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EXAMPLE 25.5

@om st Off A

@ ordinary differential equation
y'=4e"* —0.5y
initial condition
t=0,y=2
analytic solution

4 (e0.8t _ o8t ) 4 D08t

Y=E
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EULER'S METHOD: FUNCTION

-

[ Editor - C:WUsers#seanWDesktop®#eulode.m l = (=] ﬂh1

File Edit Text Go Cell Tools Debug Desktop Window Help A x

NMEHE | sRBY 0 |- A f|bl-288 - 0.

BB | - 10 |+ | =11 | x || @

1 function [t_n,v_n] = eulode({dydt,tspan,v0,h) =

p % eulode: Euler ODE solver

3 % [t_n.v_n] = eulode(dydt,tspan,vd, h)

4 # uses Euler’s method to intearate an ODE

5 # input:

B # dydt = name of the M-file that evaluates the ODE

7 it tspan = [ti,tf] where ti and tf = initial and

a8 % final walues of independent wariable

g # vO = initial value of dependent wariable

10 # h = step size

11 % output:

12 % t_n = vector of independent wariable

13 # v_n = vector of solution for dependent variable

14 — ti = tgpan{1):tf = tspan(2);

5= it ~(tfxti)

16 — errorfupper limit must be areater than lower')

17 - end

18— | t_n = (tizh:tf)'; n = length{t_n};|

19 — y_n = yO+onesin,1);: ¥ preallocate v to inprove efficiency

a0 - for i =1:n=1 % implement Euler’s method

21 - y_nii+1) = w_nii) + dydt{t_n({i),w_n(i))«h; @

a2 — end

a3 = end

4:lm = mainm #| Level_set mainm | HarmenicFindm * | Eulerm = |eulodem =
eulode Ln 18 Col 35 |OVR
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EULER'S METHOD: MAIN

7| DWCAEA SWCAE_ALEW3rd week m-fileWEuler.m - Lo o e S

= Kea. o - - ook

= | 5 B &2
ok st Z/2 MfE 0 TEH =4 BE O =L
TE =4
-
24 28 3L FH7
1 - cle: clear alls close all; |
i
a (%X analvtic solution
4 - t_a = [0:1:4]"; @
F - y_a = 4/1.3+(exp(0. 8+t _a)-exp(-0. 5+t _a) ) +2+exp(-0.5+t _al;
ki
7 XX numerical solution
g - dydt = B(t,y) d+eup(0, 8+t )-0, B+y; @
q - (t_n,v_n] = eulode(dydt, [0,4].2,1);
10
11 [®% plot solution
12 - plot(t_a,v_a, 'r’)
13 - hold on
14 — garid on @
15 - plot (t_n,y_n, b}
16 — legend( "Analvtic’, Mumerical )
17 - wlabel ('t ): wlabel{ v}
18
19 &% print solution
20 - dispi [’ t y_a',' von',' errar'])
21 — displ[t_a v_a v_n (abs{y_a-v_n). v_a+100)]}
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ordinary differential equation
y'=4e** -0.5y

initial condition @
t=0,y=2

analytic solution

4 os ost 0.5t
y = E(e —e %)+ 2e

err,, = M x100 [%]
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EULER'S METHOD: RESULTS

3.0000  33.67F2 255132 24,2418
4,0000 75,3390 56,8493 24,5420

Jx >

Q
<

80 T T T T T T T JEHE
Analytic
70 F Numerical [ |
|
|
60 i !
@%E‘ U2 step W2 B4
501 1 | H Ol ol &4
> 40 - a :
|
|
30 F . |
|
|
20 a :
:
10 a I
|
|
0 1 I 1 | 1 I 1 |
0 05 1 15 2 25 3 35 4 |
t |
:
<\ Command Window = | B |-t @ :
|
File Edit Debug Deskitop Window Help o :
t y_a y_n BFFOF :
0 2., 0ooa 2, 0ooo 0 :
1.0000 E.13945 5.0000 19,2349 :
2.0000 14.8433 11,4022 23,1863 :
|
|
|
|
|
|
|
|
|
|
|
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HEUN'S METHOD: FUNCTION

- Editor - C:WUsersﬂllfseanWDesktup%eun_withuut.m_ El&lgi

File Edit Texdt Go Cell Tools Debug Deskiop |ywndmm| Help o |a b4
NMESH| 290 (o3 -Measi|k-288 *0 -
BB -0 [+ F(11 | x |0,

1 function [t_n,v_n] = heun_without(dydt,tspan,v0,h) A
2 - ti = tgpani1):tf = tspani(2);

&= if ~(tf=ti)

4 - errori upper limit must be greater than lower )

5= end

B - t_n = (tizh:tf)'; n = lengthit_n):

= dydt _temp = 0; % temporary space of v’

g - dvdt _heun = 0; % temporary space of y' (Heunﬂ

9 - Y = yO+onesin,1);: % preallocate v fo inprove efficiency

10 - for i = 1:n=1 % implement Heun s method

1" - yon{i+1) = won(i) + dydt(t_nii),v_n(il+h;

12 - dydt _temp = dedt(t_n{i+1),v_n{i+1));

13 - dydt_heun = {dydt{t_n{i),v_nli))+dvdt _temp)/2;

14 - y_n{i+1) = v_n(i) + dydt_heunsh:

15|= end

16 — end

dest modelm  ® | mainm ><|LEﬂ.rEI_5et_m3in.rn ® | HarmonicFind.m ><|[heun_withuut.rn P

[ln 8 Col 56 |OWR

| heun_without
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HEUN'S METHOD: FUNCTION

- Editor - C:WUsersi'fseanWDesktnp#H‘ueun_with.m‘

File Edit Text Go Cell Tools Debug Desktop Window Help ¥ A X
NEH| {aR9 0| - Aeanf|B-8R08 -] »0O -
B -0 [+ | (11 x|« | O

1 function [t_n,v_n] = heun_with(dvdt,tspan,v0, h} =
2 - ti = tspan{1J;tf = tspan(2);

&= if ~(tf=til

4 — error{ upper limit must be greater than lower')

5|= end

B - t_n = (ti:zh:tf)"; n = lenathit_nJ;

7 - dvdt _temp = 0O; % temporary space of '

g - dvdt _heun = 0; % temporary space of v (Heun)

2= v_n_temp = 0: # temporary space of v

- y_ = yO+onesin,1): % preallocate v to improve efficiency

1 - for i = 1:p=1 ¥ inplement Heun s method

12 - y_n_temp = y_n{i) + dedtit_n(il.v_n{il)«h;:

13 — while (1)

14 - dydt _temp = dwdt{t_n{i+1),v_n_temp):

15 — dydt_heun = (dydt (t_niil,y_n(i))+dvdt_temp)/2;

16 — y_nli+1) = y_n(i) + dvdt_heunsh;

17 — if abs(y_n(i+1)—v_n_tenp)/abs{y_n{i+1)3+100 < 0, 00001 @

18 - break

19 - else

20 - y_n_temp = y_nii+1};

el - end

22 - end

&3 - end

L end

4el_set mainm  * | HarmenicFind.m  ® | heun_withoutm  * | Heunm  # || heun_withm =

heun_with Ln 11 Col 40 |OWVR

»

n-@-g.

