Direct Search Methods

 Introduced by Hooke and Jeeves (1961)

« Methods that do not require derivatives of the functions
In their search strategy

« Convergence? continuous and differentiable functions

* Two prominent methods
— Nelder-Mead Simplex Method
— Hooke-Jeeves Method
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Univariate Search

* Minimize the function with respect to one variable at
a time, keeping all other variables fixed
— perform along the coordinate directions (fixed)

minimize f (x* + /) —1-D search =

o $2 e
+a? —a? reject { :f,
x® = x® y g i=1...,n =

« Cyclic Coordinate Search
— Change only one variable at a time
— Produce a sequence of improved approximations

« Simple, but not converge rapidly, not even converge!
— Steep valley
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Hooke—Jeeves Method

» Pattern search methods
» Search direction is not always fixed

« Exploratory Search

— Univariate search is performed with a fixed step size in each
coordinate direction

— Successful? the new design point is called the base point
— Search fails? the step sizes are reduced by a factor

 Pattern Search
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Hooke and Jeeves Pattern Search Method

exploration at point B

successful : pattern direction BP = X, — X,
Xtse —
not successful:s = rs(r <1)
s =0.05 ~ 1:step size — line search |
P->B,B—B B o
o Explore
H . !
extension step : X, = Xg +a(Xg — X} S
a =0.5~2 — linesearch
. . L B
exploration at point¢ . B - :
Pattern
B’ \\‘ . P
\c\
\\
B s Explore
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Nelder—Mead Simplex Method

* Does not use gradients of the cost function

* Idea of a simplex

— Geometric figure formed by a set of (n+1) points in the n-
dimensional space

— When the points are equidistant, the simplex is said to be regular

* Nelder—Mead method (Nelder and ead, 1965)

— Compute cost function value at the (n+1) vertices of the simplex
— Move this simplex toward the minimum point
— reflection, expansion, contraction, and shrinkage

(a) (b)
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Operations on the Simplex (1)

f<f,<-.<f <f  —x° :EZX("): centroid of n best points
N

reflection: X" =x" +(1+ o:R)(xC —x" ) =(1+ 0 ) X" —aeX", 0< o <1(e =1)

extension: X° = (1+ o )X° —ae X", oz 21(c =3)

_ x? 4+«
contraction: x° =

R_yvCY=(1 R _
o (X —x°) = (L+ g ) - | A<y <0(ay = 05)

X° +a, (xC —XW) (1+a )xC —«

a b
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Operations on the Simplex (2)

D
——
seed poin

+5eV, j=2,..(n+1) W

shrinking: x =x" +&(x) -x'), 0< 5 <1(5=05), j=2....(n+1)
initial simplex: x'V =
t

« Termination Criteria
— Domain convergence test i xt
— Function value convergence test
— Limit on number of iterations

- MATLAB

— fminsearch
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Solution of Constrained Problem Using

—Unconstrained Optimization Methods _________

« Transformation Method
« constrained problem — sequence of appropriately
formed unconstrained problems

— Robust for large problems
— Few algorithmic parameters to tune

« SUMT (Fiacco and McCormick, 1968)

— Sequential Unconstrained Minimization Techniques
— Construct a transformation function (cost + constraint)

®(x,r)=f(x)+P(h(x),g(x),r):asr =00, x(r) > x"
— Penalty Function Method: infeasible points

— Barrier Function Method: feasible points
— Augmented Lagrangian (Multiplier) Methods
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SUMT: Penalty Function Method

e Quadratic loss function

P(h(x),g(x),r)= r{izz[hi (x)]2 +er:[gi+ (x)]z} where g;” (X) = max (0, g; (x))

« Exterior penalty method

— Applicable to generally constrained problems with equality
and inequality constraints

— Starting point can be arbitrary

— lterates through the infeasible region where the cost and/or
constraint functions may be undefined

— If the iterative process terminates prematurely, the final point
may not be feasible and hence not usable
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SUMT: Barrier Function Method

-

Inverse barrier function: P( ) % ) T

3 =

Log barrier function: P(g(x),r)= %Zpllog( g; (X )
L i=1

« create a large barrier around the feasible region
 Interior penalty method

— Applicable to inequality-constrained problems only
— Starting point must be feasible

— Always iterates through the feasible region
— If it terminates prematurely, the final point is feasible and usable

« Weakness of penalty and barrier function method
— ill-behaved when r becomes large, selection of the sequence r
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Example

Minimize f(x)=ax
subject to g(x)=4-x <0

¢if y q’;f ||\ 0% rp) r—0
/] /)
d (X, r5)
Pk < Tk 4 1 4 1 o(X, rp
/ ek 2Tk +1 b 5 ¢(X, ,.3}
(D(I'3) : :
¥ A -
1 A
7] /
¢(r2) : ﬂX) = 0 :
/] A
e /
1 /)
1 /]
. &(ry) % 93 g Optimum X*
92 A " Optimum X* \:
01 1 /
/] /]
/] y
4 y
1 A
= X >~ x;
0 Xy =B 0 x; =B
G; lg;(X)} = (max [0,;(X)])2 G; lg(X)} = ~1/g;(X)
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Augmented Lagrangian Method (ALM)
Multiplier Method

Fixed parameter SUMT-like penalty method

No need for the controlling penalty parameter
— Need not be increased to infinity for convergence

— transformation function ® has good conditioning with no
singularities

Arbitrary starting point: no need to be feasible
Fast rate of convergence than the penalty method
Possible to achieve active constraints precisely

Automatic identification of active constraints
— Nonzero Lagrangian multipliers

P(h(x)’g(x)’r’g):%g“'(“ +0). +%ler (g+0) ]

> quadratic loss function
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Equality Constrained Problem

