Four Ways to Solve Least Squares Problems

 Many applications lead to unsolvable linear equations
Ax=b - produce a best solution

« The least squares method chooses x to make ||b-Ax||?
as small as possible

« ATA: attractive symmetry, but size, condition number
« Large, ill-posed problems?

1. Solve A" Ax = A”b to minimize ||Ax —b||2

2. Gram-Schmit A = QR leads to x=R'Q’b

3. The pseudoinverse directly multiplies b to give x

-1
4. The best is the limit of (ATA + 51) ATbas 6 >0
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ATA or ATCA

applications ATA (or ATCA), C: positive diagonal matrix
Mechanical engineering | Stiffness matrix
Circuit theory Conductance matrix
Graph theory Graph Laplacian
Mathematics Gram matrix (inner products of columns of A)

 Inlarge problems, ATA is expensive and often
dangerous to compute
— How to avoid? A=QR = Rx=Q'b
— Try not to compute: orthogonal matrices, triangular matrices
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Normal Equations (1)

A" A is inverible exactly when A has independent columns.
I[fAx=0thenx=0

Always A and A’ A have the same null space!
ATAx=0—>x"ATAx =0 |Ax| =0 - Ax=0
N(A"A)=N(A), C(AAT)=C(A), rank (A" A) = rank(AA" ) = rank (A)

I x
-1 1
. . =b—> h =n= .| C
fit a straight line tobl,...,bm%{Ax b— A~ whenm=n r}—) D { }:

v b : vector of measurements
C+Dx

minimize |Ax-b|’ =(Ax—b)" (Ax—b)=x"A"Ax-2b"Ax+b’b
x"A’b

timalit ~
optimality )ATAXIATb
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Normal Equations (2)

e is perpendicular to the plane (column space of A)
> (Ax)" (b-A%)=0->x"AT (b-A%)=0—> A7 (b—A%)=0
ormal equation for x: A”Ax = A"b

-1
least square solutionto Ax=b: x = (AT A) A'b

-1
projection to b onto the column space of A: p = Ax = A(ATA) ATp

-1
projection matrix that multiplies b to give p: P = A(AT A) AT 5pP*=P

b

e = b — p = error vector
p = projection of b
= AZ in the column space
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Gram-Schmit

columns of A are still assumed to be independent, but not to be orthogonal

A" A is a diagonal matrix and solving A" Ax = A”b needs work.

orthogonalize the columns of A — X is easy to find

operation counts doubled, but orthogonal vectors provide numerical stability (AT A : nearly singular‘?)

2

cond(AT A) = HAT AHH(AT A)_1 H = 0—12 — large? orthogonalize in advance!

Oy

cond(Q) =@ =1

a

_
q =7
o

A
A, =2, _(azT(h)‘h —>q, =727 >q' A, =0?

A

Az =2, _(33T‘11)‘h _(33T‘12)Q2 —>q3 =

As

A

'

— |3 a, a;

A = QR — R = Q’ A = inner product of q's with a's! — K = ql-Taj

ATAX=A"b 5> RTQ"QRx =R7Q"b - Rx = Q’b, safe and fast
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Pseudoinverse of A: A*
(when A is not invertible)

A(mxn)—> pseudoinverse A" (nxm): AA" ~ 1
ifA™! exists, AATT=ATTA= I, then A" = Al square, ful rank matrix
rectangular

in case of < zero eigenvalues

square, but has null space other than 0 vecter = columns are dependent

-1
if A has independent columns, then A™ = (ATA) AT andso ATA =1

-1
if A has independent rows, then A" = A" (AAT ) and so AA" =1

A diagonal matrix X is inverted where possible, otherwise X" has zeros

/oy 0 0O
o 0 0 0
.0 1Yo, 0
2=[0 o, 0 0|>%" =
0 0 O
0 0 0 O
0 0 O

The pseudoinverse of A = UZV’ is A*=VZ'U’
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Pseudoinverse of A: A*

A Row space to column space
AT Column space to row space

IRNLL Y
space of A™ Reverse the 4 subspaces for A"

space of A
ow space of A

column space of A7,

ATe =10

nullspace of AT
= nullspace of At

Pseudoinverse At

I row space
0 nullspace
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Pseudoinverse of A: A*

2 : :
x=x' = A"b makes ||b — Ax” as small as possible — least squares solution

if another x achieves that minimum then [[x*

: 3 0f x 6. . N 1/3 01]/6 2
The shortest least squares solution to = isx' =A'b= =
0 0f x, 8 0 08 0

0
all vectors {
%)

< ||f(|| — minimum norm solution

} are in the nullspace of A

2

} minimize ||b —Ax”2 = 64, but {2} 1s the shortest
X, 0

all vectors X = {

A=UxV! > ||b — Ax”2 — the bestx” = A™b

SDV solved the least square problems in one step A"b — computational cost?
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Least Squares with a Penalty Term
(Ridge Regression)

if A has dependent columns and Ax = 0 has nonzero solutions,

then A" A cannot be invertible — we need A*
: .. 2 2
regularize least squares: minimize ||Ax —b|| +6° ||x||

— solve (ATA+521)X5 =A'b, x; >Xas 5 >0

0ifc=0
-1
A(1by 1):(A"A+571) AT:( Zaézjif5—>0, thenthelimitis{l " 0<—>A+=00ri
o + — 1L o # o
o)

A=UzV! S ATA+sa=vEUTUZVT + 6% = V(ZTE + 521)VT

(ATA + 521)_1 AT = V(ZTZ + 521)_1 v’ (VETUT ) - V(ZTZ + 521)_1 x7u’

-1
limitV[(ZT >:+521) 7 }UT —vztul =AY
o0—0
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