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Convolution (2)
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Filter (1)

( )

filter

1
0

0 1 1smooth the data

1

1

convolution: 

1
0averaging filter

22

1
1

2

1 2 1 2

1 2 1 2

k k
k k

k l k l k k

l

k

k

k

y h x

x x
l hx y

y h x h x h x

l h

x

y

y

−

− −

−

+

= 



+  = → =→ → =   
 = = + + + → 
  = → =
 

   
   
   
   =
   
   
   
   



( )

( )

( )

1
filter

1 0

LTI Linear Time Invariant :  keep the filter unchanged

as the signal comes through, keep the half shift shift

FIR Finite Impulse Response :  1,  0 others

Lowpass Filte

k

k

x

x x+

 
  
  
  ⎯⎯⎯→ →
  

=  
 
 

( ) ( ) ( )

( )

( )
( )

( )

1

frequency
response

r

input :  ,

0 :  1 1

:  1 ,1, 1,1, 1, 0

0 :  11
in-between frequency :  

2 2 :  0

ik
k

k k

k ki
k k

i kik i
ik ik

k

x e

x y

x e y

He e e
y e H e

H





 
 

  



 

 


  

− −

= −  

= = → =

= = = − = − − → =

 = = + + 
= = = →    = =  



Linear Algebra Fourier Transform - 16

Filter (2)
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Filter (3)
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Shift Matrices and Circulant Matrices

1 2 1

2 3 22

3 4 3

4 1 4

upward shift cyclic permutation

0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0

0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1
,  

0 0 0 1 0 0 0 1 0 0 0 1 1 0 0 0

1 0 0 0 1 0 0 0 1 0 0 0 0 1

x x x

x x x

x x x

x x x

          
          
          = = = =
          
          

          

Px P x

( )( )

1 3

2 4

3 1

4 2

4 3 3 1

0 1 2 3

3 0 1 22 3

0 1 2 3

2 3 0 1

1 2 3 0

0 0

Circulant matrix: 

x x

x x

x x

x x

c c c c

c c c c
c c c c

c c c c

c c c c

−

    
    
     =
    
    

     

= = → =

 
 
 = + + + =
 
 
 

P P P I P P

C I P P P



Linear Algebra Fourier Transform - 19

Shift Matrices and Circulant Matrices
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Eigenvalues and Eigenvectors of P

2 11 2 1

3 22 3 2

4 33 4 3

2 3 4 4
4 1 4 1 4 3 2 1

4,  

0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0 1

The eigenvalues of  are the fourth roots of
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Eigenvalues and Eigenvectors of C
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Convolution Rule
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Convolution of Functions
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periodic function  and  , and their Fourier series are infinite 0, 1,
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