Two-phase Simplex Method (1)

 How to handle “> type” or “equality” constraints ?
— Initial basic feasible solution: not available — artificial variables
— New expanded space — original space
— Atrtificial variables: basic — nonbasic

 To eliminate artificial variables
— Artificial cost function: sum of all the artificial variables

e Phase I: to obtain the initial basic feasible solution

n+i

m
Minimize w= Zx
i—1

n
subjectto > a;X; +X,,; =b; i=1...,m
j=1

X;20; j=L1...,n
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Two-phase Simplex Method (2)

* Not suitable form for the Simplex method
— Atrtificial cost function: expressed in terms of nonbasic

variables
m m n m n m m n
!
W=D X =D I b= ayX; |= D B =D > ayx; =D b+ D Cix;
. i=1 ) i=1 j=1 i=1 j=1 i=1 i=1 j=1
in termzof in terms?)rf
basic variables nonbasic variables

¢\=->a; j=1...n
i=1
original cost function — treated as a constraint

w=0: end of Phase |
w = 0: infeasible problem
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Example 8.14 (“> type”)

Maximize z=y, +2y,
subjectto 3y, +2y, <12

N

(Minimize f =-x, —2x, +2X,
subjectto 3x, +2X, —2X, + X, =12

2y, +3y, > 6 2%, +3X, —3X; — X, =6
y, =0,y, unsigned| | %20 1=1...6
W= X6 = 6 - 2X1 - 3X2 + 3X3 + X5 Basic Xy X2 X3 X4 Xs X b
7 /
Optimum point e Xy 3 2 <) 4 0 0~
¥;=0,y,=6,2z*=12 o N T 2 3 2N 4 1 6
X, in
B
Cost =Ly =3 g 0 0 0 =0
Artificial cost -2 =3 3 0 1 0 w—6
4 ke s 0 1 T =% &
< i X2 % 1 2y "% % 2
I+ ps12. Cost 1 02 37207 s i
2 e Artificial cost e e 0 1 =g
) : 3 0 0 3 o 12
N . 3 1 -1 1 0 6
— J | > Y1
i NI 6 Cost 0 1 B0 fen
,

Optimizat

Phase I: initial
tableau, pivot: a,,

Second tableau
pivot: a,s

End of Phase I

Third tableau:-
optimum solution

End of Phase 11
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Example 8.15 (“equality™)

Maximize z =X, +4X,]
subjectto X, +2X, <5

(Minimize f =-x,—4x,

subjectto X, +2X, + X,

X, X, >0 x>0, 1=1...,6
11 2 y L i )
W=X,+Xs=7—-3X+X,
X2
i Basic x5 X3 X3 X4 Xs Xg b
!
4_
X3 1 2 1 0 0 0 5
it 2 1% 0 0 T
3 L tid 0 i3
G/ . Cost -1 —4 0 0 0 0 f—0
/]
/)
24 Artificial cost =3 0 0 1 0 0 w—1
Y
/]
7 X 0 §) o0l W p8 3
12 X 1 28 0 ¥ 0 2
2 Xs 0 -3 0 -1 -3 1 1
ey
; ) Cost 0 =1 g 0 b 0 P
i s ididddds L isdL T 1
0 f 2 3 4 5 Artificial cost 0 2 0 1 3 0 w+1

(infeasible problem)
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Initial tableau
pivot: a,;

Second tableau

End of Phase [
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Example 8.16 (unbounded)

Maximize z =3x,—2X, |

subjectto x,—X, >0
X +X, 22
X, X, =20

W=X,=2—X —X, +X,

3a
|
1
Q
o
¥
B «t
>
2 ~
+
7 % ‘
N |
Il
) Feasible region unbounded
£ c
A N D
L V///f////]////////; x1
1 2 3
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(Minimize f =-3x, +2Xx,

subjectto —X + X, + X, =0
el
J . X, 20; 1=1...5
Basic Xy X3 X3 X4 Xs b
l
i A e 1 1 0 0 0 Initial tableau,
e o 1 1 0 -1 1 2 pivot: a,,
X, in
Cost -3 2 0 0 0 f~0
Artificial cost -1 -1 0 1 0 w—2
X3 0 2 1 -1 1 2 Second tableau
Cost 0 5 0 ey 3 f+6
Artificial cost 0 0 0 0 1 w—=20
End of Phase I End of Phase 11
LP-23