.
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HEUN'S METHOD: MAIN

rﬁ DA CAEM=ROAF ZES¥3rd week mﬂeWHeun.m [‘:' =] ér Heun‘s method 9_'
B ZEHL B9 @E corrector update & T+=9}
. N SIA &=
> (=] s v (P i Ol g =2

T2 | EbAH | HE | x=CpE AL Al ol (= AL
MM N L3 |
1 - clo: clear all; close aII;| | :
2 |
3 XX analvtic solution :
$— tea = (091041 |
5 - v_a = 4/1, 3+ (exp(0. 8+t _a)—exp(-0, 5+t _a) )+2+exp(-0.5+t _a): :
B I
7 %% numerical solution (Heun s method without iteration) :
8- |dvdt = B(t,y] drexp(D.B+t)-0.Fey; |
g - [t_n_wo,v_n_wol = heun_without{dydt, [0,4],2,1); I
10 |
111 XX numerical solution {(Heun's method with iteration) :
12 |
13— | [tonowi,v_n_wil = heun_with{dvdt,[0,4],2,1); |
14 %% plot solution I
165 — plot{t_a,y_a, 'r') :
16 - hold ons grid on :
17 - plot (t_n_wo,v_n_wo, b:') |
18 - plot {ton_wi,v_n_wi, k—"1 :
19 - legend( dnalvtic’, 'Heun', "Heun{update)') :
20 — slabel £t 05 vlabel (v} |
21 |
22 XX print solution :
23 - disp([" £ y_a',' y_n_wo',’ errar’, I
24 ' yonowi', error’]) :
25 — disp({[t_a v_a v_n_wo (abs{v_a-y_n_wa), Ay_a+100) v_n_wi,... :
26 (abs(y_a-v_n_wi)./y_a+100}]) :
A3EE 2ol 1 9 27 i

10
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HEUN'S METHOD: RESULTS

90 : : . . : : : dell=
Analytic .

t
4\ Command Window l E@ﬂ
File Edit Debug Deskiop Window Help u
t Y_a Y _IM_W0 error Y_N_Wi erraor
] 2, 0000 2. 0000 1] 2, 0000 ]
1. 0000 6. 1346 E,7011 a8, 1756 £, 3609 2, B335
2.0000 14,8439 16,3198 g9,9425 15,3022 3.0876 @
J.0000 33,8772 37,1992 10,4584 34,7433 3. 1687
4.0000 75,3380 83.337  10.B1T 7T 3. 1805
Jx > |
OWR !

11
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MIDPOINT METHOD: FUNCTION

= 3E

@midpoint method O Q! &t

iron_loss_test_model.m ><| main.m ><| Level_set_main.m ><| HarmonicFind.m ><| midpoin

| midpoint [ln 15 col 4 |OWR

|
|
=i Edimr-C:WLlsers#seanWDesktnp#midpnint._ Elﬂlg :
- — ' Midpoint’s method
File Edit Text Go Cell Tools Debug Deskiop Window Help . | A X : p
: . i - I Predictor
NEH| LRI C (LT - Mani|k-80 >0 e
BB - 10 |+ | 11 |x |sFe®|O | _y, + (1 )h
i function [t_n,v_n] = midpoint({dydt,tspan,yO,h) W ! Yieyz = Yi 0 Yi 2
2 - ti = tspani1);tf = tspan(2); '
|
3 - if ~(tf=til : Corrector
4 - error({'upper limit must be areater than lower') I —
L Yin=Yit f (ti+1/2’ yi+1/2)h
f - end :
B - t_n = (tizh:tf)'; n = length{t_nJ; |
7 - dydt _mid = 0; % temporary space of ' (midpoint) :
g - y_n-temp = 0O; % temporary space of v :
9 - Y[ = yO+opesin,1): % preallocate v to improve efficiency l
0 - for i = 1:n=1 % implemnent midpoint method :
1 - y_n_temp = v_n{i) + dydt(t_n(i),v_n{ill+h/2; :
12 - dydt_mid = dydt{{t_nl{i+1)+t_n{i) )/ 2, v_n_temp); :
13 — y_nli+1) = y_nii) + dydt_mid+h; :
14 — end :
15 — end :
|
|
|
|
|
|
|
|
|
|
|
|
|

12
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MIDPOINT METHOD: MAIN

@ midpoint method &+&

=
|
i
£ 2 > | 2] 4a dg k’b) i
The M BE zom 0 4@ 0 wag [Sma a8 A7 |
- - e - =3 I
v | v | v E—— - |
=23 == |
| - cle: clear all; close all; | :
2 |
3 XX analvtic solution i
4 — t_a = [0:1:4]": |
5 - y_a = 4/1,3+(exp(0. Bet_a)—exp(-0, 5t _a))+2eexp( -0, 5+t _a); | |
; |
7 *¥ numerical solution | :
g - dydt = @(t,v) deexp(0, Gt )-0,5+y; @ |
g _ [t_n,v_n] = midpoint(dydt, [0,4],2,1); |
0 :
11 ¥% plot solution :
12 - plot(t_a,v_a, 'r') :
13 — hold on: arid on I
14 - plot (t_n,v_n, b') :
15 — legend( Analwtic’, 'Widpaint ') :
16— wlabel{'t'); vlabel{ 'v') I
17 |
18 &% print solution :
19 — displ[’ £ w_a',' won',' errar’]) :
20 — disp([t_a v_a v_n (abs{v_a-v_n). /y_a+100)]) |
|
|
|
|

13
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MIDPOINT METHOD: RESULTS

80 T T T T T T 1 EH E
Analytic
70 Midpoint [ |

60
@%E‘ A2 step HE B
° EERE
o 40 |
|
|
30 |
|
|
20 |
|
10 |
|
|
0 |
0 0.5 1 1.5 2 2.5 3 35 4 I
|
|
4\ Command Window ' i Elﬂlﬂ :
|
File Edit Debug Deskiop Window Help u :
|
t y_a Y_N error :
] 2, 0000 2, 0000 1] :
1. 0000 6. 1846 B.2173 0. 36589 I
2.0000 14,8439 14,9407 0, B522 @ :
3.0000 33,8792 33,9412 0, 7339 :
4.0000 75,3380 75,9686 0, 8358 :
|
|
fx >> :
|
OVR I
S ﬁ '
|
|

14
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2NP RK: FUNCTION

T Editor - C:WUserH%earmnupmec_RKm_ *El&lg
File Edit Text Go (Cell Tools Debug Desktop Window Help Ay A X
NEHE| R0 o3 - Aedr|R-B0RRE - »0-
BB - 10 [+ | F11 |x |#£8 | O
1 function [t_n,v_n] = sec_PK(dvdt,tspan,v0.h,al,pl,all) =
B|= ti = tspani1);tf = tspani2);
gl if ~(tfxti) 1
4 — errar{ upper limit must be greater than lower')

h - end

B - t_n = (tizh:ti)': n = length{t_nJ;
7 - k1 = 0;

a - k& = 0:

9 - ac = 1-al:

10 - slope = 0:

1 - Y = yO+anesin,1);: ¥ preallocate v to inprpve efficiency
12 - for i = 1:n-1
13 - k1 = dydtit_ni{i),v_n(il);

14 - k2 = dydt(Ct_nlid+h+p1), (y_nlid+qll«k1+h])); @

15 - slope = al+kl+a2«k?;

16 — y_nli+1) = w_nl(i) + slope+h; i
17 - end .

