« SRMNYZAN FS2MAEHS UESIEHAM =X
s Eagcle A BHEHE = A

» Hlefet=0| HASHE Aot=0 2852 I
— ofj 7t E=XSHX| &= =& /JUZ: 2tX|QF (overconstrained)

« Equality constraints are always active for any
feasible design, whereas an inequality constraint

may not be active at a feasible point
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Optimization Techniques

Example 4.24

Cost function contours

2 f=0.75
A
f=0.5
R
§ (1.5,1.5) Minimum point
N x*=(1,1)
N | f(x") = 0.5
§ = bl\ :
§ feagsigne g1=X1+x2-2=0
AV ANNNNWN RS 1 > X
Ch4+5-24



= L
o ™AIH (regular point)
- S2MNYEAS TEStD 2= Mot ZAIRHEH SO
ol Kl = 2
= I —
- A= FHe GARHET M2 HASHA] i o ZF
AMNEHEHE CHE ZAIZHEHZO| M4z Bag
QiCt= A= 20|

« Z2t2HX|5 4 (Lagrange multiplier)
- A9 M= tiSot= S (scalar multiplier)
- S L Aeferol JEOf et =2
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Example 4.27

X2 f= 075 Minimum point C

»={1,1)
f(x*)=05

(1 5,1.5)
Vh
1 —t - ——
Feasible region:
! line A-B
|

Optimization Techniques

Minimize f(x,,x,)

subject to

h(X,%)=0->X%=¢(x)

Ch.4+5 - 26



o (5,%,) o (.) 0, x) 0

dx,

0%,
of (xl*, xz*)+ of (xl*, xz*) dg

oX,  dx

_)
0%,

OX,
dh(xl*, xz*): ah(xl*, xz*)+ ah(xl*, xz*) dg _,_, 96 __ ah(xl*, xz*)/(’ix1

dx,

=0

=0 @ optimum

dx,

0%

OX,
ah(xl*, xz*)/ %,

dx,

0%,

OX,

Optimization Techniques

of (xl*, xz*)_ of (xl*, xz*){

ohlx”,x,”)/éx,

dx,  ohlx,x, )/ox,
}o
\\Araf (Xl*’ XZ*)_H/ ah(xl*’ XZ*) =0
SR
R 8f(x1 X, )+V5h(xl % ):o
0%, X,
h(x,x,)=0



L(Xw X2,V)= f(xv X2)+Vh(X1’ Xz)

\Yi (x*) = —vVh(x*)

o

o &
|_.m oy ol
= hll
= =3
© B
ol . o
=™ o
TSR o
pl—- N
i 4
o
JTAll.A_l ._n.v_.ﬂ ﬂ
mx% K
.A
< I
i <0 ™
rr <0 = 10 B
7y 20 -
Mo =~ 2
<gr Mz s
S =~
kOO <lo ™" K

R0 e T
K30/ mbd =
HUju {1 fof ol

oF @ n7jod L|0BS
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- SEHAZTHOE h(X)=0 j=1...p 7} Y=1(x) 9
ZaetEME Addl EXL x* & O 2Xe =574 =20l
SEFOo|ztn 5t CHE & CHESte 2tagtX|S= v, j=1...,p

7t &Rt}

df (x) & .dh (X -
dx. +ZVJ' dx. dx ——ZV,- TV i=1...,n

j=1 i i j=1 i

hj(x*):o; j=1...,p

v

B | |
BAIEHIEHZO| ddae
p
L(x,v)=f(x)+D v;h;(x)=f(x)+Vv'h(x)
j=1
oL(x",v
VL(X* v*):O or ( ):O i=1...,n
OX;
—>
aL(x* v*) )
=h;(X)=0; j=1...p
Optimization Techniques L aVj
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Example 4.25 Cylindrical Tank Design

« Section 2.8 — Example 4.21

minimize f =R?+RH 1/3 y3 1/3
2
subjectto h=7zR*H -V =0 27 n 27

Optimization Techniques Ch.4+5-30




Example 4.26~28 Role of Inequalities

— status of the inequality constraint (active or inactive) must be
determined as a part of the solution for the optimization problem

