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Classification of Optimization Methods

» Optimality criteria methods (Ch.4~5)
— Conditions a function must satisfy at its minimum point
— Seeking solutions to the optimality conditions

e Search methods (Ch.6~13)

— Numerically searching the design space: direct approach
— Start with an estimate of the optimum design
— Search the design space for optimum points

Optimization methods
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Minimum

* Global (absolute) minimum
f(x")< f(x) forall x in the feasible region (constraint set S)

e Local (relative) minimum

f(x")< f(x) for all xin a small neighborhood N of X"
in the feasible region (constraint set S)

N = {x\x e S with HX—X*H < 5} for somesmall o >0
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Example 4.1+2+3

* Find the local and global minima for the function f (X, y)
using the graphical method

Minimize
fx,y)=(x-4)* +(y-6)? (@)
subject to
Q1=x+y-12<0 (b)
2 =x-8<0 (©)
g3 =—x<0(x20) (d)
2s=—-y<0(y=0) (e)
Minimize
f(x,)=(x-10)* +(y-8)’ (a)

subject to the same constraints as in Example 4.1, Egs. (b)-(e).

Maximize
flx, ) =(x-4 +(y-6)° (a)

subject to the same constraints as in Example 4.1, Egs. (b)-(e).
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Example 4.1+2+3

Local minimum: point E(4, 6)

Global minimum: point E(4, 6)
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Minimum point: G(7,5)
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Welerstrass Theorem

e Existence of global minimum

— If f(X) is continuous on a nonempty feasible set S which is closed
and bounded, then f(x) has a global minimum in S.

— A set Sis closed if it includes all its boundary points and every
sequence of points has a subsequence that converges to a point
in the set.

— A set S is bounded if for any point xeS, x"™x < ¢, where cis a
finite number.

— The theorem does not rule out the possibility of a global minimum
if its conditions are not met. (not an “if and only if” theorem)

eg., f(x)=-1x
{Sz{x|0<x31} : not closed

S = {x|0 <x< 1} - closed and bounded, not continuous

eg., f(x)=x*subjectto —-1<x<1
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Fundamentals

 Gradient vector

— Normal to the tangent plane at the point x*

OX 0%,

Vf(X*):M:gradf(x*):{M af(X*)}T

e Hessian matrix
— Always a symmetric matrix

_82f(x*) 82f(x*)_T
H—vzf(*)—azf(X*)_ X oux
N COXOX azf'(x*) azf‘(x*)
OX,0%, X °
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Example

— 8 x*=(1.8,1.6)0AM Utz &2 SAIZE H(Gradient)E otct.

[}

f(x)= (% -1) +(x,-1f

Gradient vector

(1.8, 1.6)

Dt Tangent

L)

F(x)= (x1 =12 + (xa + 1)

X4

| I |

2 3
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Taylor Series Expansion (1)

— Polynomial approximation in a neighborhood of any point in
terms of its value and derivatives

» Single variable

f(x)= f(x*)+m(x— X*)-I-EM(X—X*)Z +R

dx 2 dx?
x—X =d : small changein the point x™

f(x*+d):f(x*)+df(x*)d 1?1 (<) e
dx 2 dx?
 Two variables

f(x,X,)= f(xl*, x;)Jri(x1 - xl*)Jrﬂ(x2 - xz*)

0%, oX,

+> ( )2+2 ( —Xl*XXZ—XZ*)-FifZ(XZ—XZ*)Z +R

2

X
2 2 2 . .
f(x,X,) ( ) Z (x—xi )+ ZZ@ - (x—xi Xxj—xj )+R
mllé) i-1 jo1 OXOX;
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Taylor Series Expansion (2)

— Matrix notation
f(x)=f(x" )+ VET (x - x*)+%(x— X J H(x=x")+R
X—X =d

f(x"+d)= f(x")+ VTd +%dTHd R

Af = £(x"+d)- f(x")=VFTd +%dTHd +R

first order changein f(x)at x”
S =vi'ox where x=x-Xx

— examples
f(x)=cosx @x =0
f(x)=3x"%x, @x =(11)
f(X)=x"+x%°—4x —2x,+4 @x =(1,2)
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Quadratic Form

