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Plate in Plane Stress

• Plate: flat thin sheet of material
– Thickness: distance between the plate faces
– Midplane: lies halfway between the two faces (z=0)
– Transverse (thickness) direction: normal to the midplane

• +z (top surface) / -z (bottom surface)
– In-plane direction: parallel to the midplane
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Plane Stress Physical Assumptions

• Plate is flat and has a symmetry plane (the midplane)
• All loads and support conditions are midplane

symmetric
• Thickness dimension is much smaller than inplane

dimensions (10% or less)
• In-plane displacements, strains and stresses uniform 

through thickness
• Transverse stresses σzz, σxz and σyz negligible, set to 0
• Plate fabricated of homogeneous material through 

thickness: transversely homogeneous
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Notation for Stresses, Strains, Forces, Displacements

In-plane forces are obtained by stress integration through thickness.

(also called membrane forces)
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Plane Stress Problem

• Given
– Domain geometry
– Thickness: constant, varying
– Material data: linearly elastic but not necessarily isotropic
– Specified interior forces: body (volume), face
– Specified surface forces: surface traction
– Displacement  boundary conditions: fixed, allowed to move in 

one direction, or subject to multipoint constraints

• Find:
– In-plane displacements
– In-plane strains
– In-plane stresses and/or internal forces
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Governing Plane Stress Elasticity
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Moduli for Isotropic Linear Elastic Material (1)
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Moduli for Isotropic Linear Elastic Material (2)
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Tonti Diagram of Governing Equations

(Strong Form)

(Weak Form)
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Plane Stress Boundary Conditions

ˆdisplacement BC on :    
ˆboundary traction: 

force BC on :    
ˆˆboundary force: 
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EXERCISE 14.4

 Cauchy stress to traction equations
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Discretization into Finite Elements
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Displacement Assumed Element
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Element Energy and Stiffness Equations

1 1 1Internal energy: 
2 2 2

:  body forces
External work:   where ˆ :  boundary tractions

Total Potential Energy: 
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• Triangles are still popular because of geometric 
versatility and ease of automated mesh generation
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3-Node Plane Stress Triangles

• Turner triangle
– both the isoparametric and subparametric element families 
– closed form derivations for the stiffness matrix and consistent 

force vector without need for numerical integration
– cannot be improved by the addition of internal degrees of freedom

• Veubeke equilibrium triangle

geometry DOF
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Turner Triangle Geometry / Nodal Configuration

 

     

2 3
023 02 03 02 03 2 3 3 2

2 3

123 023 021 013

1 2 3 2 3 3 2 3 1 1 3 1 2 2 1

1 2 3

1 1 1 1sin
2 2 2 2

1 1 1
2 det

x x
A L L L L x y x y

y y
A A A A

A x x x x y x y x y x y x y x y
y y y

     

  

 
        
  

0



CAE Plane Stress - 18

First Berkeley and Engineering FEM paper
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Triangular Coordinates (ζ1, ζ2, ζ3)
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Triangular and Cartesian Coordinates
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Partial Derivatives
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Displacement Interpolation over Turner Triangle
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Displacement-Strain-Stress
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Element Stiffness Matrix

 and  are constant
over the triangle area

23 32

32 23
11 12 13 23 31 12

31 13
12 22 23 32 12

13 31
13 23 33

12 21

21 12

0
0

0 0 0
01 0 0

04
0

0

e e

e T e e T eh d hd

y x
x y

E E E y y y
y x

E E E x x
x yA

E E E
y x

x y

 
    

 
 
   
       
     
 
  

 B EK B EB K B EB

3 21

32 23 13 31 21 12

23 32

32 23
11 12 13 23 31 12

31 13if  is constant
12 22 23 32 13 21

13 31
13 23 33 32 23 13

12 21

21 12

0

0
0

0 0 0
0

0 0 0
04

0
0

e

e

h e

x hd
x y x y x y

y x
x y

E E E y y y
y xh E E E x x x

x yA
E E E x y x

y x
x y



 
   
  

 
 
   
        
     
 
  



K

31 21 12y x y

 
 
 
  



CAE Plane Stress - 25

Consistent Node Force Vector for Body Forces
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