Minimize f(%,%)=(%-15)"+(x,-15)
Minimize f(%,%)=(%—-05) +(x,~05)
subject to g, (x)=x+x,-2<0

g,(x)=-x <0

g;(Xx)=—x, <0

Optimization Techniques Ch.4+5- 31




o 23l =(slack variable)S E ol 52| E

9

slack variable:s.” (why?avoid additional constraints s, > 0)

QXA HSSH R

(x)<0—>g,(x)+s° =0

7o =

1=1....m

{siz = 0:equality — active (tight) constraint

s.” > 0:inequality — inactive constraint

—

.+ "<type” ®|AZEHO| B ARIX| S50 CHEH FIHE QI

- U & jHM RESHARA Che BtaRKE S v

Optimization Techniques

minimize | maximize
g,(x)=> u, <0 u" >0

2

2}

—

Ch.4+5 - 32



Example 4.29

Minimize f (x,X,)=(x, —1.5)2 +( X, —1.5)2

subject to g(x)=x+x,-2<0

Optimization Techniques Ch.4+5-33



Karush-Kuhn-Tucker necessary conditions (1)

=

x* 7t MeFA el A E0| L, ChE 2l M= St 2= f(x)2 =55
Z|2~F 0l 2t oAt

= v* 2t u* 7| EX|otLC}.
0

GLE(?f +Zvi*a—h'+mu.i=0 j=1...,n
OX; OX; ‘3 X; a3 OX,

hi(x*)zo; i=1..,p
<gi(x* +s°=0; i=1...,m

u,*s, =0; 1=1,...,m (switching conditions)

u >0; i=1...,m
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Karush-Kuhn-Tucker necessary conditions (2)

o O|X|Z=9| 7§Z=: X, u, s, v (n+2m+p) = # of eqns
- M=zkZxE A (switching condition) EE= E St A
(complementary slackness condition)
{gi (x*)< 0 (inactive, s’ >0) - u, =0

g, (x*): 0 (active,s’ =0) > u, >0

Optimization Techniques Ch.4+5-35




Karush-Kuhn-Tucker necessary conditions (3)

« K-T conditions are not applicable at the points that are not regular.

* Any point that does not satisfy K-T conditions cannot be a local minimum
unless it is an irregular points.

« The points satisfying K-T conditions can be constrained or unconstrained.

 If there are equality constraints and no inequalities are active, then the
points satisfying K-T conditions are only stationary.

» |f some inequality constraints are active and their multipliers are positive,
then the points satisfying K-T conditions cannot be local maxima for the
cost function.

« The value of the Lagrange multiplier for each constraint depends on the
functional form for the constraint.

— Optimum solution ? / Lagrange multiplier ?

(i)%—log oy > 0) (ii) x—10y <0 (iii)o'—ylx—ls 0

Optimization Techniques Ch.4+5 - 36




Example 5.3

— Necessary conditions are applicable only if the assumption for
regularity of x* is satisfied.
« Gradients of all the active constraints @ x* is linearly independent

Minimize f(x,%,)=x"+X," —4x +4
subjectto g, =—x, <0

g, =-X= 0

J; =X, _(1_)(1)3 <0
Check if the minimum point (1,0)
satisfies K - T conditions.
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Kuhn-Tucker & Q X7190| Hd

 Without slack variables

gi(x*)+ s’=0—s/ =—gi(x*)2 0— gi(x*)s 0
u's,=0—-u's’=0— ui*gi(x*): 0

L(x,Vv,u) +ZV.h. +Zu g,(x)= f(x)+ Vv h(x)+u"g(x)
o _a +Zp:v,a—h‘+m ,%:O J=1...,n

OX; OX, I OX; I OX,

hi(x* =0; i=1...,p
<gi(x <0; 1=1...,m

u,*gi(x*):o i=1,...,m (switching conditions)

u >0, i=1...,m

Optimization Techniques
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Example 4.30

Minimize f(x):%x3—%(b+c)x2+bcx+ f,

subjectto a<x<d (0<a<b<c<dand f, are constants)

f(x)
A

N
-3 ——
o
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Example 4.31

Minimize f(x)=x"+Xx,” —3%X,

subjectto g =x"+x,"-6<0

X2

_3 —
Cost function contours

4

Optimization Techniques Ch.4+5-40




Example 4.32

Minimize f(x)=x’+X," —2X —2X, +2
subjectto g, =-2x,—X,+4<0
g, =—%—2X,+4<0

—_—
1

Minimum at Point A
X" = (4/3, 4/3)
f(x*)=2/9

Feasible region

Optimization Techniques

Ch.4+5 - 41



Summary of the KKT Solution Approach

* to check whether a given point is a candidate minimum
— the point must be feasible

