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1. (15 pts): (1) 2 pts (2) 5 pts (3) 8 pts 

(1) {

𝑓(𝑥, 𝑢) =
𝑑𝑢

𝑑𝑥
= −0.3𝑢2 + 𝑥2𝑢 − 0.5, 𝑢(1) = 3, ℎ = 0.2

𝑓(1,3) = −0.3(3)2 + (1)2(3) − 0.5 = −0.2

𝑢(1.2) = 𝑢(1) + ℎ𝑓(1, 𝑢(1)) = 3 + 0.2(−0.2) = 2.96

 

(2) {

𝑢(1.1) = 𝑢(1) + (0.1)𝑓(1, 𝑢(1)) = 3 + 0.1(−0.2) = 2.98

𝑓(1.1, 𝑢(1.1)) = −0.3(2.98)2 + (1.1)2(2.98) − 0.5 = 0.4417

𝑢(1.2) = 𝑢(1) + ℎ𝑓(1.1, 𝑢(1.1)) = 3 + 0.2(0.4417) = 3.0883

 

(3) 

𝑘1 = 𝑓(1, 𝑢(1)) = −0.2, 𝑘2 = 𝑓(1.1, 𝑢(1.1)) = 0.4417

𝑘3 = 𝑓 (1.1, 𝑢(1) +
1

2
𝑘2(0.2)) = 𝑓(1.1,3.0442) = 0.4034

𝑘4 = 𝑓(1.2, 𝑢(1) + 𝑘3(0.2)) = 𝑓(1.2,3.0807) = 1.0890 }
 
 

 
 

→ {
𝜙 =

1

6
(𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) = 0.4298

𝑢(1.2) = 𝑢(1) + ℎ𝜙 = 3.0860
 

2.  

(1) (2+2+2+4 pts)  

𝑑2𝑢

𝑑𝑥2
≈
𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1

(∆𝑥)2

𝑑𝑢

𝑑𝑥
≈
𝑢𝑖+1 − 𝑢𝑖−1
2(∆𝑥) }

 
 

 
 

→

{
 

 
𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1

(∆𝑥)2
− 3

𝑢𝑖+1 − 𝑢𝑖−1
2(∆𝑥)

+ 2𝑢𝑖 = 0

(
1

(∆𝑥)2
+

3

2(∆𝑥)
)𝑢𝑖−1 + (2 −

2

(∆𝑥)2
)𝑢𝑖 + (

1

(∆𝑥)2
−

3

2(∆𝑥)
)𝑢𝑖+1 = 0

 

32.5𝑢0 − 48𝑢1 + 17.5𝑢2 = 0
32.5𝑢1 − 48𝑢2 + 17.5𝑢3 = 0
32.5𝑢2 − 48𝑢3 + 17.5𝑢4 = 0
32.5𝑢3 − 48𝑢4 + 17.5𝑢5 = 0

} → [

−48
32.5
0
0

17.5
−48
32.5
0

0
17.5
−48
32.5

0
0
17.5
−48

]{

𝑢1
𝑢2
𝑢3
𝑢4

} = {

0
0
0

−17.5(1 − 𝑒)

} 

(2) (3+2 pts) {

𝑎𝑠𝑠𝑢𝑚𝑒 𝑢 ∝ 𝑒𝛼𝑥 → 𝛼2 − 3𝛼 + 2 = 0 → 𝛼 = 1, 2 → 𝑢 = 𝐴𝑒𝑥 + 𝐵𝑒2𝑥

𝑢(0) = 0 → 𝐴 + 𝐵 = 0

𝑢(1) = 1 − 𝑒 → 𝐴𝑒 + 𝐵𝑒2 = 1 − 𝑒
} → {𝐴 = 𝑒

−1

𝐵 = −𝑒−1

𝑢 = 𝑒−1𝑒𝑥 − 𝑒−1𝑒2𝑥 = 𝑒𝑥+1 − 𝑒2𝑥−1
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3. (1) (5 pts) 

𝑑𝑢

𝑑𝑡
≈
𝑢𝑖,𝑗+1 − 𝑢𝑖,𝑗

∆𝑡
𝑑2𝑢

𝑑𝑥2
≈
𝑢𝑖+1,𝑗 − 2𝑢𝑖,𝑗 + 𝑢𝑖−1,𝑗

(∆𝑥)2 }
 

 

→

{
  
 

  
 
𝑢𝑖,𝑗+1 − 𝑢𝑖,𝑗

∆𝑡
= 2

𝑢𝑖+1,𝑗 − 2𝑢𝑖,𝑗 + 𝑢𝑖−1,𝑗
(∆𝑥)2

𝑢𝑖,𝑗+1 =
2(∆𝑡)

(∆𝑥)2
𝑢𝑖−1,𝑗 + (1 −

4(∆𝑡)

(∆𝑥)2
)𝑢𝑖,𝑗 +

2(∆𝑡)

(∆𝑥)2
𝑢𝑖+1,𝑗

𝑃 =
2(∆𝑡)

(∆𝑥)2
, 𝑄 = 1 −

4(∆𝑡)

(∆𝑥)2
, 𝑅 =

2(∆𝑡)

(∆𝑥)2

 

(2) ∆𝑥 = 0.5,∆𝑡 = 0.1 → 𝑢𝑖,𝑗+1 = 0.8𝑢𝑖−1,𝑗 − 0.6𝑢𝑖,𝑗 + 0.8𝑢𝑖+1,𝑗 (2 pts) 

