Revised Simplex Method (1)

« Conventional simplex approach
— Unnecessary bookkeeping, computationally inefficient

* Revised simplex method: more efficient
— Necessary elements only (B, y, b’)
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Revised Simplex Method (2)

— Evaluation of reduced coefficients of the objective function

r,' =c,'B*N—c,' — pivotcolumn j
y= B_l[Aj ] b’=B™b — pivot row i

B, : known

B, ., :one column of B, is replaced
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Duality in LP (1)

* Duality: primal < dual
— Electric potential < Electric flow
— Strain(Displacement) « Stress(Force)
— Price per unit of product < Price per unit of resource

Maximize z, =d'x Minimize f, =e'y
subjectto Ax<e {<>-<subjectto A'y=>d
x>0 y>0

L(xy)=d'x—y" (Ax—e)+u'x L(yx)=¢"y+x" (d-ATy)-v'y
%ZO%ATy_u:d a—L:0—>Ax+v:b
aX u=ATy—c ay
Ax<e L= L ATy > ¢
x>0 y=0
y>0y' (Ax—e)=0 x>0,x (d-ATy)=0
u>0,-ux=0 y20,—vTy=0
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Examples

.
Maximize z, =5x —2X, L
_ Minimize f, =9y, +2y, +3y,
subjectto 2x, +X, <9 :
subjectto 2y, +y, -3y, >5
X, —2X, <2 <>
, y, =2y, +2y, 22
— 3%, +2X, <3
i Yir ¥, 20
X, X, 20
Maximize z, =X +4Xx,
subjectto x, +2X, <5
2X, +X, <4

2% + X, =4 —
2% + X, 24— -2X — X, <4

X, =X 21->-X+X,<-1
X, X, 20
Minimize f, =5y, +4(y,-Y,)—Y, [Minimize f, =5y, +4y, v,
subjectto y, +2(y, —Y;)—Vy, =1 subjectto y, +2y, —y, >1
<

2y1+(y2_y3)+Y4 >4 2y1+y5+y424
Yir Yar Yar Y4 20 Vi, Ya 20, Y5 (= Y, —¥;) unrestricted

Equality constraint < variable is unrestricted in sign P38
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Duality in LP (2)

* The dual of the dual is the primal.

« Dual variables y are Lagrange multipliers for primal
constraints.

rL(x,y) =d'x-y' (Ax-b)+u'x

L >0,x=0, Ay >d
a—=0—>ATy—u=d—>—d+ATy:u—>{u X y

1), u:O,x>O,ATy:d
Ax<e

1x=0

y>0 |

vy (Ax-e)=0->x"A'y=y e Sd x=y'e« 7,

u=0

.
—u x=0
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Example

— Treatment of equality constraints
 Pair of inequalities / Unrestricted in sign

< Primal >

Maximize z, =X, +4Xx,

subjectto x, +2x, <5
2% + X, =4
X, —X, 21

X, X, 20

< Dual >

Minimize f, =5y, +4y. -V,

subjectto vy, +2y. -y, >1
2y, +Ys+Yy, 24
Y1, ¥4 20
Ys =Y, — Y, unsigned
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(< Primal >
Maximize z, =x, +4Xx, (< Dual >

subjectto x, +2x, <5 Minimize f, =5y, +4(y,-V,)-V,

2x,+X, <4  —qsubjectto y,+2(y,—V,)-Y, =1

— 2% X, <-4
- X +X, <-1 |
X,y X, =0
(< Primal >
Maximize z, =-5y,—4y;+Y,

subject to
<

_Y1_ZY5+y4S_1

_ZY1_y5_y4 <-4
Y1, Y4 20
Ys; unsigned

2y, +(y, — Y )+ y, 24

Y11 Y21 Ya: ¥4 20

—> 9

(< Dual of Dual >
Minimize f, =-x, —4Xx,
subjectto —x, —2X,>-5

—2X,—X, =4
X =X, 21
X, X, 20
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Duality in LP (3)

PRIMAL

DUAL

# of constraints (i-th)

# of variables (v,)

# of variables (x;)

# of constraints (i-th)

“< Type” constraints

“> Type” constraints

Max cost function

Min cost function

Coefficients c;

Right-hand side of constraints

Right-hand side of constraints b,

Coefficients of cost function

Coefficient [a;]

Coefficient [a;]

Variable x; > 0

I-th constraint: inequality

Variable x; unsigned

I-th constraint: equality

I-th constraint: inequality

Variable v; > 0

I-th constraint: equality

OB RON RON BOR BOR ROSS RORS O R

Variable v; unsigned
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Duality Theorem for LP

— If primal and dual problems have feasible solutions, then
both have optimal solutions and the maximum of the primal
objective is equal to the minimum of the dual objective.