'l 15 - end
case Lm* ® | circuitm % | assignmenté.m # | pendulum.m  ® | case lm  ® | example Lm = @}

sec_RK Ln 1 Col 28 |OWVR
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Second-order Runge-Kutta
Method & &%t 0| 2 ¢

= 3E

Yiaa =Yi +(a1k1 +azk2)h
k.= f(t,y)

k, = f (ti +ph,y, +qllk1h)
Heun

aizazz1
2
p,=0y =1
Midpoint
a=0a=1
1
pl_qll_z
Ralston
a=-,4a ZE
377 3
pl_qll_z

15



2ND RK: MAIN

37HX| HHS HDE7 9
= oh ool 3=
=T [?mggm < 3 ' L@ [ as am k’[_t)) :
nzwsn =i my WUE T RUEY an aan w4 ymm gow  wmaz I
- L =TI OE-= I 2 - - ng =3 |
T gw | |zo=m u |
1 - }:Ic; clear all: close all; L |
2 XX analvtic solution I
3 - t_a = [0:1:4]": :
4 — v_a = 471 3+ (exp(0. 8+t _a)-exp(-0.5+t _a) )+2+exp(-0.5+t _a); |
: :
B %% numerical solution (Second—order Bunge—Kutta methods: |
7 % Heun method without iteration]) :
8- dydt = @(t,v) d+exp(0,8+t)1-0,5+y; |
9 | [ton,y_n_H] = sec_RK(dvdt,[0,4],2,1,0.5,1,1); :
10 |
11 %% numerical solution {(Second-order RBunge—Kutta methods: I
12 k3 Midpoint method) :
13 - [t_n,v_n_M] = sec_PKi{dvdt.[0.4],.2.1,0,0.5.0.5); |
14 |
15 X% numerical solution (Second-order Bunge—Kutta methods: |
16 % Falston s method) :
17 - [t_n,y_n_R] = sec_RK{dvdt,[0,4].2,1,1/3,3/4,3/4): I
18 XX plot solution I
19 - plot(t_a,y_a, 'r') :
20 — hold on;: arid on |
21 - plot{t_n,y_n_H, 'b:=") :
22— plot(t_n,y_n_M, k--") |
| = plot(t_n,v_n_R, ‘n-.") :
24— legend( "Analvtic’, 'FE(heun) ', "RE(Mident )", "RK(Ralston) ') |
o — wlabel ('t ): vliabel{'v') :
26 |
27 XX print solution I
28— displ [’ t y_a',’ won H," errar’, :
29 ' von_W',’ error’,’ von_R," errar’]) |
an - disp(t_a v_a v_n_H (ahs(v_a-v_n_H)./Av_a+100) v_n_M, ... :
31 {absiv_a-v_n_M)./v_a+100) v_n_R (abs(v_a-v_n_R)./v_a+100)]) |
|
~3g=s sel 1 Z 1 I
B 16
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2ND RK : RESULTS

>

90

80

70 [

60

50

40

30

20

10

T T T T T

Analytic
-------- RK(heun) |7
— — RK(Midpnt) |’
—-—-RK(Ralston) "

0
0

0.5

File Edit Debug
t Y_a
a 2.00a0
1. 0000 6.1345
2.0000 14,8439
3.0000 0 33,6772
4.0000 75,3390

fix >

v_rn_H
2. 0000
G.7011
16.3193
37,1992
a3.337a

1.5

t
<\ Command Window ‘ r ‘

Desktop  Window Help

errar
1l
8. 1756
9. 9425
10,4584
10,6171

25 3 35
=NRC X
-
v_n_M error v_n_R error *
2. 0000 0 2.0000 0 i
.2173 0.3653  E.4473  3.9984
14,9407 | 0.BB22 15.5822  4.9733 |
33,9412 0.7839 35.4566  5.2897 3
75,9686  0.8358 79.3967  5.3863
OVR
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4™ RK: FUNCTION

-

[ Editor - CWUsersWseanWhesktopWiourth_RK.m @M

File Edit Text Go (Cell Tools Debug Desktop Window Help A X
NEH| YRR (L9 - Aeasi|k-8508 » 0 -
BrE| -10 |+ | +11 |x |85 0

1 function [t_n,v_n] = fourth_RK(dydt,tspan,v0,h) =
2 - ti = tspani1):tf = tspan(2);

d|= Pif ~(tf=ti)

4 - error{ upper limit must be greater than lower')

5= end

B - t_n = (tizh:tf)'; n = length{t_n);

= k1 = 0;

g - ke = 0;

9 - k3 = 0;

10 - k4 = 0;

11 - slope = 0;

12 - y_n = yO+onesin, 1); % preallocate v fo inprove efficiency

13 - for i = 1:n-1

14 - k1 = dydt{t_nlid,von(ild;

15 - ke = dydt{{t_n{i)+h/2), (y_n(i)+k1+h/2));

16 — ka = dydtiit_niil+h/2), (y_nii)+k2+h 207 ;

17 - kd = dydt{it_niil+h), (y_niil+k3+h));

18 — slope = 1/B+ (k1 +2+k2+2+k3+k4) ;

19 - y_n(i+1) = v_n{i) + slope+h;

20— end

21 - eru:l|

iron_loss test model.m ¥ | mainm  ®| Level set main.m ¥ | sec RK_main.m ¥ | fourth_RK.m P

fourth_RK Ln 21 Col 4 OVR
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Fourth-order Runge-Kutta

I\/Iethod = I‘l_Q_ol- |]-||O| rels

= 3E

Yia =Y
+%(kl +2k, +2k; +k, ) h
k= f(t.v)

1 1
k, =f|t +=h,y. +=kh
2 i 2 y| 2 1

1 1
k, =f|t+=h,y.+=k,h
2 i 2 yl 22

k, = f(t, +h,y;, +k;h)
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4™ RK: MAIN

