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• Basic methods

✓ Euler`s method

✓ Heun`s method

✓ Midpoint method

✓ Runge-Kutta method
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EXAMPLE 25.5
ODE 함수 예제
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EULER`S METHOD: FUNCTION
오일러 방법을 적용한 메인
함수 코드
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EULER`S METHOD: MAIN
Analytical solution을 구하는
코드

전 페이지에서 정의한 함수
를 이용하여 수치적인 해를
구하는 코드

이론해와 수치해 비교
도식화
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EULER`S METHOD: RESULTS
그래프

독립 변수 step 별로 종속
변수 및 에러 출력
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HEUN`S METHOD: FUNCTION
Heun`s method 의
corrector update 를 하지
않은 메인 함수 코드
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HEUN`S METHOD: FUNCTION
Heun`s method 의
corrector update 를 하는
메인 코드
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HEUN`S METHOD: MAIN
Heun`s method 의
corrector update 를 구분하
여 함수 호출
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HEUN`S METHOD: RESULTS
그래프

독립 변수 step 별로 종속
변수 및 에러 출력
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MIDPOINT METHOD: FUNCTION
midpoint method 메인 함
수 코드
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MIDPOINT METHOD: MAIN
midpoint method 함수를
호출
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MIDPOINT METHOD: RESULTS
그래프

독립 변수 step 별로 종속
변수 및 에러 출력
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2ND RK: FUNCTION
Second-order Runge-Kutta 
Method 를 적용한 메인 함
수 코드
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2ND RK: MAIN
3가지 방법을 비교하기 위
한 메인 코드
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2ND RK : RESULTS
그래프

독립 변수 step 별로 종속
변수 및 에러 출력
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4TH RK: FUNCTION
Fourth-order Runge-Kutta 
Method 를 적용한 메인 함
수 코드

( )

( )

( )

1

1 2 3 4

1

2 1

2 2

4 3

1
2 2

6

,

1 1
,

2 2

1 1
,

2 2

,

i i

i i

i i

i i

i i

y y

k k k k h

k f t y

k f t h y k h

k f t h y k h

k f t h y k h

+ =

+ + + +

=

 
= + + 

 

 
= + + 

 

= + +



Copyright ©  2019 Computational Design Lab. All rights reserved.

CAE

19

4TH RK: MAIN
Fourth-order RK method 
를 적용한 메인 코드



Copyright ©  2019 Computational Design Lab. All rights reserved.

CAE

20

4TH RK : RESULTS
그래프

독립 변수 step 별로 종속
변수 및 에러 출력
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• Matlab bulit-in functions for nonstiff systems

✓ ode23

✓ ode45

✓ ode113

✓ Examples



Copyright ©  2019 Computational Design Lab. All rights reserved.

CAE

22

ODEX BUILT IN FUNCTIONS

ode23: The ode23 uses the BS23 algorithm (Bogacki and Shampine, 1989; Shampine, 1994), which 

simultaneously uses second- and third-order RK formulas to solve the ODE and make error estimates for 

step-size adjustment.

ode45: The ode45 function uses an algorithm devoloped by Dormand and Prince (1980), which 

simultaneously uses fourth- and fifth-order RK formulas to solve the ODE and make error estimates for 

step-size adjustment. MATLAB recommends that ode45 is the best function to apply as a “first try” for 

most problems.

ode113: The ode113 function uses a variable-order Adams-Bashforth-Moulton solver. It is useful for 

stringent error tolerances or computationally intensive ODE functions. Note that this is a multistep method.

[t, y] = odex(odefun, tspan, y0, options)

1. odefun : Functions to solve (function)

2. tspan : Interval of integration (vector)

3. y0 : initial conditions (vector)

4. options : option structure (structure array)
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EXAMPLE 25.5: MAIN
ode23, ode45, ode113 함
수를 적용한 코드

예제
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EXAMPLE 25.5: RESULTS
ode23, ode45, ode113 함
수를 적용한 결과
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EXAMPLE 28.2
Predator-prey model 
developed by the Italian 
mathematician Vito Volterra
and the American biologist 
Alfred J. Lotka. 

먹이사슬에 관한 미분방정식

a = the prey growth rate
c = the predator death rate
b=d= the rate 
characterizing the effect of 
the predator-prey 
interaction on prey death 
and predator growth
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EXAMPLE 28.2: MAIN & RESULT
실행 코드

결과

y1 은 prey (먹이)
y2 는 predator (포식자)

먹이의 증가 및 감소가 포식
자의 분포에 영향을 끼치는
결과
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EXAMPLE 25.14
Adaptive ODE solver 를 보
여주기 위한 미분방정식
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EXAMPLE 25.14: MAIN & RESULT
Relative tolerance를 조절하
지 않은 ode45 코드

Relative tolerance를 조절한
ode45 코드

기본적으로 step-size 가 조
절이 됨
Relative tolerance 값을 조
절하여 사용자가 step-size
를 조절 가능



Copyright ©  2019 Computational Design Lab. All rights reserved.