— the gradient of the Lagrangian with respect to the design
variables must be zero

— the Lagrange multipliers for the inequality constraints must be
nonnegative

* to find candidate minimum points
— Several cases defined by the switching conditions must be
considered and solved
» Check all inequality constraints for feasibility
» Calculate all of the Lagrange multipliers for each solution point

» Ensure that the Lagrange multipliers for all of the inequality
constraints are nonnegative

Optimization Techniques Ch.4+5-42




Limitation of the KKT Solution Approach

 addition of an inequality to the problem formulation
doubles the number of KKT solution cases

Optimization Techniques

No.

Cases

Active constraints

U =0,1=0,1u2=0,uy=0

No inequality active

$1=0,u=0,13=0,us=0
1,=0,5%=0,u3=0,u;,=0
i, =0,1,=0,8=0,u;,=0
U =0,u,=0,u2=0,5,=0

One active inequality: ¢, =0
One active inequality: g> =0
Omne active inequality: g3 =0
One active inequality: gs =0

O 00 N N D e W N =

—_— —
-

$1=0,5=0,u3=0,u,=0
1,=0,8%=0,5=0,u,=0
U =0,u=0,5=0,8,=0
$1=0,u2=0,13=0,5,=0
$1=0,u=0,5=0,u,=0
1,=0,8%=0,13=0,5,=0

Two active inequalities: ¢, =0,¢, =0
Two active inequalities: g2 =0, ¢3 =0
Two active inequalities: g3 =0, ¢, =0
Two active inequalities: ¢, =0, g: =0
Two active inequalities: ¢, =0,¢:=0
Two active inequalities: =0, ¢, =0

e e
DN = W N

$1=0,5=0,5=0,u;=0
14,=0,8=0,5=0,5:=0
$1=0,u,=0,5:=0,5:=0
$1=0,5=0,u3=0,5;=0

Three active inequalities: g

Three active inequalities: g, =

Three active inequalities: g,

Three active inequalities: ¢,

:Olg:=0;g3=()

O:g3=01g4=0

=0,2:=0,8:=0
=0,22=0,8:=0

p—
N

$1=0,5=0,8:=0,5,=0

All four inequalities active

Ch.4+5 - 43



ctAEtA| sl =8| 2|0

o XA/l M (Post-optimality analysis) EE= Bl Z &= )| M (Sensitivity
analysis)
- AMHAZH O OIS HSAIRS O 2 HBHO| Bzt Cft D&

|_
rir
Lot

+ HefetAlelE 0228 Bt ZlE I sS4 +2| =Ho 0= oE Hat?
(

u*)7t Ol2iet B ==X 0f Lot e = MS

+ 9ff "<type” M =0 Cliet EfAEX|S 4TIt 7t OFL| O OF Sh=7}7

+ Hezds 2 P(relaxatl0n)°*0ﬂ [ftet @O X|= O|FO|L} & Hf(tightening)

2
I
MHI
]
9_+
i

+ SHE o MY+ X2 (scaling) Y2 22X S50 H}?
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+ Mool B E Ha
\"

., U;": satisfying both necessary and sufficient conditions

iEijuzp“via—hwmu.%:0—>af(x(0’0))=—vi*; I=1...,p
ob, ob 4F 'ob 4 ' ob ob,
<
GG B W P TR 10 I
oe, oe; ‘T oOe; ‘T ° Oe, 0€;

f(b,e )=f(0 o)+Mb +Me. = £(0,0)-v'b —u’e,

o ob, oe, A

Af = (b€, )- £(0,0)=—v'b, —Ule,

Optimization Techniques i j Ch.4+5-45



Example 4.33 («4.31)

* Nonnegativity of Lagrange multipliers

relax an inequality constraint (g; <0):e; >0

— feasible set for the design problem expands
— expect the optimum cost function to reduce further or at the most remain unchanged

ifu,” <0, then Af =—ue; >0 (contradiction!)
.. Lagrange multiplier corresponding to a " <type" constraint must be nonnegative.