£ Hge ool A

@ Fourth-order RK method

= ~10
|
m =EHAH | I X Lél i
= | £ Eel == ChA F1 £l =1 = F1
M W MW — I
=Co == |
i1 - +:|I2; clear all;: close all: | :
: |
3 #% analwtic solution I :
4 — t_a = [0:1:4]"; :
B — y_a = 471, 3+(exp(0. B+t _al-exp(-0.5+t _a))+2+eup(-0.5+t _aj; :
G I
7 %% numerical solution (Fourth-order Bunge—utta methods) :
§— | dydt = @(t,y) deexp(0.8+t)-0.5y; @ l
9— | [ton,yonl = fourth_AK(dydt, [0,41,2,1); |
10 |
11 ¥ plot solution :
12 - plot(t_a,v_a, r’) |
13 - hold on; grid on :
14 — plot(t_n,v_n, '9—") :
15 — legend( analytic', 'RAK4") :
16 — wlabel{ £ ); viabel( 'y} |
7 |
18 A% print solution :
19 - disp( [’ t y_a',' y_n',' errar’]) l
20 — disp([t_a v_a v_n (abs(v_a-v_n)./v_a+1001]) l
|
|
|
|
|
|

19
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4™ RK : RESULTS

80 T T T T T T T JEHE
Analytic
70 r RK4 . |
|
|
0T il I = A
@%E Ha= step EE TS
| | EE e
|
=T | @ |
|
30 F i :
|
|
20 b . :
|
10 | i |
|
|
O 1 1 1 1 1 1 1 I
0 0.5 1 15 2 2.5 3 3.5 4 :
: |
4\ Command Window E@ﬁ :
|
File Edit Debug Desktop Window Help N :
t y_a YN errar - :
0 2.0000 2.0000 0 [ |
1. 0000 G.1946 G6.2010 0.1034 :
2.0000 14,8439 14,8625 O, IEEq | :
3.0000 33,6772 33.7R13 01312 3 :
4.0000 75,3390 75,4392 0.1330 I
|
| |
Jx > - |
|
|
|
|
|

20
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S

« Matlab bulit-in functions for nonstiff systems
v 0de23
v ode45
v’ 0dell3

v Examples
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ODE, BUILT IN FUNCTIONS

[t, y] = ode,(odefun, tspan, y0, options)

1. odefun : Functions to solve (function) Solve the ODE
For example, to solve y "= 5y — 3, use the function: y' = 2t.
function dydt = odefun(t,y) Use a time interval of [@,5] and the initial condition ye = .

dydt = 5%y-3;

2. tspan : Interval of integration (vector) = = [l

ye = @;
Example: [1 18] [t,y] = odedS(@(t,y) 2°t, tspan, y@);
3. yO : initial conditions (vector)
4. options : option structure (structure array)
Example: options = odeset('RelTol’,le-5, Stats", 'on”, 'OutputFcn’,@odeplot)

0de23: The ode23 uses the BS23 algorithm (Bogacki and Shampine, 1989; Shampine, 1994), which
simultaneously uses second- and third-order RK formulas to solve the ODE and make error estimates for
step-size adjustment.

ode45: The ode45 function uses an algorithm devoloped by Dormand and Prince (1980), which
simultaneously uses fourth- and fifth-order RK formulas to solve the ODE and make error estimates for
step-size adjustment. MATLAB recommends that ode45 is the best function to apply as a “first try” for
most problems.

odell3: The odell3 function uses a variable-order Adams-Bashforth-Moulton solver. It is useful for
stringent error tolerances or computationally intensive ODE functions. Note that this is a multistep method.

22
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EXAMPLE 25.5: MAIN

@odeZB, ode45, ode113 &

|7 DWCAELSWCAE FHEW3rd week m-fileWexample_Lm r‘ L':' (5] éj Zﬁ.% &Il.g.'cﬂ- A
1= Flo; olear alls close all; - i ordinary differential equation
2 | y'=4e"" —0.5y
3 *X analwtic su!utiun : initial condition

| 4- toa = [0:0.01:4]; |
5 y_a =41 3+(exp(0. 8+t _a)-exp(-0.5+t_a) ) +2+exp(-0.5+t _a); 1 t=0,y=2
b % odeZ3 solution | analytic solution
7= dydt = @{t,y) d+exp(0.8+t)-0,5+y; : 4
g - [t_23,v_23] = ode23(dydt, [0 4],2); @ | y = _(eo.st _e70.5t)+2e70.5t
9 %% oded5 solution | 1.3
0~ |[t_45,y_d5] = odedS(dydt, [0 4],2); |
1 %% odel13 solution |
12— |lt_113,v_113] = odel13(dvdt, [0 4],2); |
13 X% plot solution :

14 — plot(t_a,v_a, r') |
15 — hold ons: grid on :

16—  plot (t_23,y_23,'b") |
17— plot (t_45,y_45, k") |
18 - plot (113, v_113, 3"} '

19 — legend! " Analvtic', 'odel3’, 'odeds’, "odell3’) :

20 — wlabe | t°); wiabel( w') :

|
|
|
|
|

23
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EXAMPLE 25.5: RESULTS

@odeZB, ode45, ode113 &

A = e}
+2 Hgs 27

=
80 T T T T T T T
Analytic
70 ode23 i
ode45
ode113

24
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EXAMPLE 28.2

Predator-prey model
developed by the Italian

nonlinear ordinary differential equations K .
mathematician Vito Volterra

ay, = ay, —by,y, and the American biologist
dt Alfred J. Lotka.

%:_Cyz"'dylyz @ my| A nl¥e) HHF Al
dt _|O|A|'§0" t*&* I:IIT':oo—|

a=12,b=0.6,c=0.8,d =0.3 ] h
- - a = the prey growth rate
Initial condition c = the predator death rate

|
|
|
|
|
|
|
|
|
|
|
|
i
|
t=0,y,=2y,=1 i b=d= the rate
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

characterizing the effect of
the predator-prey
interaction on prey death

'~ Editor - C:WUsersWse;M;a;ktuprredpmy._ .E@g

. . _ and predator growth
File Edit Text Go Cell Tools Debug Desktop Window Help N A X
NEHE|$RR90|0T-MeiBP-0BRE BER f O -~

Il BiE| 10 |+ | £(11 |x || O | D=2 St

K function vp = prederev(t,y) ol
2—| | vp = [1.20w(1)-0,Bey( 1ey (205 -0, Bey (2040, 3y (1ey(2)]; '
al|= end| |

Pat

predprey Ln 3 Col 4 OWR

ddelm * mainm ®| Levelset mainm *| examplelm *| Heunm ¥ | example lm* | predprey.m XP‘

25
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EXAMPLE 28.2: MAIN & RESULT

1 — clec: clear all: close all; |
p A% oded5 solution

8= [t,v] = odeZ3(Bpredprey, [0 20], [2,1]);

4 A% plot solution @

F— plot(t,y): arid on

B — legend( w1°, w2 3; =label{ "t ); viabel{ v

0 2 4 6 8 10 12 14 16 18 20
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y1 2 prey (HO])
+ predator (A X}

