Make a Body (new shell), Face and Vertex
0,1, 1) -
1,0,0) -

MGB, Increase the Genus and Make a Body (shell)
MEKH, Make and Edge and Kill a Hole
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Euler Operations

MVES
_ o KEMH
KVES
MEKH
MEV
>< > < / ......... ﬂ KEMHP : /‘
- : MFKHP ‘ ‘

KEF
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Euler Operations

MEVVLS | make( kill ) edge, two vertices, loop, NV —
(KEVVLS) shell 7N
MEL ke( kill ) edge, | =
make( kill ) edge, loo
(KEL) J P
MEV
make( kill ) edge, vertex . G oe——e
(KEV)
MVE
make( kill ) vertex, edge o—o () oo o
(KVE)
MEKH
make( kill ) edge, kill( make ) hole =)
(KEMH)
MZEV
make( kill ) zero length edge, vertex N
(KZEV)
MPKH make( kill ) peripheral loop, &
(KPMH) kill( make ) hole loop X

peripheral loop
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Example of Euler Operators

MVFS 3*MEV

4+MEV

V 4
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Example of Euler Operators

2 MEV 3 MEV| ©

— — YEF

(:) ‘,' MEF

MEF MEF
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Boolean Operations

 Intersect faces and collect all the edges
« Classify edges: infon/out of A and B

« Collect the proper edges
— Based on their relative location and the specific Boolean operation
— “A union B” = collect all edges except “inA” or “inB” edges
— “Aintersection B"= collect all edges except “outA” or “outB” edges

on A, outB

F . .
A
in A,
] on A, outB o208 1 out A, on B
sy
sl B in A, on A,
sl i
R l onB in B
on A. outB on A, out A, onB
! in B
| * . .
out A, on B
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Formulae for Volume Properties

Centroid:

Xp = %Jirfvde
Yo = % vade
Z, = %JGI,ZCW

Volume: V = W av
|74

Moments of Inertia:

Lex = Jgr (y* + z%)dA

A

Ly = JGL (x% + z%)dA

L= | fA (% + x2)dA

Products of Inertia:
[

L. = dA
[
I, = dA
2= )], "
([
I, = dA
zZX JJA zX

— Voxel or octree representation: coordinates = sum
— CSG: adding or subtracting the volume integrals of primitives
— B-Rep: not so simple

CAD

Geometric Modeling - 109



Calculation of Volumetric Properties (1)

« Step 1: Convert the volume integral to the surface
integral by Gauss’s theorem

¢=MV F(x,y,z)dv=ﬂfv (V-d))deﬂS (cp-n)ds=ﬂs G(x,y,2)dS

« Step 2: Surface integral is obtained by summing the
surface integral over each face because S = X' S,

v, =[], Gayz) ds

n: number of faces

J- jS G(x,y,z) ds :inZ;:l//i where {
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Calculation of Volumetric Properties (2)

« Step 3: Convert each surface integral to a double
integral over the domain of the parameters defining S;

face S, = P(u,v) = x(u,v)i+ y(u,v)j+ z(u, v)k
=1, Glx(u,v).y(u,v),z(u,v)] || dudv = H (u,v)dudy
OP(u,v) y OP(u,v)

ou ov
If the domain R, 1s a square represented by 0 <u <land 0 <v <1,

Y, = ”R- H(u,v)dudv = izn:wiij(ui,vj)

i=1 j=1

where |J | =
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Gaussian Quadrature

CAD

« Sample parameter values
and corresponding weights
for Gaussian quadrature

i j

[ ]

BW R [IY Ny

S, QSRR SN

R I T S

wi

n,ms=2
0.500 000 000
0.500 000 000

n,m=23
0.277 777 778
0.444 444 444
0.277 777778

n,m=4
0.173 927 423
0.326 072 577
0.326 072 577
0.173 927 423

n,m =5
0.118 463 443
0.239 314 335
0.284 444 444
0.239 314 335
0.118 463 443

nm-=6
0.085 662 246
0.180 380 787
0.233 956 967
0.233 956 967
0.180 380 787
0.085 662 246

ui, vi

0.211 324 865
0.788 673 135

0.112 701 665
0.500 000 000
0.887 298 335

0.069 431 844
0.330 009 478
0.669 990 522
0.930 568 156

0.046 910 077
0.230 765 345
0.500 000 000
0.769 234 655
0.953 089 923

0.033 765 243
0.169 395 307
0.380 690 407
0.619 309 593
0.830 604 693
0.966 234 757
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One Dimensional Gauss Integration Rules