Example 8.17

 Degenerate basic feasible solution

UUVISLIVEE AVE AAGLEPIV TIAT |UVELVIILVIaLL y

. . N Basic Xy X3 x5 X4 Xs X Xy X3 b
Maximize z =X, +4X, !
b . < X3 1 2 el 0 0 0 0 D35 Initial tableau,
x 2 1 =0 1 0 0 0 0 4 pivot: a
su JeCt tO Xl + 2X2 - 5 : x; 2 -0 0 -1 0 1 (I ) &
2 4 ;B f:l“ Sx = 0 0 i e o)
X, + X, < :
1 2 L Cost & =400 Oicies Osignt0idizs i 2 F 20
2X1 + X, >4 Artificial T LS 0 o ey
> 1 Xy 0 3 1 0 0 1 0 -1 4 Second tableau,
—_ x 0 315200 1 0 2 0=l pivot: a
Xl X2 = f :’n“‘_.x: Qishid BalOa ~ 0>~ = gy ks 3
2 ¥ B R e 0 =1 0 i
>
Xl’XZ —O J Cost 0 -5.0 0 de — 1 0 Tiiaf 1
BV H - Artificial 0 -3 0 o0 1-BOLFANAGUGET D)
Minimize f =-x —4x =
1 2 .
X5 0 0 ¢k 0 Tee sl 1 12 Third tableau,
- aout -5 0 0 =0 1 1 0 -1 =% pivot: a,s
subjectto X, +2x, + X =5 mme  dabdo b ko dad a0
1 2 3 EE £5 il 1 5
s 1 o0 = 1) i A ! L35 o4
2)(1 + X2 + X4 = Cost e i e Oeipg ey e Bl g b
9 2 4 Artificial 0 (il e 0E 2 1 3 w-0
X+ X, —Xs +® o ; End of Phase I
— — — x 0 Qs =1 05— 0 1 Final tableau
Xl X2 X6 4‘ 1 %5 0 £ F0SS0 5 TR 05 =120 é)
. Xa 0 =0 L WMo SRR e
x.>0; 1=1...,8 B ool sl e silproa?uitt e § oo gl oid
; ! Cost 0 0 i s Vo E e
k] 3 3 «
W= X7 +X8 :5—3X1+X5 +X6 End of Phase Il
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Post-Optimality Analysis

 Parameter changes: c, b, A - optimum solution ?

— Use of the optimum solution of the original problem if changes in
the parameters are within certain limits

— Need information on Lagrange multiplier

e Lagrange multiplier for the i-th constraint
— Reduced cost coefficient in the slack or artificial variable column
associated w/ the i-th constraint
o “<type”: nonnegative (slack variable column)
o “=type” : unrestricted in sign (artificial variable column)

o “>type” : nonpositive (artificial variable column = -surplus variable
column)

o
o€,

—y, : minimization problem w/ “< type” or equality constraints
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Example 8.18

Maximize z =5x, —2X, (of of of

subjectto (1) 2 +x, <9 % o, oe,
(2) x, —2x, <2 —1(1) 9 —>10,
(3)—3x,+2x,<3 (2)2 -3,

(1)9—->10&(2)2 >3,

'

A X;, X, 20

m
ANANANNANN

>

AL, //:‘-2 e T T
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Example 8.19 ¢ 8.13