— Special nonlinear function having only second-order terms

1 1 n %i=3 pyX; —>y=Px 1
F(X):EZZ Pii Xi X :szi(; pijxj] = >F(X):§Zl:xiyi
i= j= i=

im1 j=1
F(x):%xTy:%xTPx

_1{[p11X12 L pnnxn2]+[(p12 T p21)X1X2 +"'+(p1n T pnl)xlxn ]}
2 |+ [(pn—l,n + pn,n—l)xn—lxn]

1
aj :E(pij"'pji )—>aij+aji=pij+loji

>F(X)=%XTAX
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F (X, Xy, X, )= %(lez + 2%, X, + 4%, Xy —BX,” —4X, X, + 5x32)

F(x)=2 [
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Form of a Matrix

e Check the form of a matrix

— Eigenvalue
— Principal minors
 |f no two consecutive principal minors are zero

form definition | eigenvalue principal minors
positive definite X" Ax >0 A4 >0  >0(k=1...,n)
positive semidefinite | x"Ax>0 % =0 >0(k=1...r)
negative definite X" Ax <0 A <0 <0 (odd k) i
>0 (even k) ’
negative semidefinite | x" Ax<0 4 <0 <0(odd k) K=l 1
>0(evenk)
indefinite ? some 4 <0
other 4. >0
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Example

— LIS 222 SEtHE 28 otct.
(2 00
A=|0 4 0|— positive definite
0 0 3
-1 1 0
B=|1 -1 0 |— negative semidefinite
|0 0 -1
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o X B RAA (First-order necessary conditions)

f(x)= f(x")+ f(x ) +l f(x Jd? +R
Af - (>;) f)= flx )d>0

’E zla L= 2UE, =8 : stationary point
21 (Sufficient conditions)
f'

( )d +R—> f”( )>O (2| AFO|A Sto| 2E0| o)

2
« O|At & KA (Second-order necessary conditions)

f”(x*)zo
if £7(x")=0, £”(x')=0and f™(x)>0
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Examples

e Local minimum points using first-order necessary

conditions 0
Local maximum |10
1.f(x)=sinx "
1 -5
_ 2 1
2100 - AN
3.f(x)=x>-x"—4x+4 3 /2 ~f
4. f (X) — X4 | . Localpr;u;:tlmum
5.F(x)=ax +g (a,b > 0)[section 2.3] 10
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e (OIXHhsS=AA
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Examples

1. f (x) = x> —2x+2 (effects of scaling or adding constants to a function)

S[F(0+1)[2¢ (9] [~ (0]
2.1 (X) = %" +2XX%, +2X,° — 2% + X, +8
R? + RH }

f_: =
. — f =R’ +L [section 2.8]
h=7zR*H-V =0

7R

3

4. f (x):%x2 +COS X
4.0E +06
—_

5.f(X)=Xx
() .

250X,
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f(x) f(x)
A A
al f)=x2-2x+2 4 fx)= (x2=2x+2) + 1
- \\/
: } > X ' } » X
1 2 1 2
f(x) f(x)
A A
8 f(x) =2(x2-2x+2) f(x) = -(x2 -2x+2)
3 al
6..
NS |l
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x* = (2.5, -1.5)
f(x*) = 4.75

Minimum point

10.0

Local minima: Band C
Local maximum: A
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Optimality Conditions for Unconstrained Function

TABLE 4.1(a) Optimality Conditions for Unconstrained One Variable Problems

Problem: Find x to minimize f(x)

First-order necessary condition: f =0. Any point satisfying this condition is called a stationary point; it can be a
local maximum, local minimum, or neither of the two (inflection point)

Second-order necessary condition for a local minimum: f* 20
Second-order necessary condition for a local maximum: ' <0
Second-order sufficient condition for a local minimum: ' >0

Second-order sufficient condition for a local maximum: f* <0

Higher-order necessary conditions for a local minimum or local maximum: calculate a higher-ordered derivative
that is not 0; all odd-ordered derivatives below this one must be 0

Higher-order sufficient condition for a local minimum: highest nonzero derivative must be even-ordered and
positive

TABLE 4.1(b) Optimality Conditions for Unconstrained Function of Several Variables

Problem: Find x to minimize f(x)

First-order necessary condition: Vf = 0. Any point satisfying this condition is called a stationary point; it can be a
local minimum, local maximum, or neither of the two (inflection point)

Second-order necessary condition for a local minimum: H must be at least positive semidefinite
Second-order necessary condition for a local maximum: H must be at least negative semidefinite
Second-order sufficient condition for a local minimum: H must be positive definite

Second-order sufficient condition for a local maximum: H must be negative definite
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