CAE

29

• Matlab bulit-in functions for stiff systems

✓ ode15s

✓ ode23s

✓ ode23t

✓ ode23tb

✓ Example
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ODEXS BUILT IN FUNCTIONS

ode15s: This function is a variable-order solver based on numerical differentiation formulas. It is a multistep 

solver that optionally uses the Gear backward differentiation formulas. This is used for stiff problems of low 

to medium accuracy.

ode23s: This function is based on a modified Rosenbrock formula of order 2. Because it is a one-step solver, 

it may be more efficient than ode15s at crude tolerances. It can solve some kinds of stiff problems better 

than ode15s.

ode23t: This function is an implementation of the trapezoidal rule with a “free” interpolant. This is used for 

moderately stiff problems with low accuracy where you need a solution without numerical damping.

ode23tb. This is an implementation of implicit Runge-Kutta formula with a first stage that is a trapezoidal 

rule and a second stage that is a backward differentiation formula of order 2. This solver may also be more 

efficient than ode15s at crude tolerances.
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EXAMPLE 27.10
stiff 한 정도가 mu 값에 따
라서 변하는 van der Pol 
equation.

In 1920 the Dutch 
physicist Balthasar van der 
Pol studied a differential 
equation that describes 
the circuit of a vacuum 
tube. 
It has been used to model 
other phenomenon such 
as the human heartbeat 
by Johannes van der Mark.
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EXAMPLE 27.10: MAIN & RESULT
mu = 1 일 때 실행 코드

mu = 1000 일 때 ode45 로
푸는 코드
결과는 그래프 2 번째 그림
이며 20초 계산하는데
67705 pnt. 필요

mu = 1000 일 때 ode23s 
로 푸는 코드
결과는 그래프 3번째 그림
이며 6000초 계산하는데
1827 pnt. 필요 (ode45로
20초 푸는 pnt. 개수의 약
1/37 배) 

따라서 ode45로는 해당 미
분방정식을 푸는 것은 매우
비 효율적(또한 결과의 정확
도 보장하기 어려움)
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EXAMPLE 27.10: MAIN & RESULT
참고자료

http://kr.mathworks.com/company/newsletters/articles
/stiff-differential-equations.html
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SUMMARY

Solver Problem Type Accuracy When to Use

ode45

Nonstiff

Medium Most of the time. ode45 should be the first solver you try.

ode23 Low
ode23 can be more efficient than ode45 at problems with crude tolerances, or in the presence of

moderate stiffness.

ode113 Low to High
ode113 can be more efficient than ode45 at problems with stringent error tolerances, or when the

ODE function is expensive to evaluate.

ode15s

Stiff

Low to Medium
Try ode15s when ode45 fails or is inefficient and you suspect that the problem is stiff. Also use

ode15s when solving differential algebraic equations (DAEs).

ode23s Low

ode23s can be more efficient than ode15s at problems with crude error tolerances. It can solve

some stiff problems for which ode15s is not effective.

ode23s computes the Jacobian in each step, so it is beneficial to provide the Jacobian via odeset

to maximize efficiency and accuracy. If there is a mass matrix, it must be constant.

ode23t Low
Use ode23t if the problem is only moderately stiff and you need a solution without numerical

damping. ode23t can solve differential algebraic equations (DAEs).

ode23tb Low
Like ode23s, the ode23tb solver might be more efficient than ode15s at problems with crude error

tolerances.

file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode45.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode113.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode15s.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23s.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23t.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23tb.html
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• Boundary Value Problems for ODE

✓ Shooting method for linear ODE

✓ Shooting method for nonlinear ODE

✓ Finite difference method
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EXAMPLE
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EXAMPLE
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SHOOTING METHOD: LINEAR
아래에 표기된 시스템 ODE 
함수를 heatfun 이름으로
저장

za1 이 10 일 때와 za2 가 20
일 때 값을 Tb1 과 Tb2 에 저
장

아래 수식을 이용하여 za 를
선형 보간
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RESULT
za 가 12.6905 일 때 B.C. 이
일치

결과 그래프
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SHOOTING METHOD: NONLINEAR
아래에 표기된 상수대로 왼
쪽의 ODE 함수를 입력

근을 찾기 위한 함수 설정

r 값(residual: 해석해와 수
치해의 차이)이 0 일 경우
정확한 za 값
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SHOOTING METHOD: NONLINEAR
fzero(@funname, IV)

funname의 근을 찾는 매틀
랩 함수
IV 는 initial value 를 뜻함

[주의] 비선형함수이므로 초
기값에 따른 영향 존재

결과 za = -41.7434

즉, 이 값을 이용하여 ode 
함수를 풀면 nonlinear BC 
를 만족하는 해
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RESULT
혹은 initial 값을 입력하는
곳에 fzero 함수를 직접 입
력 가능

결과 그래프
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Forward FDM

Backward FDM

Centered FDM

FINITE DIFFERENCE METHOD
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FINITE DIFFERENCE METHOD
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매트릭스 및 온도 행렬 선언

매트릭스 구성

솔루션 계산 및 결과 출력

1

[ ]{ } { }

{ } [ ] { }

K T f

T K f−

=

=

[ ]K { }f{ }T

1

2

3

4

T

T

T

T

 
 
 

= 
 
 
 

[ ]{ } { }K T f=



Copyright ©  2019 Computational Design Lab. All rights reserved.

CAE

45

RESULT
결과 온도 벡터

결과 그래프
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• Case study

• Assignment



Copyright ©  2019 Computational Design Lab. All rights reserved.

CAE

47

CASE STUDY I
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CASE I: RESULT
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CASE STUDY II
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CASE STUDY II: RESULT
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ASSIGNMENT