Minimize f(x)
subjectto h,(x)=0 j=1...1

De (X’h(x)’rk): f(X)J“Zp:ijhj (X)J“% ki[hj (X)}2 :>{rk =0~ Lagrangian

all 2, =0— penalty function

> A=A +rh,
or  of oh, :

0% OX 3 OX

updating rule { "’
., =c¢r, c6=1
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Inequality Constrained Problem

Minimize f(x)
subjectto g, (x)<0 j=1...,m

®, (x9(0.5) = () + 3 4 [0, (x)+57 ]+ 203 [0, (0 +57T

j=1 j=1
L(x.2)
( m 1 m
@, (x, 4,1, )= f (x)+z/1jozj +> kZajz
—> 3 ;1 -
a = max{gj (x), —r—’}
L k

A =294, j=1.m

j 7

R.T.Rockafellar, The multiplier method of Hestenes and Powell applied to
Convex programming, Journal of Optimization Theory and Applications,
Vol.12, No.6, pp.555-562, 1973
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Mixed Equality-Inequality Constrained Problem

Minimize f(x)
subjectto g,(x)<0, j=1...,m
:O’

h; ()

]=1..., P
m p m
D, (x h(x),9(x) rk)z f(x)+z;/11aj +Z;/1m+jhj (x)+—rkz;a12+— kZ;hjz(x)
1= 1= 1= 1=

-

J

2.6
A =20 41 max<g, (x(k)), ~ U j=1,...,m
updating rule <

k+ .
ﬂm”( V=2, +eh, (x(k)), j=1...,p
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Example 10.6: Excel/Solver

F (X, X0 %) = X7 +2%,7 +2%7 +2%X, +2%,%, from x; =(2,4,10)

ol 71 &4

ZICH A& AIZHT):
ZICH A& =21
(P

518 EH=(E):
V)

4 2 = M)

100 | &

100
/0,000001
E
/0,001

[]8% 0f 222 JHR(E)
2 Ol A%
® 1XH(A) ® BAE)
O 2XHA(Q) O O

&3

A
e

[

4k
b

| =ganw.. |
% oY REE).. |
| EseH |
[JEHl RS &E(U)
DS ZF 2SI » AlLIEZI2 HE
® SEHN) HIOIE>DtAt=2 A >
O 2N ZARE(0) ALE2I L 22| At

/

quasi-Newton method

conjugate gradient method

memory

more

less

iteration

fewer

more
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Example 11.8: Matlab/fminunc (1

f(x)=50(x, ~%?) +(2-%)" from x, =(5,-5)

| J Optimization Tool Q@@

File Help
Problem Setup and Resul Options > >> Opt| mtool
O Specify: |
Solver: fminunc - Unconstrained nonlinear minimization v
Type: forward differences v
Algorithm: Medium scale v
Proble Hessian update: v
Objective function: | @(:x) B0w(x(2)-x(1)"2) 24(2x(1))"2 v || mitial quasi-Newton Hessian: ® Scaled identity ) Optimization PlotFcns =3
Derivatives: | Approximated by solver v O ldentity File Edit View Inset Tools Desktop Window Help El
Start point: 5-5 - ied: | . . .
il B . O User-supplied: | Current Point Total Function Evaluations: 168
Run solver and view results =) Algorithm settings 4 @
5 S Iy
Start = =
= 2 10 s
Current iteration: |43 Clear Results z 2 3
— - 2 s ¢ 00 ¢
Optimization running, A 34 E 5
Optimization terminated, Typical X values: ® Use default: ones(numberOfvariables, 1) B HHHEHOHN
Objective function value: 2.074303093076606E-6 [r
O Specify: 0 0
Local minimum found, 1 2 0 20 40 60
i i 3 i 4 I = Inner iteration stopping criteria Number of variables: 2 Iteration
ptimization completed because the size of the gradient is less . . o . R
s (énguf Function Value: 2.0749¢-006 zﬁllﬁ-‘ardet Optimality: 0.0027387
the default value of the function tolerance, L —
2 S 15
® 4 =
= =S
> s o i
AT — = g
Final point: € 2 S 05 A
- o = 0
i 2 (= Plot functions o = Y
1,999 3.994) Current point Function count Function value 0 0
— g e Z 9 0 20 40 60 0 20 40 60
[[] Current step First order optimality Iteration [teration
[[] Custom function:
= Qutput function
[[] Custom function:
= Display to command window
Level of display: | off v
< B[l =a |
L] ]
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Example 11.8: Matlab/fminunc (2

B Editor - C:¥WDocuments and SettingsWSeungjaeWHIE Sl0iWex 9 8.m

File Edit Text Go Cell Tools Debug Desktop Window Help A ax
DNEH | sRR20 (972 Aesi| Rl-8880E B A | stack Bas fx BODB&0O
BB -0 |+ =11 | x|%ek|@,
1 function [x,fval,exitflag,output,grad,hessian] = ex_8_8(x0) |[:I
2 % This is an auto generated M-file from Optimization Tool. i .
3| File>Generate M-File...
4 % Start with the default options
= options = optimset:
B % Modify options setting
7 - options = optimset(options, Display’, ‘off’');
8- options = optimset(options, PlotFens', { @gptinplotx @optimplotfunccount @optimplotfval @optimplotfirstorderopt }):
9= options = optimset{options, 'Hesslpdate’, ‘ ,
10 - options = optimset{options, LargeScale’, ‘o ‘dfp ,
1 - [%,fval,exitflag,output,arad, hessian] = ... steepdesc
12 fminunc({@(x)50+(x(2)-x(1)"2)"2+(2-x(1))"2,%0,0pt ions) ;
13
i ex_9.8 ln 3 Col |
10 .
519
4
35
sk
3
& 25
2
oF 15
1
0.5
1]
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