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 Dimension of Data
— Scalar, Vector, Matrix, Tensor

matrix
AinR3® x4

vector
z in R®
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tensor
T in R3 a2
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Highlights of Linear Algebra

* Goal: understanding even more than solving

Ax =2x = Find x and A (

Av=0ou— Findv,u and ¢

2
|Ax]
2
|~

Factor the matix A

Minimize

<

Applied Mathematics for Deep Learning

— Factor A = (columns) times (rows)

close but different, two vectors u and v
A: rectangular, full of data

what part of that data matrix is important?

Singular Value Decomposition: find its simplest pieces cuv’

data science meets linear algebra in the SVD

Principal Component Analysis: find those pieces suv’

N

> —>

[Ax =b — Find x (Is the vector b in the column space of A?)

eigenvector directions so that Ax keeps the same direction as xj

solve anything linear when we know every x and A

singular vectors and

the best X in the least squares

compute o )
principal comonent v, in PCA

fit the data
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1. Multiplication Ax Using Columns of A

* Matrix-vector multiplication

— Dot products: (row)-(column), computing, low level

— Linear combination of the columns of A
* Independent columns = basis for the column space
« Combinations of the columns fill out the column space of A

4,

S
2 4

, A,

(2 3
2 4
3 7

5
6
10

, A

(2 3 1]
2 4 1
3 7 1

« rank of A = rank of C. number of independent columns

— Column rank = Row rank
* Meaning of Ax=Db 7

Applied Mathematics for Deep Learning

= Dimension of the column space of Aand C
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« Factor A into C times R
— R: row-reduced echelon form of A, rref(A)

1 3 8] [1 3
1 0 2
A=|1 2 6|=1 2 =CR
0 1 2
01 2] |0 1
1 2 3]
A=|0 4 5
0 0 6]
12 5] [1
A= i ; > |= 1 [1 2 5] subspaces of R? : independent column vectors a;,a,,a,
5

- (7 =0: the zero vector (0,0,0) itself
r =1: aline of all vectors x,a,

r =2: aplane of all vectors x,a; + x,a,

(» =3 the whole R> with all vectors x,a, +x,a, + X2,
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2. Matrix-Matrix Multiplication AB

« AB = (m by n) times (n by p)

* |Inner product: rows times columns
— mp inner products, n multiplications each

« Quter product: columns times rows
— n outer products, mp multiplications each

. : - by S
AB=|ay ay ay |- - by |=|- 0 oy
. : - - by Coe

3
Cp3 = g b3 +ayybyy +aybsy; = Zazkka =Gy = Zaikbkj
k:

n

1 k=1
*
| N
. *k ES
AB=|aq - a, : =leb1 +--+a,b,
| | - b * sum of ranﬁl matrices
n

Applied Mathematics for Deep Learning
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6 8 12
uv! =2 [3 4 6]= 6 8 12 |=rank one matrix
1 3 4 6

) 6 8 127 [6 6 3] [3
(w') =|6 8 12| =|8 8 4|=[4][2 2 1]=wu
3 4 6 12 12 6| |6

row space of uv’ is the line through v

B PR H O U R PP P

(n by n) times (n by n) — n° multiplications

(m by n) times (n by p) — mnp multiplications
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Insight from Column times Row

— Why is the outer product approach essential in data science?
« We are looking for the important part of a matrix A
« We don't usually want the biggest number in A

* What we want more is the largest piece of A: those pieces are
rank one matrices uv’

— Factor A into CR and look at the pieces c,r,* of A=CR
— Five great factorizations

(A =LU from elimination
A = QR from orthogonalization (Gram-Schmidt)

S = QAQT from eigenvectors of a symmetric matrix

A = XAX! diagonalizes A by the eigenvector matrix X
A =UzV’ (orthogonal)(diagonal)(orthogonal)

| = Singular Value Decomposition

Applied Mathematics for Deep Learning Highlights of Linear Algebra - 7




3. Four Fundamental Subspaces
m by n matrix A

 Column space C(A)in R™ dimr
 Row space C(AT)inR", dimr

* Nullspace N(A), dim n-r

 Left nullspace N(AT), dim m-r

1 2 1 5 ph
A = _ [1 2] m=2,n=2,r=1 N
3 6 3
(Bx =0:(n-r) independent solutions

o [1 2 2] weansenr C(B)=R" NERE 2
3 6 -6 ’ C(BT)CR” x; =|1],x, =| 0 | > orthogonal?

0 1

Ax:0—>x:{2}—>C(AT)J_N(A)

Aly=0-y {_ﬂ —~C(A) LN(AT)
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The other two fundamental spaces come from the transpose matrix AT. They are
N (AT) and C(AT). We call C(AT) the “row space of A” because the rows of A are
the columns of AT. What are those spaces for our 2 by 2 example?

11 2 1 ] T |1 3
A—[S 6] transposes to A —[2 6]'

Both columns of AT are in the direction of (1,2). The line of all vectors (c,2c) is
C(A") = row space of A. The nullspace of A" is in the direction of (3, —1):

1 3 E 0 E 3e
T T -
Nullspace of A Ay_[?ﬁ}[}?]_[[l] gives [F]_[—c]'

The four subspaces N(A), C(A), N(AT), C(AT) combine beautifully into the big
picture of linear algebra. Figure A2 shows how the nullspace N (A) is perpendicular
to the row space C(AT). Every input vector x splits into a row space part z, and a
nullspace part x,,. Multiplying by A always(!) produces a vector in the column space.
Multiplication goes from left to right in the picture, from x to Az = b.

column space
C(A)
multiples of (1, 3)

nullspace N(AT)

row space C'(A") | nullspace N (A) “multiplcs of (3, -1)

A — 1 2
multiples of (1, 2) T multiples of (2, —1) 136

Figure A2: The four fundamental subspaces (lines) for the singular matrix A.
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C(A)

dim r

C(AT)

column space
all vectors Ax

row space
all vectors ATy

The big picture

left nullspace
ATy =0

nullspace
Axr =0

N(AT)

dimension m — 7

N(A)

dimension n — r
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