Minimize f(x,X,)=%"+X,"—3XX,
subject to g (X, X,)=X%’+x,°-6<0

=x"=x,"=+3, u' ==, f(x*):—B

(e=1 (i.e., radius of circle = J6 - \/7) ?
f(0,1)=f(0,0)-ue=-3-(0.5)(1)=-35
e =—1 (smaller feasible region) f (0,-1) = —-2.5

/\
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Effect of scaling a cost function

— No change on the optimum point
— Change in the optimum value for the cost function

f(x)=Kf(x) where K>0

<

<

{j

KV,
Ku;;

1=1...,p
j=L1...,m

L= K(X12 +%,° _3x1x2)+ U(xl2 +X,° —6+ §2)

a_ 2Kx, —3KX, +20x, =0
0%,

oL _ 2KX, —3KXx; +20x, =0
OX,

X +X,"—6+52=0
us=0

u=

Optimization Techniques

N

b —> 4

X, =X, =+/3, U*zg, f(x*)z—sK
X, =X, =—/3, U*:g, f(x*):—BK
U =Ku

Ch.4+5 - 47



Effect of scaling a constraint

— No change on the constraint boundary (no effect on the
optimum solution)

— Change in the Lagrange multiplier

{ “=v /P; i=1...,p

Uy =u;/M;; j=1...m where M,>0

<

L= (X12 +x,° —3%,X, )+ U[M (xl2 +X, - 6)+ §2]
oL \

=2X, —3X, + 2uMx, =0 ( B
ox, 1 X, =X, =4/3, U*:ﬁ, f(x*)=—3
i=2x2—3x1+2LTMx2=O o | .
OX L3 IX =X, =3, @ VR f(x ):—3
MZX12+x22—6)+§2:0 )
us =0 0 =—
_ L M
uz
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Global Optimality

* Question of global optimum

— Weierstrass theorem (- exhaustive search)
« Cost function is continuous on a closed and bounded feasible region

— Showing the optimization problem is convex
« Convex set S
— If P, and P, are any points in S, then the entire line segment P, - P,
Is alsoin S [x:ax(2)+(1—a)x(1); Ogagl]
« Convex functions
f (ax(z) +(1- a)x(l))s of (X(Z))+ (1-a)f (X(l))

— Check : iff Hessian matrix of a function is positive semidefinite or
positive definite at all points in the set S

* Hessian matrix is positive definite — «—(x) strictly convex

Optimization Techniques Ch.4+5-49



Convexity

S

Optimization Techniques

xj+exi=1

f(x)

A

Fxq) [

3

af(xy) + (1 —o)f(xq)

o

Y

f(x)

N

f(x)=10—4x+2x* —x°

—

] ] 1 ] :- x
1 2 3. 4 5 6
Function is
convex for x < 2/3
-100
—-120
=140 4
-160 -
Ch.4+5 - 50



Convex Programming Problem

« Constraint set S is convex and cost function is also
convex over S
— Nonlinear equality constraint set — always nonconvex
— Linear equality/inequality constraint set — always convex

« KKT necessary conditions are also sufficient
— (theorem 4.9)

<S :{x\hj(x):o; i=L....p; 9,(x)<0;i =1,...,m}isaconvexset>

— (x)« (0)(function g; are convex and h; are linear)

— (theorem 4.10) Any local minimum is also a global minimum
* Proof ?
« Convexity check failure —(x) no global minimum point

Optimization Techniques
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Check for Convexity (1)

1] f(x)=x"+x,° -1
2] f(x)=10-4x+2x* - x°

-

min f(x)=x"-x,’

st x,20,x,<0

3] 5

3 2

(min f(x)=2x +3X, — %" —2X,
[4] <S.t. X1+3X2 <6

5X, +2X%, <10

X, X, 20

‘min f(x)=9x°—18xX, +13x,” —4

stox +X," +2x >16

5] -

Optimization Techniques Ch.4+5-52



Check for Convexity (2)

il

Optimization Techniques

A
== Y,
— " % ok

Feasible region

| Cost function
contours

Ch.4+5-53



Transformation of a constraint

« Form of function: convex <> nonconvex
« Convexity of the feasible region: no change

a

gI:X1X2—b§O g, =a—-bxx, <0
2a | X 0.5 0 -b
vig, - 22 2/ % vig, =
x°%°| 05 x/X -b 0
(positive definite) (indefinite)