Maximize z=x+4x, | [Minimize f =-x —4x,
subjectto (1) x, +2X, <5 subjectto X, +2X, + X, =
(2) 2%, + X, =4+ — 1 2%, + X, +X, =
(B) % —x,2>1 X, — X, —X, +Xs=
X, X, 20 ) | X.>20; 1=1...,6
| of
—=-Y,= ;(2)4->5 f=
e, V2 (2)
<
of
—=-Y,= ;312 f=
B Y3 3)
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Ranging

e Limits on changes in resources

A, :possible changein b,

max{l?‘ al >O}£Ak < m_in{l,Ji a) <O}

"L & a;

b=b; + A, a; :new values of design variables

* Ranging cost coefficients
c, = C, +AcC,
for cost coefficient of basic variables

o o
max{—- <0 <Ac, <min<—->0
ial ilay

il
r :row that determines x, , j : nonbasic columns excluding artificial columns

f *new - f - + ACka*

Optimization Techniques

LP - 28



Example 8.18+20+22 (< type)

Basic Xy X X3 X4 Xs b
!
B X 2 1 1 0 0 9
R {2760 1 0 43
3 =3 2 0 0 1 3
Cost =5 2 0 0 0 f=0
> ;‘"—ax; 0 £ 1 ey dnais
2 Xy 1 -2 0 1 0 2
0 —4 0 3 1 9
Cost 0 =8 0 =) 0 f+10
X3 0 1 0.2 -04 0 1
Xy 1 0 0.4 02 -0 4
xs 0 PSENT & S b L i T
Cost 0 O )d6 18 o .f+i
- - +

a
o
L8]
(e
w
3]
-
)
»

[constraint1:9 —10(A, =1)]
X, =b/=b/ +Aa/, =1+(1)0.2)=1.2
x, =0y =b, +Aa), =4+(1)(0.4)=4.4
Xs =0/ =b! + Aa), =13+(1)(0.8)=13.8

Optimization Techniques

[constraint1 — x,(column 3)]
r__b;_{_ 1 4 13
" a, | 02" 04" 08

ai3
~5.0<A, <022 54< <o

} ={-5.0,-10.0,-16.25}

[cost coefficient 1 — x,(row 2)]

c’
dj _ ’J :{1.6,1.8}:{4.0’9.0}
a,; 04 0.2

—0<AC S4—2=5-—n<c <1

|cost coefficient1: -5 — —4(Ac, =1))]
frow = T +ACX =-18+(1)4)=-14



Example 8.19+21+23 (= or >

Basic Xy X, X X, Xg X b
|
X3 1 2 1 0 0 0 5
Xs 2 1 0 0 1 0 4
Xg 1 -1 0 =1 0 1 1
Cost = —4 0 0 0 oo f =)
Artificial =3 0 0 1 0 0 w—35
X3 0 3 1 1 0 =1 4
Xs 0 3 0 2 1 =2 2
Xy 1 il 0 =1 0 1 1
Cost 0 —3 0 -1 0 1 f+1
Artificial 0 =3 0 -2 0 3 w—2
X3 0 0 1 -1 =l 1 2
X, 0 L8 3 2 38
X, 1 [ 5 I
o (@) @ @ paee
(1) (e2) 3) () s
Artificial 0 0 w—0
End of Phase I End of Phase 11

[constraint 2: 4 — 5(A, =1)]
=b/=b]+A,a); =2+(1)-1)=1.0

X, =0 =b) + A,a), = 2/3+(1)1/3)=1.0

X, =bg=D; + 4,84 =5/3+(1f1/3)=

Optimization Techniques

type)

[constraint 2 — x, (column 5)]

ro-2l )2 28 58l_n4 5050
als = 1/3 1/3
~20<A, <20 520<b, <6.0

[cost coefficient 1 — x, (row 3), exclude artificial columns]
c’.

d ___{ﬁ}: (70}
a;, |-13

~7.0<Ac <o0—% 5 80<c <

[cost coefficient1: —1 — —2(Ac, = —1)]

foow = f +ACX ——E+( 1)[§j:—6
3 3
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LP in Excel Solver: Example 8.19