26



EXAMPLE 25.14

Adaptive ODE solver & &

0iZ7| 2i3t O] 2LHY
ordinary differential equation !
d_y _ 1Oe—(t—2)2/2[2(0.o75)2}

-0.6y @DHEE& e
dt @ .
initial condition

t=0,y=05

-1 Editar - C:WUsersiWseanWDesktopWdydtm E@l&]

File Edit Text Go Cell Tools Debug Deskiop Window Help A X
NMEH| fRaB9 0L - deasf|k-E8F >0 -
BB | - |10 |+ | £ 11 | x [«£5 0,
fls - end|

4¢ mainm | Level set mainm = example Im  #| Heunm * | example Im = pr&}

dydt In 3 Col 4 OVR

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
1 function vp = dydt(t,y) . :
2~ | | vp = 10sexp(~(t-2)+(1-2)/(2+.075°2))-0. By @ |
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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EXAMPLE 25.14: MAIN & RESULT

Relative toleranceS =X d}
X| &2 oded4s5 TE
|
|
|

) ] Relative toleranceE Z=Z ot
-7 Editor - C:¥UsersWsean®DesktopWexample IILm l =RNCINC X ode45 T E
|
File Edit Text Go Cell Tools Debug Desktop » M| A X :
NEHE| R0 |52 - Aanpi- >0 = ! .
(@] _cl x
"% E% - 1.0 + = (11 * %‘3& %9% ﬂv @ i-ll|o_ —E|I_E Step Size 7|- haf g
1 — el clear all: mlose all: [ P = | = Lo
2 #*% oded5 solution without option control : Relative tolerance &5 &=
| 35— | [t1.v1] = ode23(@dydt, [0 4],0.5); | =50 AFE X7} step-size
4 %% oded5 solution with option control : £ XA 7|-%
- ti = pdeset( FelTol ", 1e-4]); '
g options = odeset( RelTo e-d) | @ Without options
B - [t2,v2] = odeZ3(@dvdt, [0 4],0.5,0ptionsd; 2 . .
7 % plot solution Fg
g - subplot{Z,1,1]
9 - plot{tl,vl, o-"]
10 - titlel Without options )
1 - subplot(2,1,2)
12 - plot(t2,ve, o-")
13 - titlel'With options')
4¢lm x| mainm x| Level set_ mainm x| examplelm *| Heunm = p
script Ln 2 Col 1 OWR
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S

« Matlab bulit-in functions for stiff systems

v' odelbs
v' 0de23s
v’ o0de23t
v' 0de23tb

v Example

29
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ODEyc BUILT IN FUNCTIONS

FIGURE 26.1

Plot of a stiff solution of a single ODE. Although the solution appears to start at 1, there is
actually a fast fransient from y = O to 1 that occurs in less than 0.005 time unit. This transient is
perceplible only when the response is viewed on the finer fimescale in the inset.

odel5s: This function is a variable-order solver based on numerical differentiation formulas. It is a multistep
solver that optionally uses the Gear backward differentiation formulas. This is used for stiff problems of low
to medium accuracy.

ode23s: This function is based on a modified Rosenbrock formula of order 2. Because it is a one-step solver,
it may be more efficient than odel5s at crude tolerances. It can solve some kinds of stiff problems better
than odel5s.

ode23t: This function is an implementation of the trapezoidal rule with a “free” interpolant. This is used for
moderately stiff problems with low accuracy where you need a solution without numerical damping.

ode23th. This is an implementation of implicit Runge-Kutta formula with a first stage that is a trapezoidal

rule and a second stage that is a backward differentiation formula of order 2. This solver may also be more
efficient than odel5s at crude tolerances.

Convriaht © 2019 Computational Desian L ab. All riahts reserved
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EXAMPLE 27.10

van der Pol equation
d’y, dy,

2
e ,U(l—yl)Eerl:O @
initial condition

t=0y, =1y, =1

dy, _
convert process N dt B y2
“|d
A

.

[ Editor - C:WUserswseanwDesktopWvanderpol.m

-EIEIQ

File Edit Text Go Cell Tools Debug Deskiop
Dl R0 & -Aakl-
B i3 3l oo | @

=10 + =111 ¥

» | M| A X

}}'D v'

1 function vp = wanderpal(f, v, mu)
2 - wp = (w20 mur{1—w {12 ey (20w (10]; @

d|= ern:l|

4 x| predpreym =| dydtm x| example L. m

= [vanderpul.m

(]

a4

vanderpol Ln 3 Col 4

Pt

VR

L
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s
=
ujm

CAE

stiff ot ‘H =7 mu 0]l I}
2tA| B5t= van der Pol
equation.

In 1920 the Dutch
physicist Balthasar van der
Pol studied a differential
equation that describes
the circuit of a vacuum
tube.

It has been used to model
other phenomenon such
as the human heartbeat
by Johannes van der Mark.

2H

2H S

ot

A
T
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EXAMPLE 27.10: MAIN & RESULT

T Editor -

C¥lUserstyseanttDesktopitexample.m ‘ E@ﬂ

Eile Edit Text Go Cell Tools Debug Deskiop Window Help A X
NEHE| B2 L3 - Aear|kl- >0
B8 | -|10 |+ | |11 |x || O
= clo: clear all: close all: DI
2 Wt oded5 solution when mu equals 1
3- [t_45a,v_45a] = odedS(@vanderpol, [0 201, [1.11.01.1);
4 odeds solution when mu equals TUUU
5 — [t_45h,y_45h] = adedB{@vanderpal, [0 20],[1,1],[],1000);
G *x% ode2ds solution when mu equals 1000
7 - [t_23s,y_23s] = odeZ23s{@vanderpol, [0 BOOD], [1,1],[],1000);
8 X plot solution
9 - subplot(3, 1,1])
- plotit_45a,v_45al:, 1]
11 - title{ odeds solution when mu equals 1°)
17 — subplot(3,1,2) . . . odel45 SO|LI.Iﬁ0n wlhen mlu equeils1 . .
18|= plot(t_45b,y_45b0(:,1)) . — — .
14 — titlel'oded5 solution when mu equals 1000°) or x‘\\___..-—-/ K\____..-/ H\\_____,-/'
15 — subplot(3,1,3) - . . . .
15 — plot(t_23s,v_23s(:,1)) 0 2 4 6 8 0 12 14 16 18 20
17 - title( ode?3s salution when mu equals 1000°) 2 .Odeo'?SOlu“.or]Wh?n mu?quals.mm.
4| Heunm % example Im =/ predpreym =| dvdtm * ex O 1
HH t 23 1ez7xtdouble [y (| .
\ =111t 452 2i3xlgouble =———= "0 2 4 6 8 10 12 14 16 18 20
Eﬂ t_f_5b E7705x 1 double . ode23s solution when mu equals 1000
y_23s 1827x2 double ' '

s }-':;153 213x2 double or __|’_———-_ - r L J7 \L J7_

[ y_45b 67705x2 double )