— If either problem has an unbounded objective, the other
problem is infeasible.

Maximize z, =d'x| [Minimize f, =e"y
subjectto Ax<e <> {subjectto A'y>d
x>0 y=>0

N

=d x<y Ax<y'e

xg . basic solution at the optimum of the primal
v . solution of the dual

=B le-BIN - -
=d,x, =y e—22 P syle=d,'Ble >y=d,'B™
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Primal < Dual

— Ifz, =14, then x andy are solutions for primal and dual
problems, respectively

* x andy with z, = f; maximize z, while minimizing f,

A'y>d —Sx Aly>x'd-o>y Ax>d'x

multiply x

T T
Tﬁe)y e>d x— fd Zzp

— (primal is unbounded)«>(corresponding dual is infeasible)

— (J-th dual constraint: strict inequality) —(corresponding j-th
primal variable: nonbasic(=0))

Zm:aijyi >d;, > x;=0
— (i-th dual variable: basic) — (i-th primal constraint: equality)

m
y, >0 ) ax; =¢
-1
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Dual - Primal

* (reduced cost coefficient of the slack or surplus
variable associated w/ the iI-th dual constraint) — (i-th
primal variable)

* (reduced cost coefficient of nonbasic) — (value of the
slack or surplus variable for the corresponding primal
constraint)

* Dual variables —(“<” form only) — primal constraints

« Equality constraint ? (no slack or surplus variable)
— Convert into a pair of inequalities
— Atrtificial variable
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Duality: Example (1)

< Primal >
Maximize z, =5x —2X,

(< Dual >
Minimize f, =9y, +2y, +3y,

i <
subjectto  2x,+x, <9 > — <subjectto 2y, +Yy,—-3y, 2552y, +VY,-3Y;— VY, + VY, =5

X, —2X, <2
1 2 — — —
Y1_2y2+2y32_2_) y1+2y2 2y3+y5 2
—3X, +2X, <3 50
S \ Yi, Y2, Y3 2
X, X, 20 ] )
i Basic 321 Y2 Y3 Ya Ys Ys b
Bla's“: *1 X2 X3 Xa X5 b ‘l
Ve 2 1 -3 g 0 1 5
X, 0 1 02 -04 0 1 ¥s =l 2 —2 0 1 0 2
X, 1 0 0.4 920 4
xs 0 0 0.8 14 .4 13 Cost 9 2 3 0 0 0 fa—0
AT —————
Cost 0 0 1.6 1:8 . 0 [ +18 Artificial =2 1 3 1 0 0 w—35
- N
Y1 1 0.5°5Egs L0570 [ el .
Vs 0 28 - =35 .85} 0.5i 45
Cost 0 =25 16.5 45 0 —45 f,-225
Artificial 0 0 0 0 0 1 w—=0
Y1 1 0 -08 -04 -02 04| 1.6
Vs 0 1 -14 -02 04 021] 18
Cost 0 0 13.0 40 1.0 -40 | f,—-18

— LP-45

Optimization Techniques



Duality: Example (2)

< Primal > ] (<Dual >
basic: x, =4,X, =1,x, =13 basic:y, =1.6,y,=1.8
. R )
nonbaic: X, =X, =0 nonbaic:y, =y, =Y. =0
maxium:z, =18 ) |minium: f, =18
(1) 1:d = Zp

(2) y, &y, :basic — constraints 1& 2 must be satisfied at equality (active)
{ZXl +X, = 9}
= —>X%=4,%X,=1
X, —2X, =2
(3) redued cost coeff. of y, (surplus:1st constraint) =4.0 — x,
redued cost coeff.of y. (slack : 2nd constraint) =1.0 — X,
redued cost coeff.of y,(nonbasic) =13.0 — (slack of 3rd constraint)
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Duality: Example (3)