1 point: I

2 points

. r+1
3 points: 1

. r+1
4 points: 1

[534 ==&, =

" p
ng§w§z;y¢qg

p (2 1) : number of Gauss integration (sample) points
w, : Integration weights

& . sample-point abcissae in the interval [ —1,+1]

integrate exactly polynomials of order up to (2p—1)

(M ~2F(0)

e =r(- 5 Jo ()

F(f)de”ng(—\Ej+§F(o)+gF£\E]

F(f)dézW14F(§14)+W24F(§24)+W34F(§34)+W44F(§44)

3 2 /6 3 216 1 15 1 15
77 7\5° Cus =614 = 7"’; E,W14:W44:§_g 6’ W24:W34:§+g 6
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Two-Point Gauss-Legendre Formula

f(x) 4

[ F(&)ds=wF(&)+wF (&)

unknown: w;,w,,&, &

(F(f):1:>w1+w2=2
F(é):§:>w1§1+wzfz—0
<F(ﬁ) 'f :>W§1 +Wz§2 _§
F(§)253:>W1§13+W2§2 =0
1 1
N 51__$9 gz_ﬁ
wo=w, =
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Calculation of Volumetric Properties (3)

« Step 4: (not mapped to a square in its parametric
domain) Convert each double integral to the line
integral by Green’s theorem

— As double integrals over irregular domains cannot be
evaluated by Gaussian quadrature

[” u v a’udv ]“J‘ {505(14,\/)_5ﬂ(u,v)}dudv=Cﬁ[ﬂ(u,v)du+a(u,v)dv]

ou ov

oa(u,v) opf(u,v oy
o) Bl

 ou
ZZayulvf —>a u v) iiLaljui“vj

i=0 j=0 ]=Ol+1

W, = ” uv dudv (j)a(u,v)dv Y > .

A
4

_Oa (u,v)

R;
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Calculation of Volumetric Properties (4)

« Step 5: Line integral along the closed boundary is
evaluated by summing the line integral along each
curve segments

W, = ” u v a’udv = 4)05(14 v)dv = ZJ. o(u,v)dv

summation for all the curve segments on the boundary

any curve segment along the boundary in the #v domain:
uzu(t), v:v(t), 0<t<l1

v =Z::I;a[u(t),v(t) ® a | ,
d 1

CAD Geometric Modeling - 116

A

Y



Nonmanifold Modeling Systems

« Allow the unified representation of wireframe, surface,
solid and cellular models simultaneously in the same
modeling environment

— Uncompleted geometric models at intermediate design stages
— Abstract models of mixed dimensions for FEM analysis

— Cellular structure for FEM solid meshes

— Isolated vertices, dangling edges, laminar faces, screen faces
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(Two-)Manifold Models
 Manifold == Two-Manifold

« Two Manifold = Every point has a neighborhood that
homeomorphic to a two-dimensional disk

* Used in B-Rep-based solid modeling systems
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Nonmanifold Models

« Nonmanifold == Non Two-Manifold

— When restrictions of closure and completeness are removed
from the solid definition, wireframe entities can coexist with
volume based solids
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Conversion of Sheet into Solid

Sheet Model Solid Model




CAD

Design Model

/|

Abstract Models for Analysis

Analysis Model

/|
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Nonmanifold Modeling Systems

« Advantages:

— Wide range of representation with a single data structure
« Wireframes, Surfaces, Solids, Cellular Models, and their Mixtures

« Support most of the geometric models for design, analysis and
manufacturing

* Disadvantages:
— Data structure is complicated and difficult to manipulate
— Large amount of data storage
— More calculation in Boolean operations than solid modelers

* Products:
— ACIS, |-DEAS Master Series, SHAPES, AnyShape (KMU)
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