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Contents

• One-step method: how to estimate the slope?
• Euler’s (Euler-Cauchy, point-slope) method: first-order
• Improvement of Euler’s method

– Heun’s method
– Midpoint (improved polygon) method

• Runge-Kutta methods
– Second-order
– Third-order
– Fourth-order
– Higher-order
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Fundamental Laws

In terms of the rate of change of variables (t = time, x = position)
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Engineering Problem Solving
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Ordinary Differential Equation

• Differential Equation
– ODE: # of independent variable = 1
– PDE: # of independent variable ≥ 2

• ODE
– Linear  / nonlinear

• Definition of linear ODE
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Higher Order Linear ODE

• Conversion to coupled 1st order ODEs
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Euler’s Method

• solve ordinary differential equations of the form

( , )dy f x y
dx
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Error Analysis

• Global truncation error: O(h) = # of steps x local error
– Local truncation error: Taylor series, O(h^2)
– Propagated truncation error: ?

• Round-off error
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Example (1) 
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Example (2)
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Improvements of Euler’s method

• A fundamental source of error in Euler’s method
– derivative at the beginning of the interval is assumed to 

apply across the entire interval

• Two simple modifications to circumvent this 
shortcoming
– Heun’s Method
– Midpoint (or Improved Polygon) Method
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Heun’s Method

• Predictor-corrector approach
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Example (1) 
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Example (2)
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Midpoint (or Improved Polygon) Method

• Use Euler’s method to predict a value of y at the 
midpoint of the interval (without iteration for corrector)
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Runge-Kutta Methods
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2nd-order RK (1)
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2nd-order RK (2)
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Example 
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3rd-order and 4th-order RK
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Slope Estimates
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Higher-Order RK 
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Example
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Example: Swinging Pendulum
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Adaptive RK Methods

– Very small step size to accurately capture the impulse 
behavior

• Adaptive step-size control
– Adjust the step size automatically?
– Based on the error estimate

• Same order / different step sizes: adaptive RK (step having)
• Different order / same step size: RK Fehlberg (embedded RK)

:  step size
:  accuracy
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Adaptive Fourth-Order RK Scheme

     
2 22 2 0.075

0.6

0.6 10   and  0 0.5

0.5
:  abrupt transition in the vicinity of 2

x

x
h

p

dy y e y
dx

y e
y x

     



  








CAE ODE - 26

Summary: ODE Integration Scheme

method Global
error

Exact 
for

Runge-
Kutta

Euler’s O(h) Linear 
function 1st order

Heun’s

O(h2) Quadratic 
function 2nd order

Midpoint

Classical 
Runge-Kutta O(h4) Quartic 

function 4th order
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Contents 

• Stiff ODEs
• Multistep methods
• Boundary Value Problems
• Eigenvalue Problems
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• Stiff ODEs
– ODEs that have both fast and slow components to their 

solution
– Remedy: implicit solution technique

• Multistep methods
– Algorithms that retain information of previous steps to more 

effectively capture the trajectory of the solution
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Stiffness

• Stiff system
– one involving rapidly changing components together with 

slowly changing ones

– Step size for stability
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Explicit vs. Implicit

• Implicit
– Unknown on both sides of the equation
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Example
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Systems of ODEs

• Solve a set of simultaneous equations
• Nonlinear ODEs: difficult to solve
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One-step vs. Multistep

• Non-self starting Heun Method
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Step-Size Control

• Constant Step Size
– A value for h must be chosen prior to 

computation.
– It must be small enough to yield a sufficiently 

small truncation error.
– It should also be as large as possible to minimize 

run time cost and round-off error.

• Variable Step Size
– If the corrector error is greater than some 

specified error, the step size is decreased.
– A step size is chosen so that the convergence 

criterion of the corrector is satisfied in two 
iterations.

– A more efficient strategy is to increase and 
decrease by doubling and halving the step size.
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Integration Formulas

• Predictor step
– Open formula (midpoint method): 

initial estimate
– Closed formula (trapezoidal rule): 

improve the solution

• Higher-order integration formula
– Newton-Cotes formula

• Use a series of points to obtain an 
integral estimate over a number of 
segment

• Project across the entire range
– Adams formula

• Use a series of points to obtain an 
integral estimate for a single segment

• Project across the segment
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Newton-Cotes Formulas
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Adams Formulas
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Summary

   1
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Numerical Solution of ODEs 
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IVP vs. BVP

• ODE (n-th order) + auxiliary conditions (n)
• Initial-value problem (IVP)

– All the conditions are specified at the same value of the 
independent variable

• Boundary-value problem (BVP)
– All the conditions are specified at different values of the 

independent variable (extreme points or boundaries of a system)
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BVP

• Shooting method
– Converts the boundary value problem to initial-value problem
– A trial-and-error approach is then implemented to solve the 

initial value approach

• Finite-difference method
– Most common alternatives to the shooting method
– Finite differences are substituted for the derivatives in the 

original equation
– Finite differences equation applies for each of the interior 

nodes
– first and last interior nodes, Ti-1 and Ti+1, respectively, are 

specified by the boundary conditions
– linear equation transformed into a set of simultaneous 

algebraic equations can be solved efficiently
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1-D Heat Equation (1)

• Uniform rod of length L with non-uniform temperature
– Heat (or thermal) energy of a body with uniform properties:

– Fourier’s law of heat transfer: 
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1-D Heat Equation (2)

– Conservation of energy: 

       

change of
heat in from heat out from heat out along

heat energy of
left boundary right boundary its length
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1-D Heat Equation (3)
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Example

• Heat balance for a long, thin rod
– Not insulated along its length
– Steady state
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Shooting Method
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Finite Difference Method
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Eigenvalue Problems

• Special class of boundary-value problems that are 
common in engineering involving vibrations, 
elasticity, and other oscillating systems
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Mass-Spring System: Oscillation
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Example
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Column Buckling
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Polynomial Method

• Develop the set of equations 
• Expand the determinant of              , which will be a 

polynomial whose roots are λ
• Solve for the roots with either Müller’s or Bairstow’s

method, deflating in order to find all of the 
eigenvalues/eigenvectors

      0A I X 

   A I
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Power Method (1)

• Write the system as AX = λX
• For an initial guess, assume that X = {1,...,1}T, 

substitute and solve for a new set of X
• Normalize with respect to the largest value of X. 
• Iterate until convergence
• Upon convergence, the normalization factor will be 

the largest eigenvalue, with eigenvector equal to X
• If matrix A is symmetric, it can then be deflated using 

Hotelling’s method ,      where A1 is the 
original matrix and λ 1 , X1  are the largest 
eigenvalue/eigenvector pair

2 1 1 1 1
TA A X X 
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Power Method (2)

• Proceed in this manner to find the largest several 
eigenvalues. This method cannot usually be used to 
find all of the eigenvalues due to the accumulation of 
significant round-off errors

• To find the smallest eigenvalue/eigenvector pairs, 
perform the power method on the inverse of A, 
deflating in order to eliminate those already found
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Example: Polynomial Method 
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Example: Power Method
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