— We do NOT have to replace an equality constraint by two inequalities

Maximize z =X, +4Xx, (equality)
Su bJeCt to Xl + 2X2 S 5 lilsit d | 2 *3 X4 Xg Xg b
2X1 + X, < 4 X3 ! % 1aiisd 0 0 o} o5
—> 2% +X, =4 4 1 o bt hafpion ud matdbl et o eokd
2%, + X, >4 : - R
Cost o e e 0 0 & r=9p
X, — X, > 1 Artificial =3 0 0 1 0 0 w-=5
x 0 is 1 0. mlayaci
)(1, X2 >0 X5 0 3y > 1 -2 % %3
x 1. joag o ag 0 £
. oy Cost 0 =3 0 ! 0 1 1
(two inequalities) bt
) Artificial 0 =3 0 =7 0 3 w—2
Basic x, X3 X3 X4 X Xg X7 Xg b X3 0 0 1 -1 -1 1 )
{ X, 0 1 0 : 1 =% 2
% 0 e ilhigeniy s aljunidip oldsite g i : * S0 g 3 Foat 15
o 0 1sxeT 0o -1 0 0 s :
on gy ol coiitrerk OF Sradige A K i s S T SN O B N
5ot 1 0 0 1 0 _1 0 1 i Artificial 0 0 0 0 1 1 w—0
Cost R e e 3 s S et End of Phase I End of Phase 11

Yi Y2 Y3 Vs Y1 Y3 Y2
Dual variable for equality constraint: y, -y, =5/3
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LP - 47



Quadratic Programming Problem

Minimize q(x)= ch+%xTHx

subjectto N'x=e

> L :ch+%xTHx+uT (ATXJrs—b)—z’;TXJrVT (NTx—e)

A'x<b

x>0
a—I;:CJrHXJrAu—?;JrNV=0 x|
L A'x+s-b=0 HoA -0 ‘N_z <
Ou NTo0 0 I 0 0 =| b |>BX=D
%:NTx_ezo L_v=y2z JINT 0 0 0 0 0 ° e
ov ) R A
us, =0, u,s, 20, i=1...,m | Z |
&Ex =0, &,x20,1=1...,n X Xoomei =0, i=1...,(n+m)

X, 20,i=1...,2(n+m+ p)
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Simplex method for solving QP problem

. Wolfe(1959)—Hadley(1964)

— Solve as a linear program using the Phase | simplex method
— Fail to converge when Q is positive semidefinite

 Lemke(1965)

— Complementary pivot method

BX=D->BX+Y=D

n+m+p N+m+p 2(n+m+p) n+m+p 2(n+m+p)

W= Z;Yi: > Di- > D> BX;=w+ Z;‘ C, X,
1= j=

i—1 =L it
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Karmarkar's Method

— Karmarkar, N., “A New Polynomial Time Algorithm for Linear
Programming,” Combinatorica, 4, 373-395, 1984

« Solve large scale LP problems very efficiently

— 50 times faster than the simplex method

— Karmarkar’s method: 1 hr. for 150,000 DV’s + 12,000 constraints
(convergence: n?)

— Simplex method: 4 hrs. for 36,000 DV’s + 10,000 constraints
(convergence: /")

* Interior method
— Find improve search directions in the interior of the feasible space

 (QObservations

— If the current solution is near the center of the polytope, we can
move along the steepest descent direction to reduce the cost by a
maximum amount.

— The solution space can always be transformed w/o changing the
nature of the problem so that the current solution lies near the

center of the polytope.

Optimization Techniques
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Interior Approach (1)

« special simplex structure (Karmarkar) — Affine
scaling algorithm (Dikin, 1967) —standard form

X

N 0 0 R N ~ ( - - A A
Maximize c¢'x - . | |x=pr06=DcA-aD  [Maximize C'X
- oo 0 - ~ A ~
subject to Ax<b} 2 0 % >{subject to AX<b
x>0 X>0

X9

AARTRRARARARRARRANRANN =
>
I
o

’//////////////////////////////////g’////; %1
A
X9 = 0
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Interior Approach (2)

— Direction finding
A(R+A%)=b—> AAR =0

— Move distanfe

Cp

A)A(:aof:p<—a:—

*

(ép* : most negative component of ép)
AX =aoDC,
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