Al B[ C D
1 | x1 0 1.66667
2 | x2 0 0.66667 1 1.666666667
3 P4 0| max 433333 0 0.666666667
4 | gl -5[(<{=0 -2
5 | g2 -4(=0 0 1 4.333333333
6 | a3 -1{>=0 0
o #7 24 20
Xy s aHD: [0 2 [ =
SEYE: [083 ] AH(S) EHMH AM =S[00 F &
Y ZA: 6 HRM) CHABW CAERW: [T gy || FEE® U000 SLILE
2tS HH2 4(B) HE T=(E) [5 % 2 HEHE)...
[$D$1:9D$2 ¥ FE(G@) 2H(0)... 2EZY) [o000T TEE(H)
CHIEE Z2A(W) S
$D$d <=0 ;I ZIHA) v H‘@Hﬂj}&(M) &9 As e3W)
$036 >=10 BHAQ.. | N 2A 2 Ol HS—— (B2
L MR | Sl FIRNE | | 6 BEE | | 6 REEN
 2RHA(Q) C EAO) O BY AAR(0)
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Reports : Example 8.19+21+23

DI2AETE DA R} —70<AC <o
Zrs upm M cost coeff. B
H L SHA| Sx4d 385 & Its _a=1 s 80<c <o
4 olE Zt H| & A% Bibx| UL R
$D$1 x1 1.666666667 0 1 7 1E+30 — o< AC. <35
$D$2  x2 0.666666667 0 4 1E+30 e 2
C=—4
x5t %= ——2+——>—-0<C, <-05
N H &k Het =4 38 Ils 8 Its
M ol Zt 2t Zobx|  zax|
$D$6 _>= 0 0 0 1 2
$D$4 <=0 -2 0  1E+30 2
$D$5 0 0 0 2 2
x5 Lagrange Range of
(;)‘ multiplier resource limit

» - /
1
Optimization Techniques

(1) x +2X,<5>-2<A, <00—>3<ph <0
(2)2X, +X,=4—>-2<A,<2—>2<Db,<6
@)X =% 21>-2<A,<1—>-1<b, <2
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Reports : Example 6.18+20+22

Optimization Techniques

= 4 (&digh —
’Z‘ o|E AL F2| g AL = %ilt’é' '
— = * e 0|2 2t
$D$4 timal 0 18 ——= = =
Max opima $D$4  max optimal 18
o2 HE 4 R — } —
= Al = NE A A Fe| ZF AlAF UE HiE 4 sistgt =2 4 st =7 4
- == = g 0| 2! ShAalgt 23 shAalgt  E3
$D%$2 x1 optimal 0 4 - B = 2 E = & =
$D$3  x2 optimal 1 1 18 1 18
Het =2
Al = Ao gt A OrE e 32| x|
$D$5 <=0 optimal 3.40721E-10 $D$65<=0 O= 0
$D$7 <=0 optimal -13 $D3$7<=0 H=H oI5 13
$D%$6 <=0 optimal -1.3102E-11 $D$6<=0 BLI= 0
UE HIZE &
A A Sl SR 4 JHE IS o b
Al 0| gl H| = Al = S7HA 2t A X|
$0%$2 x1 optimal 4 0 5 1E+30 4
$D$3  x2 optimal 1 0 -2 45 8
M 2
Al &b 2 HE Z2H HEB Ols HE IS
4 0| = o A= 24 =21X| AP
$0$5 <=0 optimal  3.40721E-10 1.6 0 1E+30 5
$D$7 <=0 optimal =3 0 0 1E+30 13
$D$6 <=0 optimal -1.3102E-11 1.8 0 25 9285714286
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Matlab Optimization Toolbox

>> [x,fval,exitflag,output,lambda] = linprog([-1 -4],[1 2;-1 1],[5;-1],[2 1],[4])

X =
1.6667
0.6667

fval =
-4.3333

exitflag =
1

output =
iterations: 5

algorithm: 'large-scale: interior point'

cgiterations: 0

message: 'Optimization terminated.’

lambda =

ineqlin: [2x1 double]
eglin: 1.6667
upper: [2x1 double]

lower: [2x1 double]
Optimization Techniques

>> lambda.ineqlin
ans =

0.0000
2.3333
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