 Sufficient Conditions for Convex Programming Problems

— If f (x) is a convex cost function defined on a convex feasible set,
then the first-order KKT conditions are necessary as well as
sufficient for a global minimum

Optimization Techniques Ch.4+5-54




Second-order conditions (1)

« Convex problems
— First-order K-T conditions are necessary as well as sufficient
for a global minimum
Minimize f(x,,x,)=(x —1.5f +(x, -1.5)’
subjectto g(x)=x,+X,-2<0
« (General problems
— Let x* satisfy the first-order KKT necessary conditions

— Consider active constraints @x* to determine feasible

changes d . .
Vh'd=0 and Vg, d=0

— If the number of active inequality constraints is equal to the
number of independent design variables and all other K-T
conditions are satisfied, then the candidate point is a local
minimum
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Second-order conditions (2)

Vgi(x)
* NeCeSSBI’y Condltlon A Constraint tangent plane
d
for nonzero feasible directions (d = 0) satisfying d d |

T . - = — xX* T --____.__“-\
Vhi d= O, | = 1, .o P / _\‘_\/J\Q{Q
Vgde =0; forall active constraints 7 gix)=0

Q :dTVZL(x*)d >0 if x” isa local minimum point

« Sufficient condition

for nonzero feasible directions (d = 0) satisfying
vh'd=0; i=1...,p

Vg, 'd=0; i=1,...,m for active inequalities with u; >0
Vg,'d<0; for constraints withu’ =0

ifQ=d"V’L(x")d >0, then X" is an isolated local minimum point
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Check for Sufficient Conditions

[ Example 4.30]
Minimize f (x)= %xs —%(b-l-C)XZ +bex + f,

subjectto a<x<d (0O<a<b<c<d andf, are constants)

—> X=a
[ Example 4.31]

Minimize f (x)=x°+X," —3%X,
{subjectto g=%X"+X"-6<0

- (1)x"=(0,0),u" =0 (2)x" =(V3,43),u" =05 (3)x" =(—3,~/3),u" =05
[ Example 4.32]

(Minimize (X)=%2+%, —2% —2X, +2

N

subjectto g, =-2x —X, +4<0
g, =—X—2X,+4<0

o (4/3,4/3),u" =(2/9,2/9)
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Summary: Optimality Conditions

Unconstrained

Constrained

Necessary Vi =0 VL=0
v2f - (1) convex problem: global
positive (2) VL : positive definite — strong
Sufficient ini Vvh'd =0
defintte (3) - +—>d'VALd>0
Vg'd = 0(active)

— Isolated local

Optimization Techniques
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Procedures (1)

* Problem formulation: DVs, objective, constraints

« Convexity check: global optimum ?

« K-T conditions: solutions

« Sufficiency check

« Sensitivity analysis: changes in the constraint limits

Optimization Techniques Ch.4+5-59



Procedures (2)

Problem Formulation

'
KKT Conditions

Global Minimum

Local Minimum

Optimization Techniques Ch.4+5-60




Design of a Wall Bracket

Minimize f(A,A)=1LA +LA,

ALA,
subject to

g, = Z'OEAT %6 _16000<0

g, _16E+06 16000 <0
A,

03 :_AISO

9, :_Az <0
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Design of a Rectangular Beam

Minimize f =bd
b,d

A g)= 0
subject to #0 %[ : 9:=0
/
A
( 1200 4 7
g — M _10 < O 2‘{1 b M
6M ‘ ' bd? )
o=—><(c,) 100074 % Al d
bd? ~ \Ca Jbending 2.25E +05 \ )
2y 9e=7g 2<0 E 800 v
— M < (Ta )shear L g, =d—2b<0 % - /)/;) Feasible region
d<2b g,=-b<0 a ) | |
400 /- Optimum solution curve A-B
b,d >0 g, =—d <0 e -
2004 g0 > e
M 40kN k ,// g5=0 —\ /7—/77777,77777777/'/7777777
= .m /I// /I I// ///I////l l
V =150kN 0 200 400 \?\:.)igth (::‘()) 1000 1200 1400
(Ga )bending = 1OMPa
(ra )shear =2MPa

b=237mm, d =474mm @ point B
b=527.3mm, d =213.3mm @ point A

Optimization Techniques
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