𝑗 = 0: 𝑢5,0 = 1,𝑢𝑖,0 = 0 

𝑗 = 1: {

𝑢4,1 = 0.8𝑢3,0 − 0.6𝑢4,0 + 0.8𝑢5,0 = 0.8
𝑢5,1 = 0.8𝑢4,0 − 0.6𝑢5,0 + 0.8𝑢6,0 = −0.6
𝑢6,1 = 0.8𝑢5,0 − 0.6𝑢6,0 + 0.8𝑢7,0 = 0.8

 (3 pts) 

𝑗 = 2: 

{
 
 

 
 
𝑢3,2 = 0.8𝑢2,1 − 0.6𝑢3,1+ 0.8𝑢4,1 = 0.8(0.8) = 0.64
𝑢4,2 = 0.8𝑢3,1 − 0.6𝑢4,1+ 0.8𝑢5,1 = −0.6(0.8)+ 0.8(−0.64) = −0.96
𝑢5,2 = 0.8𝑢4,1 − 0.6𝑢5,1+ 0.8𝑢6,1 = 0.8(0.8)− 0.6(−0.64)+ 0.8(0.8) = 1.64

𝑢6,2 = 0.8𝑢5,1 − 0.6𝑢6,1+ 0.8𝑢7,1 = 0.8(−0.64)− 0.6(0.8) = −0.96
𝑢7,2 = 0.8𝑢6,1 − 0.6𝑢7,1+ 0.8𝑢8,1 = 0.8(0.8) = 0.64

 (5 pts) 

 

4. (10 pts) 

𝑢(𝑥, 𝑦) = 𝐺(𝑥)𝐻(𝑦) →
𝜕2𝑢

𝜕𝑥𝜕𝑦
− 2𝑢 = 0 →

𝑑𝐺

𝑑𝑥

𝑑𝐻

𝑑𝑦
= 2𝐺𝐻 →

1

𝐺

𝑑𝐺

𝑑𝑥
=
2𝐻

𝑑𝐻
𝑑𝑦

= 𝑐 

1

𝐺
𝑑𝐺 = 𝑐𝑑𝑥 → 𝑙𝑛𝐺 = 𝑐𝑥 + 𝑐1 → 𝐺 = 𝑐1𝑒𝑥𝑝(𝑐𝑥)

1

𝐻
𝑑𝐻 =

2

𝑐
𝑑𝑦 → 𝑙𝑛𝐻 =

2

𝑐
𝑦 + 𝑐2 → 𝐻 = 𝑐3𝑒𝑥𝑝(

2

𝑐
𝑦)
}
 
 

 
 

→ 𝑢(𝑥, 𝑦) = 𝐶𝑒𝑥𝑝(𝑐𝑥 +
2

𝑐
𝑦) 

 

5.  

(1) (2 pts * 3 +1) 

①Common arithmetic operations (Addition, subtraction, multiplication, division), ②Large computations, ③

Adding a large and a small number, ④Subtractive cancellation, ⑤Smearing, ⑥Inner products 

(2) (4 pts each) 

* Explicit scheme: compute values at each node for a future time based on the present value at the node and its 

neighbors (approximate the spatial derivative at time level l, conditionally stable, faster than implicit) 

* Implicit scheme: approximate the spatial derivative at an advanced time level l+1, unconditionally stable, solve 

system equations at every time step 
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6.  

(1) 
80 40

3
40

R S
TM

S

Z Z
GR

Z

+ +
= = =  (2 pts) 

2 2 21500 0.3 135 kg mvehicle body tireJ m R s= =  =  (1 pt) 

     ( ) ( )2 2 2 2 20.2 3 0.1 4 135 165.4kg m
TMeq eng motor F vehicleJ J GR J GR J=  +  + =  +  + =  (2 pts) 

(2) ( )( ) 50 3 80 4 920 Nmwhl eng TM mot FT T GR T GR=  +  =  +  = (2 pts) 

36
36 km/h 10m/s

3.6
v = = = , (1 pt) 

21
183 N

2
res d front air roll bodyF C A v m g = + =  (2 pts) 

2920 183 0.3
5.23 rad/s

165.4

whl res tire
whl

eq

T F R

J


− − 
= = = , 

21.57m/sveh whl itrea R = =  (3 pts) 

(3) 36 km/h 10m/sv = = , 
10

4 133.33 rad/s
0.3

mot

tire

v
GR

R
 = =  =  (1 pt) 

 80 133.33 10,667 Wmot motT  =  =  (1 pt) 

      350 0.1bat OCV in bat batV V R I I= − = − , motor bat bat mot motV I T =  → 
20.09 315 10667 0bat batI I− + =  

      solve → 34.2 AbatI =  (3 pts) 

 
5min

0

100 100
50 34.2 300 29.5%

50,000
ini bat

nom

SOC SOC I dt
C

 = − = −   =  (2 pts) 

(4) 
10

3 4 400 rad/s
0.3

eng TM F

tire

v
GR GR

R
 =   =   = (1 pts) 

At 
30

50 Nm, 400 3820RPMeng engT 


= = = → BSFC 320 g/kWh=  (2 pts) 

Fuel rate: 
320g 50 400 1h 1L

0.00207 L/s
kWh 1000 3600s 860g


   =  (2 pts) 

Fuel consumption: 
5min

0
0.00207 L/s 0.62Ldt =  (1 pts) 

10m/s 300s 1m
FE 4.84km/L

0.62L 1000km


 =  =  (2 pts) 

(5) 
km 3.785

1km/L= =2.352MPG
1.609 L

   
MPG

FE 4.84km/L 2.35  = 11.4MPG
km/L

 =   (2 pts) 

 

  