0 1000 2000 3000 4000 5000 6000
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mu=1¢oj A

0%

oE

u = 1000 & [ ode45 &

Alt= dei= 2 B 28
O] 20 AAFSH=0|
67705 pnt. 282

mu = 1000 & O} ode23s
2 xLac
dut= 1 HE 3ER| O

0| 6000= AH|AtSH=0|
1827 pnt. 2 (ode45=
20% T pnt. 40| o
1/37 HH)

[F2tM ode45 2= S O

SUHAS B e e
B B S (E3 Zto H
= 2307 ofeig)
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EXAMPLE 27.10: MAIN & RESULT

@szrﬁ
http://kr.mathworks.com/company/newsletters/articles
/stiff—differential—equations.html@

Stiff Differential Equations

By Cleve Moler, MathWorks

Stiffness is a subtle, difficult, and important - concept in the numerical solution of ordinary differential equations.

oded5
! 1
QB8
05F i 0E
i
0 + + . il - - + - i I s i
a 0.2 04 06 08 1 1s2 14 16 18 2 0 0.2 04 06 08 1 1.2 14 16 18
x10° x 10’
10001f ‘ l 100011
il il gt sreldly TILLILIL
min t‘ i) ‘s' ‘l 1
R TE AT g g g T T T T
1f 1 *
’ ‘ 1l ‘ 1l ‘ )i "...'... IS0t SO0t Bo08 6500 BO08 BI0h S50 Bt B00
ahlihlildihlilgl . |
. i i s i
sl
039993 i 2 b 199 % l A i R A l ¢ 5<i 05999 *
|
098 1 102 104 106 108 11 112 098 1 1K 1
x 10’ x 10"

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
oar 1 04l
. |
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
|
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Solver Problem Type Accuracy When to Use
ode45 Medium Most of the time. ode45 should be the first solver you try.
ode23 can be more efficient than ode45 at problems with crude tolerances, or in the presence of
ode23 . Low .
Nonstiff moderate stiffness.
. 0del113 can be more efficient than ode45 at problems with stringent error tolerances, or when the
0dell3 Low to High C :
ODE function is expensive to evaluate.
. Try odel5s when ode45 fails or is inefficient and you suspect that the problem is stiff. Also use
odel5s Low to Medium : ; : . .
odel5s when solving differential algebraic equations (DAES).
ode23s can be more efficient than odel5s at problems with crude error tolerances. It can solve
ode23s Low some stiff problems for which ode15s is not effective.
- Stiff ode23s computes the Jacobian in each step, so it is beneficial to provide the Jacobian via odeset
: to maximize efficiency and accuracy. If there is a mass matrix, it must be constant.
ode23t Low Use ode23t if the problem is only moderately stiff and you need a solution without numerical
= damping. ode23t can solve differential algebraic equations (DAES).
Like ode23s, the ode23tb solver might be more efficient than odel5s at problems with crude error
ode23tb Low
tolerances.
Parameters oded5 ode?3 ode113 ode15s ode?3s ode?3t ode23th
RelTol, AbsTol. HormControl o 3 A A o 3 A
OutputFen, OutputSel, Refine, Stats o 4 o o o + +
llonlzgat ive 4 3 4 N — ¥ N
Events 4 3 y A A 3 A
WaxStep, InitialStep y Y o o o + +
Jacobian, JPattern, Vectorized = = = y ol W A
lass o ] i i i A A
WStatelbependence y Y o o = + +
WMyPattern — — — 4 — 4 4
MassSingular — — — o — < =
InitialSlops — — = y = Y =

WMaxOrder, BDF

34
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file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode45.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode113.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode15s.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23s.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23t.html
file:///C:/Program Files/MATLAB/R2016b/help/matlab/ref/ode23tb.html

S

 Boundary Value Problems for ODE

v' Shooting method for linear ODE
v' Shooting method for nonlinear ODE

v Finite difference method
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~EXAMPLE A

* Heat balance for a long, thin rod

— Not insulated along its length
— Steady state
d-T

—+ W' (T -T)=0
dx” La=1)

T(0)=T =40°C
T(L)=T, =200°C

—
~>
—~5 2
~>
>

. ~

W LI

\ 777777777777177777777.
s

}boundary conditions

T, =20°C (temperature of the surrounding air)
L=10m
h'=0.01m™ (heat transfer coefficient)

rate of heat dissipation to the surrounding air

analytic solution: 7 = 73.4523¢""™* —53.4523¢™"" + 20

36
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~EXAMPLE A

Shooting Method ~ g

100 =

I -
0
(ex)
(dT
E - 200 ®
% =h(T-T,) [linear] @ = h"(T —T,)* [nonlinear]| -
Lax :
4th RK, h=2,T(10) =200 ()
)—10—>T )_168.37’9? 200
guess / linear:
(0)=20—7(10)=285.8980 100
linear 0 l L | L 1
9 interpolation (O) 12.6907 a 2 4 o 6 g8 10

/(2(0)) re

k%g(z(ﬂ))Zf(z(O))—zog 200

non-linear: 7(10)

100

37
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SHOOTING METHOD: LINEAR

[ Editor - C:WUsers¥seanWDesktop¥#heatfu n_r_

File Edit Text Go Cell Tools Debug Desktop Window Help A x
NdH| $RR20 8- A [ B-80-BRE B >0 -
BoE | - |10 |+ | £(11 | x || O
I function dy = heatfunix,w) A
2- | by = [v(2); -0.00+(20-v(1))]5|
|
4ss_modelm x| HarmonicFind.m = | assignmenté.m | exm * || heatfunm =| exlm x| dydxn.m P
|
heatfun Ln 2 Col 30 |OWR
~T Editor - E:WUsersWseanWD:asktupWexl_ Elﬂlﬂ
File Edit Text Go (Cell Tools Debug Desktop Window Help Ay A X
NMEHE| {RaRB20 |09 - Aeshr(BR-80BRE *0 -
BLE | - 10 |+ | +|11 | x || O,
= cle: clear all: &
i
3 - [#1,v1] = odedBiBheatfun, [0 10],[40 10]);
4 - Tb1 = wiilength(wi(:,1337;
- [22,v2] = oded5(@heat fun, [0 10],[40 20]);
5 - Tb2 = v2ilength({wz(:,1177;
7
8- za = 10+{20-10)/CTh2-Th1 )+ (200-Th1) @
g
10 - [%3,v3] = odedSi@heat fun, [0 10],[40 za]);
1 - plot(x3,v30:,1))
12 - Tb = w3ilength(w3(:, 177
iron_loss_modelm % | HarmonicFind.m  # | assignment6.m % | exm  #| heatfunm * |[exlm #
script Ln 12 Col 8 OWR
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ofzoff 7| =l A|AE ODE
St~ heatfun 0|52 2

O T =
SES;
ar _, o
dx yEZ):z
% 001(20-T)
dx
dy(1)
=vy(2
dx y( )
dy(2)
— - =-0.01(20-vy(1
o (20-y(2))
z,; 0| 10 € et z,, 7t 20
A 252 T, 0T, Of K
Xt
o

F=Al2 0|8%10] 2, 2
=7t
Z YA
Za = Zal + Ta2 Tal (Tb Tbl)
b2 bl
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— RESULTIREEEERIEN S S

b =

200, 0000

<\ Command Window = | (S -

File Edit Debug Deskiop Window Help o

za = I
12,6905

m

|

I

Temperature
200

180+
160+
140+ ]
120+ 1 @

100+

80+t
601
40

0 2 4 6 8 10
X [m]
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{

z, 7t 12.6905 ¥ I B.C. O
PN

ﬂr dg=
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SHOOTING METHOD:

NONLINEAR

Convriaht © 2019 Computational Desian L ab. All riahts reserved

2l o=
——=1 Zol ObF H48 o
dx |
X q | )
yA " | L— B
5= (T -T)-h (T4-T¢) . h'=0.05m
X |
-9
| h"=2.7x10"° K*m
- —
E itor sersiseaniDes opWwdydxn.m : T — 200 K
File Edit Text Go Cell Tools Debug Desktop Window Help A x |
T~ - : | —
DoH dMB9C o= Aennb-20B0N "0 | 1(0)=300K
BEl - o [+ +1g x[.X* @ _ | T(10)2400K
1 function dy = dwdxn(x,v) La | "
Bl= dy = [w(2): -0.065+(200-v{1})-2.7e-9+(1.6e9-v(1)"4)]; l
o =) O|SE SEA M XK
><| assignmentd.m ><| =y ><| heatfun.m ><| exl.m ><|[ dydxn.m ><] res.m ><| Untitleds ><| @‘— = ¥7| -1—|O|_|' %I-T = C->|
| dydxn [ln 2 Col 53 |OWR |
| | r Z(residual: SHAJBHLt 5=
r _ | x|efol xtofyol 0 ¥ HL
= Editor - C:ﬁUsers%eanWDesk’mpﬁr&s._ E@g : 755'2 '6;|' Z, a)l'
File Edit Text Go (Cell Tools Debug Deskiop Window Help A x I
- - |
NMEHE|$R9 0|09 - Aeasf|B-B8RBE >0~
Bog| -0 [+ |+ | x|H% O |
1 function r=resiza) = :
2— || [x.v] = odedsi@dvdxn, [0 101, [300 zal); |
3- | Lr = y(lenathix),1)-400; |
|
><| assignmentd.m ><| =y ><| heatfun.m ><| exl.m ><| dydxn.m = |[ res.m ><] Untitleds ><| :
res [tln 3 col 24 [owR I
L |
40



SHOOTING METHOD: NONLINEAR

@ fzero(@funname, 1V)

funnamel| 2= &= 01

- —
T Editor - C:ﬁUsers?ﬁseanWDesktupﬁexE—__ El&lg

oH &k

H OoT
File Edit Text Go Cell Tools Debug Deskiop Window Help A x IV = initial value &= 5\—':0:!-
NMEHE| $RB20 (o0 - Aenf|R-80BRE >0 -

=0 MESSHA O =x
BE| -(10 [+ | (11 |x || O T;Tl] H] I_-IEOOISIZ‘:L_QL_E 4~
1 - cle: clear all; | 71450 =2 Ak =XY
2 - fzerol@res, -50)

|
|
|
|
|
|
|
|
|
|
|
|
|
|
!
41 ><| assignmenté.m ><| 20 ><| heatfun.m ><| exl.m ><| dydxn.m ><| res.m ><| @2 1m X] @é‘ﬂf z, = -41.7434
| script [ln 2 Col 16 |OWR i
] | =, 0] 342 0|83}0] ode
| gt+=E& Z ™ nonlinear BC

I 2 or=3l= 3

v R | = =Or— O

4\ Command Window ENENT = = = o
|
File Edit Debug Deskiop Window Help o I
|
- |
|
ans = :
—41,7434 I
|
| o
f’i »> i) :
OVR |
h |
:
|
|
|
|
!
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22 initial 22 YYo=

i - 1 SEAE X|IX Ol
#7 Editor - E:WUsersmeanHFDesktupWexE—__ El&lg _/I\;O" fzero OE'I-TE ﬂl H o
' — 2 Jl=

File Edit Text Go (Cell Tools Debug Desktop Window Help o | A X - |'o

NMEH| $RB20 (o9 - Aeanf|R-80BRE *0 -

BB -0 [+ F11 | x |«Ek| O,

= clo: clear all: =

2 - [«,v] = oded5(@dydxn, [0 10], [300 fzerol@res,-500]17; @

i- |elotlx,y(z,1))

4ient6.m ><| exm ><| heatfun.m ><| exlm ><| dydxn.m ><| res.m ><| ex?2 1m ® |@2.m X]

| script [ln 3 col 15 |OWR
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FINITE DIFFERENCE METHOD

f (X): f(Xi+1)h_f(x) O(h)
f.(Xi):_f(xi+2)+4f2£]Xi+1)_3f(Xi) O(hz)
Forward FDM

ERICHETIEHETES oh)

£(%) = —f(X,5)+4f (Xi+2r)]2_5f (X1)+2f (%) O(hz)

f (X): f(xi)_hf (X 1) O(h)

f'(xi):3f(xi)_4fg§‘l)+f(xi‘Z) o(h?)
Backward FDM

()= )20 (:i{l)+ o) o)

(%) = 2f(x)-5f (xi_l);24f (Xi_p)— f(%s) O(hz)

f ( ): f(xi+1)2_hf(x 1) O(hz)

£(x) = —f(X,,)+8f (xi+11)2;8f (X )+ F(X_,) O(h“)
Centered FDM

(%) = f(xi+1)—2fh(2xi)+f(xi_1) o(h?)

(%) = —f(x,,)+16f (Xi+l)_3fth(in)+16f (i) f (%) o(n")
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FINITE DIFFERENCE METHOD

-

d4T , T ,-2T +T. , ol HA MO
. —_h (Too —T)—) i-1 |2 il _ _h (T _Ti) step size = 7:”_I_ (i
dx AX
' 2 ! 2 I
—>—Ti_l+(2+h AX )Ti—Tm—h AXT, EZIA O S5 s Mo
" Editor - C:¥Usersi¥seanWDesktop®FDM_exl.m - @E&J - = it =
File Edit Text Go Cell Teols Debug Desktop Window Help ¥ A X :
a "5; _" - PR _=_=: - 3 - | v.
j_'LHo*_]L_j]"JFJ = A @ = 1 | @ﬁ@%@j D J DHEEIA——I_LA-i
BB - 10 |+ |+ 11 x|« O — ©
il|= cle: clear all = i
? 1
3 - step_size = 2; h = 0,05; T_inf = 200; AN AF O 7471 =24
4 - length = 10: T_a = 300; T_b = 400; @ @ET'— 7:”'—|- x E_L|- =
5
|
B|= number = length/step_size; I
'? P . .
| [ — | fixed / Dirichlet boundary condition |
g|= f = onesi {number-1),1)+h+step_size™2+«T_inf: . - b - 2
10 i=1:-T,+Q2+hAx" ), -T, =h'Ax'T,
1l|= f01,10 = 01,10 + T_as
12 - f({number-13,1) = f({number-13,1) + T_b; —> [K] { I } { f }
13
2 2
M- o= I=R:—7:H+(2+k'Ax )1}—Tn+1=h'AxT;
15 — a = [-1, 2+hsstep_size™2,-1]: I
16 |
19|= for j = 1:(number-1J :
1B|= Kij,i+i-1) = a; 1 2 3 4 T 1
19 - end [K]{ I } ] { f } 1 2.2000 1 0 0 Tl 1 340
20 2 1 2.2000 1 0 T2 = 32 a0
_ . . 3 0 -1 2.2000 -1 3 3 Al
21 - = : - . ; —
. K = K{1:(number-1),2:number) {-I-} — [K] 1{ f } . 0 0 3 22000 |T, . o
23 - T_sol = KiHf;
24 - |f_total = [T_a:T_sal:T_b]; [K] {I } — { f }
5 - plot{[0:step_size:lenath],T_total)

4 *| heatfunm *| extm x| dydsnm = resm *| ex21m *|ex22m x| FDM_exlm x| P
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CASE STUDY |

Background. Mechanical engineers (as well as all other engineers) are frequently faced

with problems concerning the periodic motion of free bodies. The engineering approach to
such problems ultimately requires that the position and velocity of the body be known as a
function of time. These functions of time invariably are the solution of ordinary differen-
tial equations. The differential equations are usually based on Newton's laws of motion.

As an example, consider the simple pendulum shown previously in Fig. PT7.1. The
particle of weight Wis suspended on a weightless rod of length . The only forces acting on
the particle are its weight and the tension R in the rod. The position of the particle at any
time is completely specified in terms of the angle ¢ and /.

The free-body diagram in Fig. 28.16 shows the forces on the particle and the acceler-
ation. It is convenient to apply Newton’s laws of motion in the x direction tangent to the
path of the particle:

. 14
XF=—-Wsint = —a
o
g
where g = the gravitational constant (32.2 ft/s?) and a = the acceleration in the x direction.
The angular acceleration of the particle () becomes

Therefore, in polar coordinates (¢« = (!‘]H_,f"(/fz),

S Wi Wl d*0
-Wsinfl = o= — -
g g dt-
or
d’6 ¢ _ —
e +5mm:() (98.15)
di-

This apparently simple equation is a second-order nonlinear differential equation. In gen-
eral, such equations are difficult or impossible to solve analytically. You have two choices
regarding further progress. First, the differential equation might be reduced to a form that
can be solved analytically (recall Sec. PT7.1.1), or second, a numerical approximation

technique can be used to solve the differential equation directly, We will examine both of

these alternatives in this examnle.

FIGURE 28.16

topan = [0 10]

sind ~ 6
6, =nrl4

g =9.81 m/s*
| =0.6096 m

Input
Parameters
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CASE I: RESULT

N
T

-
I

do
dr I~

-0.8 -
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CASE STUDY li

ol Electric circuits where the current is time-variable rather than constant are
common. A transient current is established in the right-hand loop of the circuit shown in
Fig. 28.11 when the switch is suddenly closed.

Equations that describe the transient behavior of the circuit in Fig. 28.11 are based on
Kirchhoff’s law, which states that the algebraic sum of the voltage drops around a closed
loop 1s zero (recall Sec. 8.3). Thus,

di g

L— + Ri + E()y=0 28.9
dt T C ‘) [' )

{0 = [0 100]
where L(di/df) = voltage drop across the inductor, L = inductance (H), K = resistance E(t) = EO SIN (a)t)
(€2), ¢ = charge on the capacitor (C), C = capacitance (F), E(r) = time-variable voltage

.\()L;l“u: (V), and L — 1 H
L= f:,_tj (28.10) EO =1V
. |c=025cC | nput

Parameters
=355
e~ R=0

Switch\b

An electric circuit where the current varies with fime.

Capacitor
+

V

Battery Inductor

Resistor
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CASE STUDY II: RESULT

TR
Lot Lkt
il \M

WJ i }W /U/}/\W
+ I ik .




(LX)
Calculate the deflection i 0 dy/d atz=10
Use parameter values of [ 30, } 1.3 x 10%, and
I = 0.05 for your computatior
2221 A a pipe as shown in Fig. P22.21
Under Ing assumptiens, the following

cribes how depth changes with ime

time (s), d pipe diameter (m),

as a function of depth (m°), ¢

t(= 9381 m/s°), and ¢ = depth of pipe

| bottom {(m). Based on the following

this differential equation to deter

mine how long it takes for the pond to empty, given that
":‘(I f.'.. o l‘.‘\ AL n

h, m

Alh), m?

1% 99

- I ngineers

and scientists use mass-spring models to

gain insight into the dynamics of structures under the influ-

ence of disturbances such as carthquakes, Figure

shows such a representation for a three-story building. For

this case, the

valysis 3s limited to horizontal motion of the

structure. Us Newton's second law, force balances can be

developed for this system as

a Xx) 5
\ X 1
¢ m m
= x A K
- (x (X ta)
il " m
d*x X
X
i1 m

r 8,000 kg
my = 10,000 kg
m, = 12,000 kg

= 3000 kN/m

180

2400 kN/ry

FIGURE P22.22

Simulate the dynamics
|

given the imtial conditic

floor is

placements and ve

two time-senes plots of (a) displaceme

In addition, develop a three-

the displacements
for the Lorenz equanons
midpoint method

22.24 Perform the same

0 kN/r

structure

n that the
and all ot
e Zero

Nt

limensiona

3 Repeat the the same simulations as

generate he s

the Lorenz equations but use a

yvour results with those ob

1
valu
famed in

WHANONS as

e of 7

Secti

nLL.9

FIGURE P22.21

25.16 The motion of a damped sp;ing»mass system (Fig. P25.1

is described by the following ordinary differential equation:
2y

ma e

dx
dit

where x = displacement from equilibrium position (m}, ¢ = tinig
(8), m = 20-kg mass, and ¢ = the damping coefficient (N - s/m){
The damping coefficient ¢ takes on three values of 5 (underd
damped), 40 (critically damped), and 200 (overdamped). ThY
spring constant k = 20 N/m. The initial velocity is zero, and the ini
tial displacement x = 1 m. Solve this equation using a numerical
-method over the time period 0 < ¢ < 15 5. Plot the displacement
versus time for each of the three values of the damping coefficier
on the same curve.

+kx =0

Figure P25.16




